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PREFACE 

Once, when I was a student struggling to understand modem algebra, I 
was told to view this subject as an intellectual chess game, with convention­
al moves and prescribed rules of play. I was ill served by this bit of extem­
poraneous advice, and vowed never to perpetutate the falsehood that math­
ematics is pureiY-----{)f primarily-a formalism. My pledge has strongly 
influenced the shape and style of this book. 

While giving due emphasis to the deductive aspect of modern algebra, 
I have endeavored here to present modem algebra as a lively branch of 
mathematics, having considerable imagin~tive appeal and resting on some 
finn, clear, and familiar intuitions. I have devoted a great deal of attention 
to bringing out the meaningfulness of algebraic concepts, by tracing these 
concepts to their origins in classical algebra and at the same time exploring 
their connections with other parts of mathematics, especially geometry, 
number theory, and aspects of computation and equation-solving. 

In an introductory chapter entitiled Why Abstract Algebra?, as well as 
in numerous historical asides, concepts of abstract algebra are traced to the 
historic context in which they arose. I have attempted to show that they 
arose wi thout artifice, as a natural response to particular needs, in the 
course of a natural process of evolution. Furthermore, I have endeavored to 
bring to light, explicitly, the intuitive content of the algebraic concepts used 
in this book. Concepts are more meaningful to students when the students 
are able to represent those concepts in their minds by clear and familiar 
mental images. Accordingly, the process of concrete concept-formation is 
developed with care throughout this book. 

xiii 



xi" PREFACE 

I have deliberately avoided a rigid conventional format, with its suc~ 
cession of definition, theorem, proof, corollary, example. In my experience, 
that kind of format encourages some students to believe that mathematical 
concepts have a merely conventional character, and may encourage rote 
memorization. Instead, each chapter has the form of a discussion with the 
student, with the accent on explaining and motivating. 

In an effort to avoid fragmentation of the subject matter into loosely 
related definitions and results, each chapter is built around a central theme, 
and remains anchored to this focal point. In the later chapters, especially, 
this focal point is a specific application or use. Details of every topic are 
then woven into the general discussion. so as to keep a natural flow of ideas 
running through each chapter. 

The arrangement of topics is designed to avoid tedious proofs and 
long~winded explanations. Routine arguments are worked into the dis­
cussion whenever this seems natural and appropriate, and proofs to theor~ 
ems are seldom more than a few lines long. (There are, of course, a few 
exceptions to this.) Elementary background material is filled in as it is 
needed. For example, a brief chapter on functions precedes the discussion of 
permutation groups, and a chapter on equivalence relations and partitions 
paves the way for Lagrange's theorem. 

This book addresses itself especially to the average student, to enable 
him or her to learn and understand as much algebra as possible. In scope 
and subject~matter coverage, it is no different from many other standard 
texts. It begins with the promise of demonstrating the unsolvability of the 
quintic, and ends with that promise fulfilled. Standard topics are discussed 
in their usual order, and many advanced and peripheral subjects are intro~ 
duced in the exercises, accompanied by ample instruction and commentary. 

I have included a copious supply of exercises ~ probably more ex­
ercises than in other books at this level. They are designed to offer a wide 
range of experiences to students at different levels of ability. There is some 
novelty in the way the exercises are organized: at the end of each chapter, 
the exercises are grouped into Exercise Sets, each Set containing about six 
to eight exercises and headed by a descriptive title. Each Set touches upon 
an idea or skill covered in the chapter. 

The first few Exercise Sets in each chapter contain problems which are 
essentially computational or manipulative. Then, there are two or three Sets 
of simple proof~type questions, which require mainly the ability to put · 
together definitions and results with understanding of their meaning. After 
that, I have endeavored to make the exercises more interesting by arranging 
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them so that in each Set a new result is proved, or new light is shed on the 
subject of the chapter. 

As a rule, all the exercises have the same weight: very simple exercises 
are grouped together as parts ofa single problem, and conversely, problems 
which require a complex argument are broken into several subproblems 
which the student may tackle in turn, I have selected mainly problems 
which have intrinsic relevance, and are not merely drill, on the premiss that 
this is much more satisfying to the student. 
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CHAPTER 

ONE 

WHY ABSTRACT ALGEBRA? 

When we open a textbook or abstract algebra for the first time and peruse 
the table of contents, we are struck by the unfamiliarity of almost every 
topic we see listed. Algebra is a subject we know well, but here it looks 
surprisingly different. What are these differences, and how fundamental are 
they? 

First, there is a major difference in emphasis. In elementary algebra we 
learned the basic symbolism and methodology of algebra ; we came to see 
how problems of the real world can be reduced to sets of equations and 
how these equations can be solved to yield numerical answers. This tech­
nique for translating complicated problems into symbols is the basis for a ll 
further work in mathematics and the exact sciences, and is one of the 
triumphs of the human mind. However, algebra is not only a technique, it is 
also a branch of learning, a discipline, like calculus or physics or chemistry. 
It is a coherent and unified body of knowledge which may be studied 
systematically, starting from first principles and building up. So the first 
difference between the elementary and the more advanced course in algebra 
is that, whereas earlier we concentrated on technique, we will now develop 
that branch of mathematics called algebra in a systematic way. Ideas and 
general principles will take precedence over problem solving. (By the way, 
this does not mean that modern algebra has no applications- quite the 
opposite is true, ~s we will see soon.) 

Algebra at the more advanced level is often described as modern or 
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abstract algebra. In fact, both of these descriptions are partly misleading. 
Some of the great discoveries in the upper reaches of present-day algebra 
(for example, the so-called Galois theory) were known many years before 
the American Civil War; and the broad aims of algebra today were clearly 
stated by Leibniz in the seventeenth century. Thus, " modern" algebra is not 
so very modern, after all! To what extent is it abstract? Well, abstraction is 
all relative; one person's abstraction is another person's bread and butter. 
The abstract tendency in mathematics is a little like the situation of chang­
ing moral codes, or changing tastes in music : What shocks one generation 
becomes the norm in the next. This has been true throughout the history of 
mathematics. 

For example, \000 years ago negative numbers were considered to be 
an outrageous idea. After all, it was said, numbers are for counting: we may 
have one orange, or two oranges, or·no oranges at aU ; but how can we have 
minus an orange? The logisticians, or professional calculators, of those days 
used negative numbers as an aid in their computations; they considered 
these numbers to be a useful fiction, for if you believe in them then every 
linear equation ax + b = 0 has a solution (namely x := - bfa, provided 
a -:F 0). Even the grea t Diophantus once described the solution of 
4x + 6 = 2 as an absurd number. The idea of a system of numeration which 
included negative numbers was far too abstract for many of the learned 
heads of the tenth century! 

The historv of the complex numbers (numbers which involve .J=l) is 
very much the same. For hundreds of years, mathematicians refused to 
accept them because they couldn't find concrete examples or applications. 
(They are now a basic tool of physics.) 

Set theory was considered to be highly abstract a few years ago, and so 
were other commonplaces of today. Many of the abstractions of modern 
algebra are already being used by scientists, engineers, and computer 
specialists in their everyday work. They will soon be common fare, respect­
ably "concrete," and by then there will be new " abstractions." 

Later in this chapter we will take a closer look at the particular brand 
of abstraction used in algebra. We will consider how it came about and why 
it is useful. 

Algebra has evolved considerably, especially during the past 100 years. 
Its growth has been closely linked with the development of other branches 
of mathematics, and it has been deeply influenced by philosophical ideas on 
the nature of mathematics and the role of logic. To help us understand the 
nature and spirit of modern algebra, we should take a brief look at its 
ongins. 
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ORIGINS 

The order in which subjects follow each other in our mathematical educa­
lion tends to repeat the historical stages in the evolution of mathematics. In 
this scheme, elementary algebra corresponds to the great classical age of 
algebra, which spans about 300 yea rs from the sixteenth through the eight­
eenth centuries. It was during these years that the art of solving equations 
became highly developed and modern symbolism was invented. 

The word" algebra "- al jebr in Arabic- was first used by Mohammed 
of Kharizm, who taught mathematics in Baghdad during the ninth <:entury. 
The word may be roughly translated as " reunion," and describes his 
method for collecting the terms of an equation in order to solve it. It is an 
amusing fact that the word "algebra" was first used in Europe in quite 
another context. In Spain barbers were called algebristas, or bonesetters 
(they reunited broken bones), because medieval barbers did bonesetting and 
bloodletting as a sideline to their usual business. 

The origin of the word clearly reflects the actual content of algebra at 
that time, for it was mainly concerned with ways of solving equations. In 
fact, Omar Khayyam, who is best remembered for his brilliant verses on 
wine, song, love, and friendship which are collected in the Rubaiyat- but 
who was also a great mathematician-explicitly defined algebr'a as the 
science of solving equations. 

Thus, as we enter upon the threshold. of the classical age of algebra, its 
central theme is clearly identified as that of solying equations. Methods of 
solving the linear equation ax + b = 0 and the quadratic ax2 + bc + c = 0 
were well known even before the Greeks. But nobody had yet found a 
general solution for cubic equations 

x 3 + ax 1 + bx = c 

or quartic (fourth-degree) equations 

x 4 +ax3 +bx1 +cx=d 

This great accomplishment was the triumph of sixteenth century algebra. 
The se~ting is Italy and the time is the Renaissance-an age of high 

adventure and brilliant achievement, when the wide world was reawakening 
after the long austerity of the Middle Ages. America had just been dis­
covered, classical knowledge had been brought to light, and prosperity had 
returned to the great cities of Europe. It was a heady age when nothing 
seemed impossible and even the old barriers of birth and rank could be 
overcome. Courageous individuals set out for great adventures in the far 
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corners of the earth, while others. now confident once again of the power of 
the human mind, were boldly exploring the limits of knowledge in the 
sciences and the arts. The ideal was to be bold and many-faceted, to " know 
something of everything, and everything of at least one thing." The great 
traders were patrons of the arts, the finest minds in science were adepts at 
political intrigue and high finance. The study of algebra was reborn in this 
lively milieu. . 

Those men who brought algebra to a high level of perfection at the 
beginning of its classical age-all typical products of the Italian 
Renaissance-were as colorful and extraordinary a lot as have ever ap­
peared in a chapter of history. Arrogant and unscrupulous, brilliant, flam­
boyant, swaggering, and remarkable, they lived their lives as they did their 
work: with style and panache, in brilliant dashes and inspired leaps of the 
imagination. 

The spirit of scholarship was not exactly as it is today. These men, 
instead of publishing their discoveries, kept them as well-guarded secrets to 
be used against each other in problem-solving competitions. Such contests 
wcre a popular attraction: heavy bets were made on the rival parties, and 
their reputations (as well as a substantial purse) depended on the outcome. 

One of the most remarkable of these men was Girolamo Cardan. 
Cardan was born in 1501 as the illegitimate son of a famous jurist of the 
city of Pavia. A man of passionate contrasts, he was destined to become 
famous as a physician, astrologer, and mathematician-and notorious as a 
compulsive gambler, scoundrel,. and heretic. After he graduated in medicine, 
his efforts to build up a medical practice were so unsuccessful that he and 
his wife were forced to seek refuge in the poorhouse. With the help of 
friends he became a lecturer in mathematics, and, after he cured the child of 
a senator from Milan, his medical career also picked up. He was finally 
admitted to the college of physicians and soon became its rector. A brilliant 
doctor, he gave the first clinical description of typhus fever, and as his fame 
spread he became the personal physician of many of the high and mighty of 
his day. 

Cardan's early interest in mathematics was not without a practical side. 
As an inveterate gambler he was fascinated by what he recognized to be the 
laws of chance. He wrote a gamblers' manual entitled Book on Games of 
Cllance, which presents the first systematic computations of probabilit!es. 
He also needed mathematics as a tool in casting horoscopes, for his fame as 
an astrologer was great and his predictions were highly regarded and 
sought after. His most important achievement was the publication of a 
book called Ars Magna (Tile Great Art), in which he presented sys-
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tematically all the algebraic knowledge of his time. However, as already 
stated, much of this knowledge was the personal secret of its practitioners, 
and had to be wheedled out of them by cunning and deceit. The most 
important accomplishment of the day, the general solution of the cubic 
equation which had been discovered by Tartaglia, was obtained in that 
fashion. 

Tartaglia's life was as turbulent as any in those days. Born with the 
name of Niccol6 Fontana about 1500, he was present at the occupation of 
Brescia by the French in 1512. He and his father fled with many others into 
a ca thedral for sanctuary, but in the heat of battle the soldiers massacred 
the hapless citizens even in that holy place. The father was killed, and the 
boy, with a split skull and a deep saber cut across his jaws and palate, was 
left for dead. At night his mother stole into the cathedral and managed to 
carry him off; miraculously he survived. The horror of what he had wit­
nessed caused him to stammer for the rest of his life, earning him the 
nickname Tartaglia, " the stammerer," which he eventually adopted. 

Tartaglia received no formal schooling, for that was a privilege of rank 
and wealth. However, he taught himself mathematics and became one orthe 
most gifted mathematicians of his day. He translated Euclid and Archi­
medes and may be said to have originated the science of ballistics, for he 
wrote a treatise on gunnery which was a pioneering effo,rt on the laws of 
falling bodies. 

In 1535 Tartaglia found a way of solving any cubic equation of the 
form xJ + ax 2 = b (that is, without an x term). When he announced his 
accomplishment (without giving any details, of course), he was challenged 
to an algebra contest by a certain Antonio Fior, a pupil of the celebrated 
professor of mathematics Scipio del Ferro. Scipio had already found a 
method for solving any cubic equation of the fonn x 3 + ax = b (that is, 
without an x 2 term), and had confided his secret to his pupil Fior. It was 
agreed that each contestant was to draw up 30 problems and hand the list 
to his opponent. Whoever solved the greater number of problems would 
receive a sum of money deposited with a lawyer. A few days before the 
contest, Tartaglia found a way of extending his method so as to solve any 
cubic equation. In less than 2 hours he solved all his opponent's problems, 
while his opponent failed to solve even one of those proposed by Tartaglia. 

For some time Tartaglia kept his method for solving cubic equations to 
himself, but in the end he succumbed to Cardan's accomplished powers of 
persuasion. Influenced by Cardan's promise to help him become artillery 
adviser to the Spanish army, he revealed the details of his method to 
Cardan under the promise of strict secrecy. A few years later, to Tartaglia's 
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unbelieving amazement and indignation, Cardan published Tartaglia's 
method in his book Ars Magna. Even though he gave Tartaglia full credit 
as the originator of the method, there can be no doubt that he broke his 
solemn promise. A bitter dispute arose between the mathematicians, from 
which Tartaglia was perhaps lucky to escape alive. He lost his position as 
public lecturer at Brescia, and lived out his remaining years in obscurity. 

The next great step in the progress of algebra was made by another 
member of the same circle. It was Ludovico Ferrari who discovered the 
general method for solving quartic equations-equations of the form 

X4 + ax;} + bx2 + ex = d 

Ferrari was Cardan's personal servant. As a boy in Cardan's service he 
learned Latin, Greek, and mathematics. He won fame after defeating Tar­
taglia in a contest in 1548, and received an appointment as supervisor of tax 
assessments in Mantua. This position brought him wealth and influence, 
but he was not able to dominate his own violent, blasphemous disposition. 
He quarreled with the regent of Mantua, lost his position, and died at the 
age of 43. Tradition has it that he was poisoned by his sister. 

As for Cardan, after a long career of brilliant and u!lscrupulo us 
achievement, his luck finally abandoned him. Cardan's son poisoned his 
unfaithful wife and was executed in 1560. Ten years later, Cardan was 
arrested for heresy because he published a horoscope of Christ's life. He 
spent several months in jail and was released after renouncing his heresy 
privately, but lost his university position and the right to publish books. He 
was left with a small pension which had been granted to him, for some 
unaccounta ble reason, by the Pope. 

As this colorful time draws to a close, algebra emerges as a major 
branch of mathematics. It became clear that methods can be found to solve 
many different types of equations. In particular, formulas had been dis­
cove red which yielded the roots of all cubic and quartic equations. Now the 
challenge was clearly out to take the next step, namely to find a formula for 
the roots of equations of degree 5 or higher (in other words, equations with 
an x~ term, or an x6 term, or higher) .. During the next 200 years, there was 
hardly a mathematician of distinction who did not try to solve this prob­
lem, but none succeeded. Progress was made in new parts of algebra, and 
algebra was linked to geometry with the invention of analytic geometry. 
Bul the problem of solving equations of degree higher than 4 remained 
unsettled. It was, in the expression of Lagrange, "a challenge to the human 
mind." 

It was therefore a great surprise to all mathematicians when in 1824 th.e 
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work ofa young Norwegian prodigy named Niels Abel came to light. In his 
work, Abel showed that there does not exist any Jormufa (in the convention­
al sense we have in mind) for the roots of an algebraic equation whose 
degree is 5 or greater. This sensational discovery brings to a close what is 
called the classical age of algebra. Throughout this age algebra was con­
ceived essentially as the science of solving equations, and now the outer 
limits of this quest had apparently been reached. In the years ahead, algebra 
was to stri ke out in new directions. 

THE MODERN AGE 

About the time Niels Abel made his remarkable discovery, several math­
ematicians, working independently in different parts of Europe, began rais­
ing questions about algebra which had never been considered before. Their 
researches in different branches of mathematics had led them to investigate 
"algebras" of a very unconventional kind-and in connection wi,th these 
algebras they had to find answers to questions which had nothing to do 
with solving equations. Their work had important applications, and was 
soon to compel mathematicians to greatly enlarge their conception of what 
algebra is about. 

The new varieties of algebra arose as a perfectly natural development in 
connection with the application of mathematics to practical problems. This 
is certainly true for the example we are about to look at first. 

The Algebra of Matrices 

A matrix is a rectangular array of numbers such as 

11 

0.5 

Such arrays come up naturally in many situations, for example, in the 
solution of simultaneous linear equations. The above matrix, for instance, is 
the matrix oj coefficients of the pair of equations 

2x+ lly -3z = O 

9x + O.5y + 4z = 0 

Since the solution of this pair of equations depends only on the coefficients, 
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we may solve it by working on the matrix of coefficients alone and ignoring 
everything else. 

We may consider the entries of a matrix to be arranged in rows and 
columns; the above matrix has two rows which are 

(2 11 -3) and (9 0.5 4) 

and three columns which are 

and 

It is a 2 x 3 matrix. 
To simplify our discussion, we will consider only 2 x 2 matrices in the 

remainder of this section. 
Matrices are added by adding corresponding entries: 

("c b) (a' b') (a + d 
d+c'd'=c+c' 

The matrix 

b + b') 
d +d' 

is called the zero matrix and behaves, under addition, like the number zero. 
The multiplication of matrices is a little more difficult. First, let us 

recallthitt the doc product of two vectors (a, b) and (a', b') is 

(a, b) . (d, b' ) ~ aa' + bb' 

that is, we multiply corresponding components anq add. Now, suppose we 
want to multiply two matrices A and B; we obtain the product AB as 
follows: 

The entry in the first row and first column of AB, that is, in this 
position 

is equal to the dot product of tqe ~rst row of A by the first column of B. 
The entry in the first row arid second column of AD, in other words, this 
position 

is equai to the dot product of the first row of A by the second column of B. 
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And so on. For example, 

(~© ~)~e 
(~ ~)© ~)~C 

So finally, 

) (~)G ~) ~( 

) (~)G ~~( 

The rules of algebra for matrices are very different from the rules of 
"conventional" algebra. For instance, the commutative law or multi~ 

plication, AB = BA, is not true. Here is a simple example: 

A B AB BA B A 

If A is a real number and A 2 = 0, then necessarily A = 0; but this is not 
true of matrices. For example, 

c -1)(1 -I 1 -I)~(O 0) 
- I 0 0 

'-v--' '-,,--' 

A A 

that is, A 2 - 0 although A + O. 
In the algebra of numbers, if AB = AC where A oF 0, we may cancel A 

and conclude that B = C. In matrix algebra we cannot. For example, 

A B A c 

that is, AB = AC, A =1= 0, yet B =1= C. 
The identity matrix 

corresponds m matrix multiplication to the number I; for we have 
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AI = IA = A for every 2 x 2 matrix A. If A is a number and Al = I, we 
conclude that A = ± I. Matrices do not obey this rule. For example, 

C - ~)(: -~)~G ~) 
'-v--''-v--' ~ 

A A r 
that is, A 2 = I, and yet A is neither I nor -I. 

No more will be said about the algebra of matrices at this point, except 
that we must be aware, once again, that it is a new game whose rules are 
quite different from those we apply in conventional algebra. 

Boolean Algebra 

An even more bizarre kind of algebra was developed in the mid-nineteenth 
century by an Englishman named George Boole. This algebra- sub­
sequently named boolean algebra after its inventor- has a myriad of appli­
cations today. It is formally the same as the algebra of sets. 

If S is a set, we may consider union and imersecrion to be operations on 
the subsets of S. Let us agree provisionally to write 

and 

A+B 

A·B 

ro' 
roc 

A u B 

A n B 

(This convention is not unusual.) Then, 

A . (B + C) ~ A . B + A . C 

and so on. 
These identities are analogous to the ones we use in elementary algebra. 

But the following identities are also true, and they have no counterpart in 
conventional algebra: 

A + (B . C) ~ (A + B) . (A + C) 

A+A=A A· A ~ A 

(A + B) · A ~ A (A' B) + A ~ A 

and so on. 
This unusual algebra has become a familiar tool for people who work 

with electrical networks, computer systems, codes, and so on. It is as differ­
ent from the algebra of numbers as it is from the algebra of matrices. 
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Other exotic algebras arose in a variety of contexts, often in connection 
with scientific problems. There were "complex " and " hypercomplex" al­
gebras, algebras of vectors and tensors, and many others. Today it is esti­
mated that over 200 different kinds of algebraic systems have been s tudied, 
each of which arose in connection with some application or spe:::ific need. 

Algebraic Structures 

As legions of new algebras began to occupy the attention of mathema­
ticians, the awareness grew that algebra can no longer be conceived merely 
as the science oj solving equations. It had to be viewed much more broadly 
as a branch of mathematics capable of revealing general principles which 
apply equally to all known and all possible algebras. 

What is it that all algebras have in common? What trait do they share 
which lets us refer to all of them as "algebras"? In the most general sense, 
every algebra consists of a set (a set of numbers, a set of matrices, a set of 
switching components, or any other kind of set) and certain operations on 
that set. An operation is simply a way of combining any two members of a 
set to produce a unique third member of the same set. 

Thus, we are led to the modern notion of algebraic structure. An alge­
braic structure is understood to be an arbitrary set, with one or more 
operations defined on it. And algebra, then, is defined to be the study oj 
algebraic structures. 

It is important that we be awakened to the full generality of the notion 
of algebraic structure. We must ~ake an effort to discard all our precon­
ceived notions of what an algebra is, and look at this new notion of alge­
braic st ructure in its naked simplicity. Any set, with a rule (or rules) for 
combining its elements, is already an algebraic structure. There does not 
need to be any connection with known mathematics. For example, consider 
the set of all colors (pure colors as well as color combinations), and the 
operation of mixing any two colors to produce a new color. This may be 
conceived as an algebraic structure. It obeys certain rules, such as the 
commutative law (mixing red and blue is the same as mixing blue and red). 
In a similar vein, consider the set of all musical sounds with the operation 
of combining any two sounds to produce a new (harmonious or dis­
harmonious) combination. 

As another example, imagine that the guests at a family reunio n have 
made up a rule for picking the closest common relative Of any two persons 
present at the reunion (and suppose that, for any two people at the reunion, 
their closest common relative is also present at the reunion). This, too, is an 
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algebraic structure: we have a set (namely the set of persons at the reunion) 
and an operation on that set (namely the "closest common relative" oper­
ation). 

As the general notion of algebraic structure became more familiar (it 
was not fully accepted until the early part of the twentieth century), it was 
bound to have a profound influence on what mathematicians perceived 
algebra to be. In the end it became clear that the purpose of algebra is to 
study algebraic structures, and nothing less than that. Ideally it should aim 
to be a general science of algebraic structures whose results should have 
applications to particular cases, thereby making contact with the older 
parts of algebra. Before we take a closer look at this program, we must 
briefly examine another aspect of modern mathematics, namely the increas­
ing use of the axiomatic method. 

AXIOMS AND MEN 

The axiomatic method is beyond doubt the most remarkable invention of 
antiquity, and in a sense the most puzzling. It appeared suddenly in Greek 
geometry in a highly developed form- already sophisticated, elegant, and 
thoroughly modern in style. Nothing seems to have foreshadowed it and it 
was unknown to ancient mathematicians before the Greeks. It appears for 
the first time in the light of history in that great textbook of early geometry, 
Euclid's Elements. Its origins-the first tentative experiments in formal de­
ductive reasoning which must have preceded it- remain steeped in mystery. 

Euclid's Elements embodies the axiomatic method in its purest form. 
This amazing book contains 465 geometric propositions, some fairly simple, 
some of astoundi ng complexity. What is really remarkable, though, is that 
the 465 propositions, forming the largest body of scientific knowledge in the 
ancient world, are derived logically from only 10 premises which would 
pass as trivial observations of common sense. Typical of the premises are 
the following: 

Things equal to the same thing are eqllallo each other. 
The whole is greater than the part. 
A seraight line can be drawn throllgh any two poims. 
All right angles are eqllal. 

So great was the impression made by Euclid's Elements on following gener­
ations that it became the model of correct mathematical form and remains 
so to this day. 
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It would be wrong to believe there was no notion of demonstrative 
mathematics before the time of Euclid. There is evidence that the earliest 
geometers of the ancient Middle East used reasoning to discover geometric 
principles. They found proofs and must have hit upon many of the same 
proofs we find in Euclid. The difference is that Egyptian and Babylonian 
mathematicians considered logical demonstration to be an auxiliary pro­
cess, like the preliminary sketch made by artists-a private mental process 
which guided them to a result but did not deserve to be recorded. Such an 
attitude shows little understanding of the true nature of geometry and does 
not contain the seeds of the axiomatic method. 

It is also known today that many- maybe most-of the geometric 
theorems in Euclid's Elements came from more ancient times, and were 
probably borrowed by Euclid from Egyptian and Babylonian sources. 
However, this does not detract from the greatness of his work. Important as 
are the contents of the Elements, what has proved far more important for 
posterity is the formal manner in which Euclid presented these contents. 
The heart of the matter was the way he organized geometric facts­
arranged them into a logical sequence where each theorem builds on pre­
ceding theorems and then forms the logical basis for other theorems. 

(We must ca refull y note that the axiomatic method is not a way of 
discovering facts but of organizing them. New facts in mathematics are 
found, as often as not, by inspired guesses or experienced intuition. To be 
accepted, however, they should be supported by proof in an axiomatic 
system.) 

Euclid's Elements has stood throughout the ages as the model of orga­
nized, ralional thought carried to its ultimate perfection. Mathematicians 
and philosophers in every generation have tried to imitate it s lucid per­
fection and flawless simplicity. Descartes and Leibniz dreamed of orga­
nizing all human knowledge into an axiomatic system, and Spinoza created 
a deductive system of ethics patterned after Euclid's geometry. While many 
of these dreams ha ve proved to be impractical, the method popularized by 
Euclid has become the prototype of modern mathematical form. Since the 
middle of the nineteenth century, the axiomatic method has been accepted 
as the only correct way of organizing mathematical knowledge. 

To perceive why the axiomatic method is truly central to mathematics, 
we must keep one thing in mind: mathematics by its nature is essentially 
abSlract. For example, in geometry straight lines are not stretched threads, 
but a concept obtained by disregarding all the properties of stretched 
threads except that of extending in one direction. Similarly, the concept of a 
geometric figure is the result of idealizing from all the properties of actual 
objects and retaining only their spatial relationships. Now, since the objects 
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of mathematics are abstractions, it stands to reason that we must acquire 
knowledge about them by logic and not by observation or experiment (for 
how can onc cxperiment with an abstract thought ?). 

This remark applies very aptly to modern algebra. The notion of alge~ 
braic structure is obtained by idealizing from all particular, concrete sys~ 
terns of algebra. We choose to ignore the properties of the actual objects in 
a system of algebra (they may be numbers, or matrices, or whatever- we 
disregard what they are), and we turn our attention simply to the way they 
combine under the given operations. In fact, just as we disregard what the 
objccts in a system £Ire, we also disregard what the operations do to them. 
We retain only the equations and inequalities which hold in the system, for 
only these are relevant to algebra. Everything clse may be discarded. Fin~ 
ally, equations and inequalities may be deduced from one another logically, 
just as spat ial relationships are deduced from each other in geometry. 

THE AXIOMATICS OF ALGEBRA 

Let us remember that in the mid~nineteenth century, when eccentric new 
algebras seemed to show up at every turn in mathematical research, it was 
finally understood that sacrosanct laws such as the identities ab = ba and 
a(bc) "" (ab}c are not inviolable-for there are algebras in which they do not 
hold. By varying or deleting some of these identities, or by replacing them 
by new ones, an enormous variety of new systems can be created. 

Most importantly, mathematicians slowly discovered that all the alge~ 
braic laws which hold in any system can be derived from a few simple, basic 
ones. This is a genuinely remarkable fact, for it parallels the discovery made 
by Euclid that a few very simple geometric postulates are sufficient to prove 
all the theorems of geometry. As it turns out, then, we have the same 
phcnomenon in algebra: a few simple algebraic equations offer themselves 
naturally as axioms, and from them all other facts may be proved. 

These basic algebraic laws are familiar to most high school students 
today. We list them here for reference. We assume that A is any set and 
there is an operation on A which we designate with the symbol *. 

(I) 

If Equation (I) is true for any two elements a and b in A, we say that the 
operation. is commutative. What it means, of course, is that the value of 
a * b (or b * a) is independent of the order in which a and b are taken. 

a * (b * c) = (a * b) * c (2) 
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If Equation (2) is true for any three elements a, b, and c in A, we say the 
operation. is associative. Remember that an operation is a rule for 
combining any two elements, so if we want to combine three elements, we 
can do so in different ways. If we want to combine a, b, and c without 
changing eheir order, we may either combine a with the result of combining 
band c, which produces a • (b • c); or we may first combine a with b, and 
then combine the result with c, producing (a • b) • c. The associative law 
asserts that these two possible ways of combining three elements (without 
changing their order) yield the same result. 

There exists an element e in A such that 

and for every a in A 
(3) 

If such an element e exists in A, we call it an identity element for the 
operation •. An identity element is sometimes called a " neutral " element, 
for it may be combined with any element a without altering a. For example, 
D is an identity element for addition, and 1 is an identity element for 
multiplication, 

For every element (I in A, there is an element a - 1 ( .. a inverse") 
in A such that (4) 

a.a - I =e and a- I .a=e 

If statement (4) is true in a system of algebra, we say that every element has 
an inverse with respect to the operatio·n •. The meaning of the inverse 
should be clear: the combination of any element with its inverse produces 
the neutral element (one might roughly say that the inverse of a " neutral­
izes" a). For example, if A is a set of numbers and the operation is addition, 
then the inverse of any number a is (-a); if the operation is multiplication, 
the inverse of any a oF 0 is l /a. 

Let us assume now that the same set A has a second operation, sym­
bolized by .1, as well as the operation •. 

a • (b .1 c) = (a • h) .1 (a • c) (5) 

If Equation (5) holds for any three elements a, b, and c in A, we say t hat . is 
distributive over .1. If there are two operations in a system, they must 
interact in some way; otherwise there would be no need to consider them 
together. The distributive law is the most common way (but not the only 
possible one) for two operations to be related to one another. 

There are other "basic" laws besides the five we have just seen, but 
these are the most common ones. The most important algebraic systems 
have axioms chosen from among them. For example, when a mathema-
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tician nowadays speaks of a ring, the mathematician is referring to a set A 
with two operations, usually symbolized by + and· , ha ving the following 
aXIOms: 

Addition is commutative and associative, it has a neutral element com­
monly symbolized by 0, and every element a has an inverse - a with 
respect to addition. Multiplication is associative, has a neutral element 1, 
and is distributive over addition. 

Matrix algebra is a particular example of a ring, and all the laws of matrix 
al gebra may be proved from the preceding axioms. However, there are 
many other examples of rings: rings of numbers, rings of functions, rings of 
code " words," rings of switching components, and a great many more. 
Every algebraic law which can be proved in a ring (from the preceding 
axioms) is true in every example of a ring. In other words, instead of 
proving the same formula repeatedly- once for numbers, once for matrices, 
once for switching components, and so on-it is sufficient nowadays to 
prove only that the formula holds in rings, and then of necessity it will be 
true in all the hundreds of different concrete examples of rings. 

By varying the possible choices of axioms, we can keep creating new 
axiomatic systems of algebra end lessly. We may well ask: is it legitimate to 
study any axiomatic system, with any choice of axioms, regardless of useful­
ness, relevance, or applicability? There are "radicals" in mathematics who 
claim the freedom for mathematicians to study any system they wish, with­
out the need to justify it. However, the practice in established mathematics 
is more conservative: particular axiomatic systems are investigated on ac­
count of their relevance to new and traditional problems and other parts of 
mathematics, or because they correspond to particular applications. 

In practice, how is a particular choice of algebraic axioms made? Very 
simply: when mathematicians look at different parts of algebra and notice 
that a common pattern of proofs keeps recurring, and essentially the same 
assumptions need to be made each time, they find it natural to single oUI 
this choice of assumptions as the axioms for a new system. All the import­
ant new systems of algebra were created in this fashion. 

ABSTRACTION REVISITED 

Another important aspect of axiomatic mathematics is this: when we cap­
ture mathematical facts in an axiomatic system, we never try to reproduce 
the facts in full, but only that side of them which is important or relevant in 
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a particular context. This process of selecting what is relevant and disregard­
ing everything else is the very essence of abstraction. 

This kind of abstraction is so natural to us as human beings that we 
practice it all the time without being aware of doing so. Like the Bourgeois 
Gentleman in Moliere's play who was amazed to lea rn that he spoke in 
prose, some of us may be surprised to discover how much we think in 
abstractions. Nature presents us with a myriad of interwoven facts and 
sensations, and we are challenged at every instant to single out those which 
are immediately relevant and discard the rest. In order to make our sur­
roundings comprehensible, we must continually pick out certain data and 
scpa rate them from everything else. 

For natural scientists, this process is the very core and essence of what 
they do. Nature is not made up of forces, velocities, and moments of inertia. 
Nature is a whole-nature simply is ! The physicist isolates certain aspects 
of nature from the rest and finds the laws which govern these abstractions. 

It is the same with mathematics. For example, the system of the integers 
(whole numbers), as known by our intuition, is a complex reality with many 
facets. The mathematician separates these facets from one another and 
studies them individually. From one point of view the set of the integers, 
with addition and multiplication, forms a ring (that is, it satisfies the axioms 
stated previously), From another point of view it is an ordered set, and 
satisfies special axioms of ordering. On a different level, the positive integers 
fo rm the basis of " recursion theory," whic.h singles out the particular way 
positive integers may be constructed, beginning with 1 and adding 1 each 
time, 

It therefore happens that the traditional subdivision of mathematics 
into subject matters has been radically altered. No longer are the integers 
one subject, complex numbers another, matrices another, and so on; in­
stead, particular aspects of these systems are isolated, put in axiomatic form, 
and studied abstractly without reference to any specific objects. The other 
side of the coin is that each aspect is shared by many of the traditional 
systems: for example, algebraically the integers form a ring, and so do the 
complex numbers, matrices, and many other kinds of objects, 

There is nothing intrinsically new about this process of divorcing 
properties from the actual objects having the properties ; as we have seen, it 
is precisely what geometry has done for more than 2000 years. Somehow, it 
took longer fo r this process to take hold in algebra. 

The movement toward axiomatics and abstraction in modern algebra 
began about the 1830s and was completed 100 yea rs later. The movement 
was tentative at first, not quite conscious of its aims, but it gained 
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momentum as it converged with similar trends in other parts of mathemat­
ics. The thinking of many great mathematicians played a decisive role, but 
none left a deeper or longer lasting impression than a very young French­
man by the name of Evariste Galois. 

The story of Evariste Galois is probably the most fantastic and tragic in 
the history of mathematics. A sensitive and prodigiously gifted young man, 
he was killed in a duel at the age of 20, ending a life which in its brief span 
had offered him nothing but tragedy and frustration. When he was only a 
youth his father commited suicide, and Galois was left to fend for himself in 
the labyrinthine world of French university life and student politics. He was 
twice refused admittance to the Ecole Poly technique, the most prestigious 
scientific establishment of its day, probably because his answers to the 
entrance examination were too original and unorthodox. When he pre­
sented an early version of his important discoveries in algebra to the great 
academician Cauchy, this gentleman did not read the young student's 
paper, but lost it. Later, Galois gave his results to Fourier in the hope of 
winning the mathematics prize of the Academy of Sciences. But Fourier 
died, and that paper, too, was lost. Another paper submitted to Poisson was 
eventually returned because Poisson did not have the interest to read it 
through. 

Galois finally gained admittance to the Ecole Normale, another focal 
point of research in mathematics, but he was soon expelled for writing an 
essay which attacked the king. He was jailed twice for political agitation in 
the student world of Paris. In the midst of such a turbulent life, it is hard to 
believe that Galois found time to create his colossally original theories on 
algebra. 

What Galois did was to tie in the problem of finding the roots of 
equations with new discoveries on groups of permutations. He explained 
exactly which equations of degree 5 or higher have solutions of the tradi­
tional kind- and which others do not. Along the way, he introduced some 
amazingly original and powerful concepts, which form the framework of 
much algebraic thinking to this day. Although Galois did not work ex­
plicitly in axiomatic algebra (which was unknown in his day), the abstract 
notion of algebraic structure is clearly prefigured in his work. 

In 1832, when Galois was only 20 years old, he was challenged to a 
duel. What argument led to the challenge is not clear: some say the issue 
was political, while others maintain the duel was fought over a fickle lady's 
wavering love. The truth may never be known, but the turbulent, brilliant, 
and idealistic Galois died of his wounds. Fortunately for mathematics, the 
night before the duel he wrote down his main mathematical results and 
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entrusted them to a friend. This time, they weren't lost-but they were only 
published 15 years after his death. The mathematical world was not ready 
for them before then 1 

Algebra today is organized axiomatically, and as such it is abstract. 
Mathematicians study algebraic structures from a general point of view, 
compare different structures, and find relationships between them. This 
abstraction and generalization might appear to be hopelessly impractical­
but it is not! The general approach in algebra has produced powerful new 
methods for "algebraizing" different parts of mathematics and science, for­
mulating problems which could never have been formulated before, and 
finding entirely new kinds of solutions. 

Such excursions into pure mathematical fancy have an odd way of 
running ahead of physical science, providing a theoretical framework to 
account for facts even before those facts are fully known. This pattern is so 
characteristic that many mathematicians see themselves as pioneers in a 
world of possibilities rather than facts. Mathematicians study .wructure inde­
pendently of content, and their science is a voyage of exploration through 
all the kil)ds of structure and order which the human mind is capable of 
discerning. 



CHAPTER 

TWO 
OPERATIONS 

Addition, subtraction, multiplication, division- these and many others are 
familiar examples of operations on appropriate sets of numbers. 

Intuitively, an operation on a set A is a way of combining any two 
elements of A to produce another element in the same set A. 

Every operation is denoted by a symbol, such as +, x, or ...;- . In this 
book we wil1 100k at operations from a lofty perspective; we will discover 
facts pertaining to operations generally rather than to specific operations on 
specific sets. Accordingly, we will sometimes make up operation symbols 
such as '" and 0 to refer to arbitrary operations on arbitrary sets. 

Let us now define formally what we mean by an operation on a set A. 

Let A be any set: 

An operation", on A is a rille which assigns lO each ordered pair (a, b) of 
elements of A exactly one element a '" b in A. 

There are three aspects of this definition which need to be stressed: 

U '" b is defined for e'Pery ordered pair (a, b) of elements of A. (1) 

There are many ru les which look deceptively like operations but are not, 
because this condition fails. Often a '" b is defined for all the obvious 
choices of a and b, but remains undefined in a few exceptional cases. For 
example, division does not qualify as an operation on the set R of the real 
numbers, for there are ordered pairs such as (3, 0) whose quotient 3/0 is 
undefined. In order to be an operation on R, division would have to associ~ 
ate a real number alb wit h every ordered pair (a, b) of elements of IR. No 
exceptions allowed! 

a '" b must be uniquely defined. (2) 

20 
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In other words, the value of a • b must be given unambiguously. For exam~ 
pie, one might attempt to define an operation 0 on the set R of the real 
numbers by letting a 0 b be the number whose square is abo Obviously this 
is ambiguous because 2 0 8, let us say, may be either 4 or -4. Thus, 0 
docs not qualify as an operation on IR:! 

If a and b are in A, a • b must be in A. (3j 

This condition is often expressed by saying that A is closed under the 
opera tion •. If we propose to define an operation", on a set A, we must take 
ca re that ., when applied to elements of A, does not take us out of A. For 
example, division cannot be regarded as an operation on the set of the 
integers, for there are pairs of integers such as (3, 4) whose quotient 3/4 is 
not an integer. 

On the other hand, division does qualify as an operation on the set of 
all the posicive re{l/ numbers, for the quotient of any two positive real num~ 
bers is a uniquely determined positive real number. 

An operation is any rule which assigns to each ordered pair of elements 
of A a unique element in A. Therefore it is obvious that there are, in 
general, many possible operations on a given set A. If, for example, A is a 
set consisting of just two distinct elements, say a and b, each operation on A 
may be described by a table such as this one: 

(x, y) x· '" y 

(a, aj 
(a, bj 
(b, aj 
(b, bj 

In the left column are listed the four possible ordered pairs of elements of A, 
and to the right of each pair (x, y) is the value of x • y. Here are a few of 
the possible operations: 

(a, aj a (a, aj a (a, aj b (a, aj b 
(a, bj a (a, bj b (a, bj a (a, bj b 

(b, aj a (b, aj a (b, aj b (b, aj b 
(b, bj a (b, bj b (b, bj a (b, bj a 

Each of these tables describes a different operation on A. Each table has 
four rows, and each row may be filled with either an a or a b; hence there 
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are 16 possible ways of filling the table, corresponding to 16 possible oper~ 
arions on the set A. 

We have already seen that any operation on a set A comes with certain 
"options." An operation. may be commutative, that is, it may satisfy 

a • b = b • a (4) 

for any two elements a and b in A. It may be associative, that is, it may 
satisfy the equation 

(a.b).c =a.(b. c) (5) 

for any three clements a, b, and c in A. 
To understand the importance of the associative law, we must re~ 

member that an operation is a way of combining two elements; so if we 
want to combine three elements, we can do so in different ways. If we want 
to combine a, b, and c without changing their order, we may either combine 
a with the result of combining band c, which produces a • (b • c); or we 
may first combine a with b, and then combine the result with c, producing 
(a • b) • c. The associative law asserts that these two possible ways of com~ 
bining three elements (without changing their order) produce the same 
result. 

For example, the add ition of real numbers is associative because 
a + (b + c) = (a + b) + c. However, division of real numbers is not associ~ 
ative: for instance, 3/(4/5) is 15/4, whereas (3/4)/ 5 is 3/20. 

If there is an element e in A with the property that 

and for every element a in A (6) 

then e is called an identity or " neutral " element with respect to the oper­
ation •. Roughly speaking, Equation (6) tells us that when e is combined 
with any element a, it does not change a. For example, in the set IR of the 
real numbers, 0 is a neutral element for addition, and I is a neutral element 
for multiplication. 

If a is any element of A, and x is an element of A such that 

and (7) 

then x is called an inverse of a. Roughly speaking, Equation (7) tells us that 
when an element is combined with its inverse it produces the neutral el~ 

ement. For example, in the set R of the real numbers, -a is the inverse of a 
wi th respect to addition ; if {j :F 0, then l /a is the inverse of a with respect to 
multiplication. 

The inverse of a is often denoted by the symbol a - I . 
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EXERCISES 

Throughout this book, the exercises are grouped into Exercise Sets, each Set being 
identified by a letter A, B, C, etc. and headed by a descriptive title. Each Exercise Set 
contains six 10 ten exercises, nu mbered consecutively. Generally, Ihe exercises in each 
Set are independent of each other and may be done separately. However, when the 
exercises in a Set are related, with some exercises building on preceding ones, so 
they must be done in seq uence, this is indicated with a symbol t in the margin to the 
left of the heading. 

A. Examples of Operalions 

Which of the following rules are operations on the indicated set? (Z designates the 
set of the integers, Q the rational numbers, and III the real numbers.) For each rule 
which is not an operation, explain why it is not. 

Example 
a + b 

a * b : - -, on the set Z. 
ab 

SOLunON This is not an operation on Z. There are integers a and b such that 
(a + b)jab is not an integer. (For example, 

2+3 5 
"2-'3 = 6' 

is not an integer.) Thus, Z is n01 dosed under *. 

a * b = ~, on the set O. 

2 a * b = a In b, on the set {x E R: x > oj. 
3 a • b is a root of the equalion x 2 - a2b2 = 0, on the set IR. 
4 Subtraction, on the set Z. 

5 Subtraction, on the set {II E Z: n ~ OJ. 
6 a. b = la-b l,on the set {II E Z : 11 ~O} . 

B. Properties of Operations 

Each of the following is an operation . on R. Indicate whether or not 
(i) it is commutat ive, 

(Ii) it is associative, 
(ii i) R has an identity element with respect to • , 
(iv) every x E IR has an inverse with respect to •. 
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Instructions For (i), compute x * y and y * x, and verify whether or not they are 
equal. For (ii), compute x • (y • z) and (x • y) • z, and verify whether or not they 
are equal. For (iii), first solve the equation x * e = x for e; if the equation cannot be 
solved, there is no identity element. If it call be solved, it is still necessary to check 
that e * x = x * e = x fo r any x E R. If it checks, then e is an identity element. For 
(iv), first note that if there is no identity element, there can be no inverses. rr there is 
an identity element e, first solve the equation x • x' = e for x'; if the equation 
cannot be solved, x does not have an inverse. If it can be solved, check to make sure 
that x * x' = x' * x = e. If this checks, x' is the inverse of x. 

F.xamplc x • y = x + y + 1 

As.wcia/ive Commutative Identity Illverses 

Yes lEI No 0 Yes lEI No 0 Yes lEI No 0 Yes lEI NoD 

(i) x * Y = x + y + 1; Y * x = y + x + 1 = x + y + 1. 

(Thu.~, * is commutative.) 
(ii) x • (y • z) = x * (y + z + 1) = x + (y + z + I) + 1 = x + y + z + 2. 

(x. y). z = (x + y + 1). z = (x + y + 1) + z + 1 = x + y + z + 2. 
( • is a.~sociative.) 

(iii) Solve x • e = x fore: x. e = x + e + 1 = x; therefore,e = -1. 
Check: x*(-I) = x+(-I)+I = x; ( - l).x = (-I)+x+l =x. 
Therefore, - I is the identity element. 
(* has an identity element.) 

(iv) Solve x • x· = -I for x ' : x * x' = x + x' + 1 = - 1; therefore 
x' = -x - 2. Check: x • (-x- 2)=x + (-x- 2)+ 1 _ -1; 
(-x -2). x = (-x-2) + x + 1 = -1. Therefore, -x-2 is the inverseofx. 
(Every element has an inverse.) 

x * y = Jx2 + y2 

CommUlative 

Yes 0 No 0 
Associative 

Yes 0 No 0 

(i) x*y=JX2 +yl;y*X= 
(ii) x * (y * z) = x * ( ) = 

(x*y).z = ( )*z = 
(iii) Solve x • e = x for e. Check. 
(iv) Solve x • x' = e for x'. Check. 

2 x*y = lx+yl 

Commutalive As.~ociative 

Yes 0 No 0 Yes 0 No 0 

3x*y= l xy l 

Commutative Associative 

Yes 0 No 0 Yes 0 No 0 

Identity 

Yes 0 No 0 

Identity 

Yes 0 No 0 

Identity 

Yes 0 No 0 

Inverses 

Yes 0 No 0 

Inverses 

Yes 0 No 0 

I nverse.~ 

Yes 0 No 0 



Commutative 
Yes 0 No 0 

5 x . y = xy + I 
Commutative 

Yes 0 No 0 

Associative 
Yes 0 No D 

Associative 
Yes 0 No D 

Idel1tity 

Yes 0 No D 

Idel1tity 
Yes 0 No D 

6 x • y = max {x. y} = the larger of the two numbers x and y 

Commutative 
Yes 0 No 0 

Commutative 

Yes 0 No 0 

Associative 
Yes 0 No 0 

Associative 

Yes 0 NoD 

ldemity 

Yes 0 No 0 

Idel1tity 
Yes 0 No 0 

C. Operations on a Two-Element Set 

Lei A be the two-element set A = {a. b}. 
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Inverses 

Yes 0 No D 

Inverses 

Yes 0 No D 

Inverses 
Yes 0 No 0 

Inverses 
Yes 0 No 0 

I Write the tables of a ll 16 operations on A. (Use the fo rmat explained on page 21.) 

Label these operations 0 1 to 016 , Then: 

2 Identify which of the operations 0 1 to 0 16 are commutative. 

3 Identify which operations, among 01 to 01 6 , a re associative. 
4 For which of the operations 0 1 to 016 is there an identity element? 
5 For which of the operations 01 to 0 1 6 does every element have an inverse? 



CHAPTER 

THREE 
THE DEFINITION OF GROUPS 

One of the simplest and most basic of all algebraic structures is the grOllp. A 
group is defined to be a set with an operation (let us call it ... ) which is 
associative. has a neutral element. and for which each element has an 
in verse. More formally, 

By a group we meun a set G with an operation ... which sarisjies the 
axioms,' 

(GI) ... is associative. 
(G2) There is an element e in G such that a ... e = a and e ... a = a jor 

every element a in G. 
(G3) For every element a in G, there is an element a - I in G such that 

a ... a-I = e and a-I ... a = e. 

The group we have just defined may be represented by the symbol 
<G, ... ). This notation makes it explicit that the group consists of the set G 
and the operation .... (Remember thaI, in general, there are other possible 
operations on G, so it may not always be clear which is the group's oper­
ation unless we indicate it.) If there is no danger of confusion, we shall 
denote the group simply with the letter G. 

The groups which come to mind most readily are found in our familiar 
number systems. Here are a few examples. 

Z is the symbol customarily used to denote the set 

{ .... -3, -2, -1 ,0, 1,2,3, ... } 

26 



THE DEfINITION Of GROUPS 27 

of the integers. The set Z, with the operation of addition, is obviously a 
group. Il is called the additive group of rhe inregers and is 
represented by the symbol <Z, +). Mostly, we denote it simply by the 
symbol Z. 

o designates the set of the rational numbers (that is, Quotients mIn of 
integers, where n =fo 0). This set, with the operation of addition, is called the 
additive group of the rational numbers, <10, +). Most often we denote it 
sim ply by O. 

The symbol IR represents the set of the real numbers. IR, with the 
operation of addition, is called the additive group of the real numbers, and is 
represented by <IR, +). or simply IR. 

The set of all the nonzero rational numbers is represented by Q •. This 
set, with the operation of multiplication, is the group <0·, .), or simply 10·. 
Similarly, the set of all the nonzero real numbers is represented by R· . The 
set R· with the operation of multiplication. is the group <IR:., .), or simply 
R', 

Finally, 0+ denotes the group of all the positive rational numbers, with 
multiplication. R+ denotes the group of all the positive real numbers, with 
multiplication. 

Groups occur abundant ly in nature. This statement means that a great 
many of the algebraic structures which can be discerned in natura l phe­
nomena turn out to be groups. Typica l examples, which we shall examine 
later, come up in connection with the structure of crystals, patterns of 
symmetry, and various kinds of geometric transformations. Groups are also 
important because they happen to be one of the fundamental building 
blocks out of which more complex algebraic structures are made. 

Especially important in scientific applications are the finite groups, that 
is, groups with a finite number of elements. It is not surprising that such 
groups occur often in applications, for in most situations of the real world 
we deal with only a finite number of objects. 

The easiest finite groups to study are those called the groups of integers 
modltlo n (where n is any positive integer greater than I). These groups will 
be described in a casual way here, and a rigorous treatment deferred until 
later. 

Let us begin with a specific example, say, the group of integers modulo 
6. This group consists of a set of six elements, 

{O, 1,2, J, 4, 5} 

and an operation called addition modulo 6, which may be described as 
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follows: Imagine the numbers 0 through 5 as being evenly distributed on 
the circumference of a circle. To add two numbers hand k, start with hand 

o 

3 

move clockwise k additional units around the circle: h + k is where you end 
up. For example, 3 + 3 = 0,3 + 5 = 2, and so on. The s'et {O, I, 2, 3,4, 5} 
with this operation is called the group of integers modulo 6, and is rep­
resented by the symbol Z6 ' 

In general, the group of integers modulo n consists of the set 

{O, I, 2, ... ,n -l j 

with the operation of addition modulo n, which can be described exactly as 
previously. Imagine the numbers 0 through n - I to be points on the unit 
circle, each one separated from the next by an arc of length 21r./ n. To add h 

2 

,. 
-• 

and k, start with Ir and go clockwise through an arc of k times 2n/n. The 
sum II + k will, of course, be one of the numbers 0 through n - 1. From 
geomet rical considerations it is clear that this kind of addition (by suc­
cessive rotations on the unit circle) is associative. Zero is the neutral element 
of this group, and n - h is obviously the inverse of h [for h + (n - h) = n, 

which coincides with 0]. This group, the group of integers modulo n, is 
represemed by the symbol 7L." . 
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Often when working with finite groups. it is useful to draw up an 
"operation table." For example. the operation table of Z6 is 

+ 0 2 3 4 5 

0 0 I 2 3 4 5 
I 2 3 4 5 0 

2 2 3 4 5 0 
3 3 4 5 0 I 2 
4 4 5 0 2 3 
5 5 0 2 3 4 

The basic format of this table is as follows. 

+ 0 2 3 4 5 

0 
I 

2 
3 
4 
5 

with one row for each element of the group. and one column for each 
element of the group. Then 3 + 4, for example, is located in the row of 3 
and the colu mn of 4. In general. any finite group ( G • • ) has a table 

• y 

x x>y 

The entry in the row of x and the column of y is x • y. 
Let us remember that the commutative law is not one of the ax:ioms of 

group theory. hence the identity a • b = b • a is not true in every group. If 
the commutative law holds in a group G. such a group is called a com­
mutative group or, more commonly. an abelian group. Abelian groups are 
named after the mathematician Niels Abel. who was mentioned in Chapter 
I, and who was a pioneer in the study of groups. All the examples of groups 
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mentioned up to now are abelian groups, but here is an example which is 
not. 

Let G be the group which consists of the six matrices 

, = (~ ~) B= ( 0 
- 1 

C = (- ' 
o -:) (

-1 
D= 

1 
K =( 1 

- 1 

with the operation of macrix multiplication which was explained on page 8. 
This group has the fo ll owing operat ion table, which should be checked: 

I A B C D K 

I A B C D K 
A A C B K D 
B B K D A I C 
C C D K I A B 
D D C I K B A 
K K B A D C I 

In linea r algebra it is shown that the multiplication of matrices is assoc i ~ 

alive. (The detail s are simple.) It is clear that J is the identity element of this 
group, and by looking at the table one can see that each of the six matrices 
in {I, A, B, C, D, K} has an inverse in {I, A, B, C, D, K}. (For example, B 
is the inverse of D, A is the inverse of A, and so on). Thus, G is a group! 
Now, we observe that AS = C and SA = K, so G is not commutative. 

EXERCISES 

A. Examples of Abelian Groups 

Prove that each of the fo llowing sets, with the ind icated operation, is an abelian 
group. 

Instructions. Proceed as in Chapter 2, Exercise B. 

(k a fixed constant), on the set IR: of the real nu mbers. 

'Y 2 x.y =~ ,ontheset{x ER :x oF O}. 



3 x. Y= x + y + xY,on the set {x e IR: x¥- - f }. 
x+y 

4 x.y =-- ,.on the set {x e R; -I <x < 1}. 
xy + t 

B. Groups on the Set IR x IR 

THE DEFINITION OF GROUPS 3 1 

The symbol R x III represen ts the set of all ordered pairs (x, y) of real numbers. 
IR: x III may therefore be identified with the set of all the poi nts in the plane. Which 
of the fo llowing subsets of R x R, with Ihe indicated operalion, is a group? Which is 
an abelian group? 

Instructions. Proceed as in the preceding exercise. To find the identity elemenl, 
which in these problems is an ordered pair (e l , ez) of real numbers, solve the equa­
lion (a , b) • (e l . el) = (a. b) for e l and el' To find the inverse (a ', b') of (a, b), solve 
the equation (a, b). (d, b') _ (el> ell for a' and b' , [Remember that (x. y) = (x', y') if 
and only if x = x ' and y = y.] 

1 (a, b) • (e, d) = (ad + be, bd), on the set {(x, y) e R x R : y ¥- O}. 
2 (a, h) . (e, d) = (ae, be + d), on the set {{x. y) e R x R : x¥- O}. 
3 Same operation as in part 2, but on the set R x R, 
4 (a, b) , (e, d) = (ae - bd, ad + be), on Ihe set R x R with the origin deleted. 
5 Consider the operation of the preceding problem on the set R x R. Is this a 
group ? Explain. 

C Groups of Subsets of a Set 

If A and B are any two sets, their symmetric difference is the set A + B de fi ned as 
follows: 

A + B ~ (A - B) v (B - A) 

The shaded area is A + B 

It is perfeclly clear Ihat A + B = B + A ; hence Ihis operation is commutative. 
It is also associalive, as the accompanyi ng pictorial representation suggests: Let the 
union of A, B, and C be di vided into seven regions as illumated. 
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A B 

c 

A + B consists of the regions 1, 4,3, and 6. 

B + C consists of the regions 2, 3, 4, and 7. 

A + (B + C) consists of the regions 1,3,5, and 7. 

(A + B) + C co nsists of the regions 1,3,5, and 7. 

Thus, A + (B + C) == (A + B) + C. 
If D is a set, then the power sel of D is the set PI) of a ll the subsets of D. That is, 

Pn = {A : A S; D} 

The operation + is to be regarded as an operation on Pl). Prove thefollowing: 

1. There is an identity element with respect to the operation +, which is: __ _ 

2. Every subset A of D has an inverse with respect to +, which is: . Thus. 
(Po, +) is a group! 
3. Let D be the three-element set D = {a, b, c} . List the elements of PD ' (For exam· 
pie, one element if {a}, another is {a, b}, and so on. Do not forget the empty set and 
the whole set D.) Then write the operation table fo r ( PD , +). 

D. A Checkerboard Game 

I 2 

3 4 
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Our checkerboard has only four sq uares, numbered 1, 2, 3, and 4. There is a single 
checker on the board, and it has four possible moves: 

V: Move vertically; that is, move from 1 to 3, or from 3 to 1, or from 2 to 4. or from 
4 to 2. 

H: Move horizontally, that is, move from 1 to 2 or vice versa, or from 3 to 4 or vice 
versa. 

D: Move diagonally, that is, move from 2 to 3 or vice versa, or move from 1 to 4 or 
vice versa. 

I: Stay put. 

We may consider an operation on the set of these four moves, which consists of 
performing moves successively. For example, if we move horizontally and then 
vertically, we end up with the same result as if we had moved diagonally: 

H.V = D 

If we perform two horizontal moves in succession, we end up where we started: 
H. II = I. And so on. If G = {V, H, D, I }, and. is the operation we have just 
d~cribed, write the table of G. 

I 
V 
H 
D 

Granting associativity, expl ain why (G, • > is a group. 

E. A Coin Game 

01---0 
Imagine two coins on a table, at positions A 
possible moves: 

M 1 : Flip over the coin a t A. 
M 1 : Flip over the coin at 8. 
M J : Flip over both coins. 
M 4: Switch the coins. 

and 8. In this game there are eight 

M 5 : Flip coin at A; then switch. 
M6: Flip coin at B; then switch. 
M,: Flip both coins; then switch. 

I : Do not change anything. 

We may consider an operation on the set {I , M I , .'" M,}, which co nsists of 
performing any two moves in succession. For example, if we switch coins, then flip 
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over the coin at A, this is th e same as first flipping over the coin at B, then 
switching: 

If G "" {I , M I, .. . , M 7} and is the operation we have just described, write the table 
of (G, .). 

• J M, ~ M, ~ M, ~ ~ 

J 
M, 
M, 
M, 
M. 
M, 
M, 
M, 

Granting associativity, explain why ( G, .) is a group. Is it commutative? If not, 
show why not. 

F. Groups in Binary Codes 

The most basic way of transmitting information is to code it into strings of Os and 
Is, such as 0010111 , 1010011. etc. Such strings are called binary words, and the 
number of Os and Is in any binary word is called its length. All information may be 
coded in this fashion. 

When information is transmitted, it is sometimes received incorrectly. One of 
the most important purposes of coding theory is to find ways of detecting error.~, and 
correcting errors of transmission. 

If a word a = a l a2 ..• an is sent, but a word b = b l b2 . •• bn is received (where 
the a j and the bj are Os or Is), then the error pal/em is the word e = elel . .. en where 

,. ~ {O , 1 
if aj = bi 

if a j oF- b; 

With this motivation, we define an operation of adding words, as follows : If a and b 
,are both of length I, we add them according to the rules 

1 + 1 = 0 0+1 = 1 1+0 = 1 

If a and b are both of length n, we add them by adding corresponding digits. That is 
(let us introduce commas for convenience). 

(al> °2 , . .. , an) + (bl> h l ,···, hn) = (al + hI> a2 + b2 , ... , an + bn) 

Thus, the sum of a and b is the error pattern c. 
For example, 



0010 11 0 
+ 00 11 010 

- 000 11 00 
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10 100 11 1 
+ 11 11 0111 

- 0 1010000 

The symbol ISn will designate the set of all the binary words of length rI. We will 
prove that the operat ion of word add ition has the fo llowing properties on IB": 

I. It is commutative. 
2. It is associat ive. 
1 There is an identity element for word addit io n. 
4. Every word has an inverse under word addition. 

First, we verify the comm utative law for words of length I : 

0+1 = 1 = 1+0 

I. Showthat(a"a2," , an)+(b !> b 2 • . •.• bn)=(bl>b2 , •• , bn)+ (al>a 2 , • .. ,an). 

2. To verify the associative law, we fi rst verify it for words of length 1: 

I + (I + 1) = 1 + 0 = 1 = 0 + 1 = (1 + 1) + I 

1 + (1 + 0)= 1 + 1 =0=0+0=(1 + 1)+0 

Check the remaining six cases. 

3. Show that (al> ... , an) + [(b l , ••• , bn)+(c[, . . , cn)]=[(a[, ... , an)+(bl> .•. , bn)]+ 

(el> . . . , en)' 

4. The identity element of ISn. that is, the identity element for adding words of length 
II, is: 

5. The inverse, with respect to word add ition, of any word (aI, .. . , an) is: 
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FOUR 
ELEMENTARY PROPERTIES OF GROUPS 

Is it possible for a group to have two different identity elements? Well, 
suppose e ! and e2 are identity elements of some group G. Then 

Therefore 

because e j is an identity element, and 

because e2 is an identity element 

This shows that in every group there is exactly one identity element. 
Can an element a in a group have two different inverses? Well, if a J and 

02 arc both inverses of a, then 

a l * (a * a2) = a l * e = a l 

and 

By the associative law, a 1 * (a * a2) = (a l * a) * a2 , hence (/ 1 = 02' This 
shows that in every group, each element has exactly one inverse. 

Up to now we have used the symbol * to designate the group oper~ 

ation. Olher. more commonly used symbols are + and (" plus " and 
"multiply "). When + is used to denote the group operation, we say we are 
using additive notation, and we refer to a t; b as the sum of a and b. 
(Remember that a and b do not have to be numbers and therefore "sum" 
does nol , in general, refer to adding numbers.) When is used to denote the 

J6 
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group operation, we say we are using multiplicalive notation; we usually 
writc ab instead of a . b, and call ab the product of a and b. (Once again. 
remember that " prod uct " does not, in general. refer to multiplying num­
bers.) Multiplicative notation is the most popular because it is simple and 
saves space. In the remainder of this book multiplicative notation will be 
used except where otherwise indicated. In particular, when we represent a 
group by a letter such as G or H, it will be understood that the group's 
operation is written as multiplication. 

There is common agreement that in additive notation the identity el­
emen t is denoted by 0, and the inverse of a is written as -a. (It is called the 
negmil'e of a.) In multiplicative notation the identity element is e and the 
inverse of a is written as a - l (" a inverse "). It is also a tradition that + is 
to be used only for commutative operations. 

The most basic rule of calcula tion in groups is the cancelation law, 
which allows us 10 cancel the factor a in the equations ab = ac and ba = ca. 
This will be our first theorem about groups. 

Theorem I IIG is a group and a, b, c are elements o/G, then 

(i) ub = ac 
(ii) ba = ca 

implie.'i 
implies 

b = c 
b=c 

and 

It is easy to see why this is true : if we multiply (on the left) both sides 
of the equation ab = ac by a-I, we get b = c. In the case of ba = ca, we 
multiply on the right by a - I. This is the idea of the proof; now here is the 
proof: 

Suppose 

Then 

By the associative law, 

that is, 

Thus, finally, 

ab = ac 

a-I(ab) = a-I(ac) 

(a - Ia)b = (a - Ia)c 

eb = ec 

b=c 

Part (ii) is proved ana logously. 
In general, we cannot cancel a in the equation ab = ca. (Why not?) 

Theorem 2 IfG is a group and a, b are elements o/G, then 

ab = e implies a~ b - · and 
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The proof is very simple: if ab = e, then ab = aa - I, so by the cancela~ 
tion law, b = a-I. Analogously, a = b- I

. 

This theorem tells us that if the product of two elements is equal to e, 
these elements are inverses of each other. In particular, if a is the inverse of 
b, then b is the inverse of a. 

The next theorem gives us important information about computing 
inverses. 

Theorem 3 ffG is a group and a, b are elements o/G, then 

(i) (ab)- I = b - Ia - I and 
(ii) (a - I) - I = a 

The first formula tells us that the inverse of a product is the product of 
the inverses in reverse order. The next formula tells us that a is the inverse 
of the inverse of a. The proof of (i) is as follows: 

(ab)W'a - ') ~ a[(bb-')a - '] 

= a[ea- I
] 

= aa- I 

by the associate law 

because bb - 1 = e 

Since the product of ab and b - 1a - 1 is equal to e, it follows by Theorem 2 
that they are each other's inverses. Thus, (ab) - 1 = b - 1a - 1. The proof of 
(ii) is analogous but simpler: aa- 1 = e, so by Theorem 2 a is the inverse of 
a- I, that is, a =(a-I) - I. 

The associative law states that the two products a(be) and (ab)e are 
equal; for this reason, no confusion can result if we denote either of these 
products by writing abc (without any parentheses), and call abc the product 
of these three elements in this order. 

We may next define the product of any four elements a, b, e, and din G 
by 

abed = a(bed) 

By successive uses of the associative law we find that 

a(be)d ~ ab(cd) ~ (ab)(cd) ~ (ab)ed 

Hence (hc product abed (without parentheses, but without changing the 
order of its factors) is defined without ambiguity. 
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In general , any two products, each involving the same factors in the 
same order, are equal. The net effect of the associative law is that parenth­
eses are redundant. 

Having made this observation, we may feel free to use products of 
several factors, such as a 1a2 ... a". without parentheses, whenever it is 
convenient. Incidentall y, by using the identity (ab) - 1 = b - la-I repeatedly, 
we find that 

( )
- 1 - I - 1 - 1 

aa '''a =a '''a a 1 2 II " 2 1 

If G is a finite group, the number of elements in G is ca lled the order of 
G. It is customary to denote the order of G by the symbol 

IGI 

EXERCISES 

Remark on notation. In the exercises below. the exponential notation a" is used in 
the following sense: if a is any element of a group G, then aZ means aa, a l means 
(laa, and, in general, a" is the prod uct of n fac tors of a, for any positive integer n. 

A. Solving Equations in Groups 

Let a, b, c, and x be elements of a group G. In each of the fo llowing, solve for x in 
terms of a, b, and e. 

Example and 

From the fi rst equation, b :::: x l 

Squari ng. b2 "'" X4 

Mu ltiplying on the left by x, 

xb2 = XX4 = x 5 = e (NOTE: x 5 = e was given.) 

Multiplying on the right side by (b2)- I, 

Therefore: 

l axb =c 
2 x 2 b=xa - 1e 

3 x 2a = bxe- 1 

4 ax2 _ b and 

xb2(b 2 )-l = e(b2)- l 

and aex = xae 
Xl = e 

5 x 2 "" 0 2 and X S _ e 

6 (xax )] = bx and x1a = (xa) - 1 
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B. Rules of Algebra in Groups 

For each of the following rules, either prove that it is true in every group G, or give 
a counterexample to show that it is false in some groups. (All the counterexamples 
you need may be found in the group of matrices {I, A, B, C. D, K} described on 
page 30.) 

I Hx2 =e,then x=e. 

2 Ifx2 = a2
, then x = a. 

3 (ab)2 = a2b2 

4 Irx2 = x,thenx = e. 
5 For every x E G, there is some Y E G such that x = y2. (This is the same as saying 
that every element of G has a "square root.") 
6 For any two elements x and y in G, there is an element z in G such that y = xz. 

C. Elements which Comml!te 

Ir u and b are in G and ab = ba, we say that a and b commute. Assuming that a and 
b commute, prove the/ollowing; 

I a- I and b - 1 commute. 

2 a and b - I commute. (HINT : First show that a = b - l ab.) 

3 a commutes with ab. 

4 a1 commutes with b1
. 

5 xax - I commutes with xbx - I, fo r any x E G. 

6 Prove: ab = ba iff aba - I = b. 
(The abbreviation iff stands for "if and only if." Thus, first prove that if 

ab = ba, Ilren aba - I = b. Ne'xt, prove that if aba - I = b, then ab .. ba. Proceed 
roughly as in Exercise Set A. Thus, assuming ub = bu, solve for b. Next, assu ming 
ubu- I = b, solve for ab.) 

, Prove: ab = ba iff 

t D. Group Elements and Their Inverses ' 
l et G be a group. let a, b, c denote elements of G, and let e be the neutral element 
of G. Prove the/ollowing: 

L NOT": When the exercises in a Set are related, with some exercises building on pre­
ceding ones, so they must be done in sequence, this is indicated with a symbol t in the margin 
to the left of the heading. 
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I If ab ,. e, then ba ,. e. (HINT: See Theorem 2.) 

2 If abc = e, then cab = e and bca "" e. 
3 State a generalization of paris I and 2. 
4Ifxay=a- l ,thenyax =a- l

• 

5 a = a-I iff aa = e. (That is, a is its own inverse iff a 2 = e.) 

6 Letc=c - I. Then ab = c iff abc=e. 

7 Let a, b, and c each be equal to its own inverse. If ab = c, then bc = a and ca = b. 

8 If abc is its own inverse, then bca is its own inverse, and cab is its own inverse. 
9 Let a and b each be equal to its own inverse. Then ba is the inverse of abo 

t E. Counting Elements and Their Inverses 

Let G be a finit e group, and let S be the set of all the elements of G which are 1101 

equal to their own inverse. That is, S _ {x E G : x oj. x- L}. The set S can be divided 

s , , , -' 

up 1010 pairs so that each element is paired off with its own inverse. Prove Ihe 
fol/owing: 

t In any finite group G, the number of elements not equal to their own inverse is an 
even number. 

2 The number of elements of G equal 10 their own inverse is odd or even, depending 
on whether the number of elements in G is odd or even. 
3 If the order of G is even, there is at least one element x in G such that x oj. e and 
x = X-I. 

In parts4to 6, let G bea finite abelian group,say, G = {e,a l , a2 , •.. , a~ }. 
Prove: 

4 (a L a2 ... a~)2 =e 

5 If there is no element x oj. e in Gsuch thatx = x - I, then alaz ... a" = e. 

6 1ft here is exact ly one x f:. e in G such that x = X - I , then a l a2 ..• a~ = X. 
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t F. Constructing Small Groups 

In each of the following, let G be any group. Let e deno te the neutral element of G. 

If a, b are any elements of G, prove each of the folJowing: 
(i) If a2 = a, then a = e. 

(ii) If ab = a, then b = e. 
(iii) If ab = b, then a = e. 

2 Explain why every row of a group table must contain each element of the group 
exactly once. (HINT: Suppose x appears twice in the row of a: 

y , y, 

x x 

Now use the cancelation law for gro ups.) 
3 There is exactly one group on any set of three distinct elements, say the set fe, a, 
b}. Indeed, keeping in mind partS I and 2 above, there is only one way of completing 
the following table. Do so ! You /leed not prove associativity. 

e a b 

e e a b 

a a 
b b 

4 There is exactly one group G of four elements, say G = fe, a, b, c} satisfying the 
additional property that xx'" e for every x € G. Usi ng only part I, above, complete 
the fo llowing group table of G. 

e a 

e e a 
a a 
b b 
c c 

b c 

b c 

5 There is exactly one group G of four elements, say G ;- fe, a, b, c}, such that 
xx = e for some x#- e in G, and yy #- e for some y € G (say, aa = e and bb #- e). 
Complete the group table of G, as in the preceding exercise. 
6 Use Exercise E3 to explain why the groups in parts 4 and 5 are the only possible 
groups of four elements (except for renaming the elements with different symbols). 
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G. Direct Products of Groups 

If G and H aTe any two groups, their direct product is a new group, denoted by 
G x H, and defined as follows: G x H consists of all the ordered pairs (x, y) where x 
is in G and y is in H. That is, 

G x H = {tx, y) : x E G and y E H} 

The operation of G x H consists of multiplying corresponding components: 

(x, y). (x', y) = (xx', yy') 

If G and H are denoted additively, it is customary to also denote G x H additively: 

(x , y) + (x', y) "" (x + x', y + y) 

Prove that G x H is a group by checking the three group axioms, (G I) to (G3): 

(G I) (x I, YI )[(x ~ , y~)(x J ' YJ )] = 

[(XI' YI )(x~, y~ )](x3, Y3) = 

(G2) Let eG be the identity element of G, and eH the identity element of H. The 
identity element of G x H? is : . Check. 

(G3) For each (a, b) E G x H, the inverse of (a, b) is : . Check. 
2 List the elements of Z2 x Z3' and write its operation table. (NOTE: There are six 
clements, each of which is an ordered pair. The notation is additive.) 

3 If G and H are abelia n, prove that G x H is abelian. 
4 Suppose the groups G and H both have the following property: 

Every elemenr of the group is irs own im;erse. 

Prove that G x H also has this property. 

H. Powers and Roots of Group Elements 

Let G be a group, and a, bEG. For any positive integer n, we define a" by 

a" - aaa"'a 
~ 
n factors 

If there is an element x E G such that a "" x\ we say that a has a square root in G. 
Similarly, if a = i fo r some Y E G, we say a has a cube root in G. In general, a has 
an nth root in G if a = z~ for some Z E G. Prove the following: 

I (bab-Ir = ba~b - I, for every positive integer n. Prove by induction. (Remember 
that to prove a formu la such as this one by induction, you first prove it for n - 1; 
next you prove that if it is true for n"= k, then it must be true for n = k + 1. You 
may conclude that it is true for every positive intege.' n.) 
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:z If ab = ba. then (ab)" = a"b" for every positi ve integer n. Prove by induction. 
3 If xax = e. then (xa)2" = a". Prove by induction. 

4 If a3 = e, then a has a sq uare root. (HINT: Try a2.) 

5 If a2 = e, then a has a cube root. 
6 If a - L has a cube root, so does a. 

7 If x~ax = a- L, then a has a cube root. (HINT : Show that xax is a cube root of 
a- L.) 

8 If xax = b, then ab has a square roOI. 
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leI G be a group, and S a nonempty subset of G. It may happen (though it 
doesn't have to) that the product of every pair of elements of S is in S. If it 
happens, we say that S is closed with respect to multiplication. Then, it may 
happen that the inverse of every element of S is in S. In that case, we say 
that S is closed with respect to inverses. If both these things happen, we call 
S a subgroup of G. 

G 

s 

When the operation of G is denoted by the symbol +, the wording of 
these definitions must be adjusted: if the sum of every pair of elements of S 
is in S, we say that S is closed with respect to addition. If the negative of 
every element of S is in S, we say that S is closed with respect to negatives. If 
bo th these things happen, S is a subgroup of G. 

For example, the set of all the even integers is a subgroup of the additive 

45 
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group Z of the integers. Indeed, the sum of any two even integers is an even 
integer, and the negative of any even integer is an even integer. 

As another example, Q'" (the group of the nonzero rational numbers, 
under multiplication) is a subgroup of R'" (the group of the nonzero real 
numbers, under multiplication). Indeed, Q'" £: IR'" because every rational 
number is a real 'number. Furthermore, the product of any two rational 
numbers is rational, and the inverse (that is, the reciprocal) of any rational 
number is a rational number. 

An important point to be noted is this : if S is a subgroup of G, the 
operation of S is the same as the operation of G. In other words, if a and b 
are elements of S. the product ab computed in S is precisely the product ab 
computed in G. 

For example, it would be meaningless to say that <Q"' •. ) is a subgroup 
of <R, +); for although it is true that Q '" is a subset of IR. the operations 
on these two groups are different. 

The importance of the notion of subgroup stems from the following 
fact: ft G is a (Jroup and S is a subgroup ofG, then S itself is a group. 

It is easy to see why this is true. To begin with, the operation of G, 
rest ricted to elements of S, is certainly an operation on S. It is associative: 
for if a, b, and c are in S, they are in G (because S £: G); but G is a group. so 
a(bc) = (ab)c. Next, the identity element e ofG is in S (and continues to be an 
identity element in S): for S is nonempty, so S contains an element a; but S 
is closed with respect to inverses, so S also contains a - I; thus, S contains 
aa - I 

>= e, because S is closed with respect to multiplication. Finally. every 
element of S lias an inverse in S because S is closed with respect to -inverses. 
Thus, S is a group! 

One reason why the notion of subgroup is useful is that it provides us 
with an easy way of showing that certain things are groups. Indeed, if G is 
already known to bc a group, and S is a subgroup of G, we may conclude 
that S is a group without having to check all the items in the definition of 
"group." This conclusion is illustrated by the next example. 

Many of the groups we use in mathematics are groups whose elements 
are functions. [n fact, historically, the first groups ever studied as such were 

groups of functions. 
sF(R) represents the set of allfimctionsfrom IR to IR, that is, the set of all 

real-valued functions of a real variable. In calculus we learned how to add 
functions: if f and 9 are functions from R to R, their sum is the function 
f + 9 given by: 

[J + gJ(x) ~ f(x) + g(x) for every real number x 
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Clearly,f + g is again a function from R: to IR:. and is uniquely determined 
byfand g . 

.F(IR:), with the operation + for adding functions, is the group (.?"(IR:), 
+ ), or simply .F(R). The detai ls are simple, but first, let us remember what 

it means for two functions to be equal. Iff and g are functions from III to R, 
then f and g are equal (that is.! = g) if and only if f(x) = g(x) for every real 
number x. In other words, to be equal f and 9 must yield the same value 
when applied to any real number x. 

To check that + is associative, we must show that f + [g + h] = 

[f + g] + II, for any three functionsf, g, and h in §(R). This means that for 
any real number x, (f + [g + hl}(x) - {[f + gl + h}(x). Well, 

(f + [g + hl}(x) - f(x) + [g + hl(x) - f(x) + g(x) + h(x) 

and {[f + g] + h}(x) has the same value. 
The neutral element of §(R) is the function (!) given by 

I'l(x) - 0 for every real number x 

To show that (!) + f = fane must show that [ (!) + f](x) = f(x) for every real 
number x. This is true because [lV + JJ(x) = lV(x) + f(x) = 0 + f(x) = f(x). 

Finally. the inverse of any functionfis the function -f given by 

[-fJ(x) - - f(x) for every real number x 

One perceives immediately thatf + [ - f ] :=, lV, for every function! 
(6'(R) represents the set of all continuous funct ions from R to R. Now, 

~(!R ), wit h the operation +, is a subgroup of Y(R), because we know from 
calculus that the sum of any two continuous functions is a continuous 
function, and the negative - f of any continuous functionfis a continuous 
function. Because any subgroup of a group is itself a group, we may con~ 
clude that <6'(R), with the operation +, is a group. It is denoted by 
('<'(II), + >, or simply '&(11). 

§j(IR) represents the set of all the differentiable functions from IR: to IR:. It 
is a subgroup of Y(R) because the sum of any two differentiable functions is 
differentiable, and the negative of any differentiable function is differ~ 

entiable. Thus, £ZI(R), with the operation of adding functions, is a group, 
denoted by (.@(IR), +), or simply '@(IR). 

By the way, in any group G the one-element subset {e}, containing only 
the neutral element, is a subgroup. It is closed with respect to multiplication 
because ee = e, and closed with respect to inverses because e - 1 = €. At the 
other extreme, the whole group G is obviously a subgroup of itself. These 
two examples are, respectively, the smallest and largest possible subgroups 
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of G. They are called the trivial subgroups of G. All the other subgroups of 
G are called proper subgroups. 

Suppose G is a group and a, b, and e are elements of G. Define S to be 
the subset of G which contains all the possible products of a, b, c, and their 
inverses, in any order, with repetition of factors pennitted. (Thus, typical 
elements of S would be abae - I , C - I a - I bbc, and so on.) It is easy to see that 
S is a subgroup of G: for if two elements of S are multiplied together, they 
yield an element of S, and the inverse of any element of S is an element of S. 
For example, the product of aba and cb - Iac is abacb- lac, and the inverse 
of ab - le - la is a - Icba - I. S is called the subgroup of G generated by a, b, and 
c. 

If al> "., an are any finite number of elements of G, we may define the 
sllbgroup generated by at. ... , lI" in the same way. In particular, if a is a 
single element of G, we may consider the subgroup generated by a. This 
subgroup is designated by the symbol (a), and is called a cyclic subgroup of 
G; a is called its generator. Note that (a) consists of all the possible 
products of II and a- I, for example ll- I aaa - I and aaa- laa - I . However, 
since factors of a- I cancel factors of a, there is no need to consider products 
involving both a and a- I side by side. Thus, (a) contains 

a, aa, aaa, ... , 

- I - I - I - I - I - I a ,a a ,a a a '" 

as well as aa - I = e. 
If the operation of G is denoted by +, the same definitions can be given; 

with "sums" instead of "products." 
In the group of matrices whose table appears on page 30, the sub­

group generated by D is (D) = {I, B, D} and the subgroup generated by A 

is (A) = {t, A}. (The student should check the table to verify this.).ln fact, 
the entire group G of that example is generated by the two elements A and 
B. 

If a group G is generated by a single element a, we call G a cyclic group, 
and write G = (a). For example, the additive group Z6 is cyclic. (What is 
it s generator?) 

Every finite group G is generated by one or more of its elements (obvi­
ously). A set of equations, involving only the generators and their inverses, 
is called a set of definillg equatiolls for G if these equations completely 
determine the multiplication table of G. 

For example, let G be the group {e, a, b, b1
, ab, ab 2

} whose generators 
a and b sat isfy the equations 

('J 
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These three equations do indeed determine the multiplication table of G. To 
see this, note first that the equation ba = ab 2 allows us to switch powers of 
Q with powers of b, bringing powers of a to the left, and powers of b to the 
right. For example, to find the product of ab and ab2

, we compute as 
follows: 

(abXab 1
) = abab2 = aab2 b2 = a2 b4 -"<lb' 

But by (*), a2 = e and b4 = bJb = b, so finally, (ab)(ab 1
) = b. All the entries 

in the table of G may be computed in the same fashion. 
When a group is determined by a set of generators and defining equa­

tions, it s st ruct ure can be efficiently represented in a diagram called a 
Cayley diagram. These diagrams are explained in Exercise G. 

EXERCISES 

A. Recognizing Subgroups 

In each of the following, determine whether or not H is a subgroup of C. (Assume 
that the operation of H is the same as that of G.) 

Instructions. If H is a subgroup of G, show that both conditions in the definition of 
"subgroup" are satisfied. If H is nOI a subgroup of G, explain which conditio n fai ls. 

Example G = R*, Ihe multiplicative group oflhe real numbers. 

H = {2" : 11 E Z} H is @ is not 0 a subgroup of G. 

(i) If 2", 2m E H , then 2"2"' = 2" +m. Butn + m E Z, so 2" +'" E H. 
(ii) H2" E H , then 1/2" = 2- ". But - n E Z, SO r" E H. 
(Note that in this example the operation of G and H is multiplication. In the 

next problem, it is addition.) 

I G = (R, + ), H = {log a : a E Q, a > O}. His 0 is not 0 a subgroup of G. 
2 G = (R,+),H={ logn:ne Z,n> O}. HisO is not 0 a subgroup of G. 
3 G = (R. +), H = {x e R : tan x EO}. His 0 is not 0 a subgroup of G. 
HINT: Use the foHowing formu la from trigonometry: 

_t~a~n~x,::,+~t~a~n~y,,-: tan(x+y)=-;-
1 tan x tan y 

4 G = (IR*,'), H = {2"3"' : m, n E Z}. His 0 is not 0 a subgroup of G. 
5 G = (IR x IR, +),H = {(x,y): y= 2x}. His 0 is not 0 a subgroupofG. 
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6 G = (IR x R. +), H = {(x,y): x2 +y2 >O}. 
of G. 

H is 0 is not 0 a subgro up 

7 Let C a nd D be sets, with C s;; D. Pro ve tha t Pc is a subgro up of PD' (See Cha pter 
3. Exercise C.) 

B. Subgroups of Groups of Functions 

In each of the fo llo wing, show that H is a subgroup of G. 

Example G = (..?"(IJl), +), H = {f E j""(R) :f(O ) := O} 

(i) Suppose f, g € H ; then J(O) = 0 and g(0) = 0, so (f t g] (O) = 
J (O) + 1'1(0) - 0 + 0 = O. Th us,f + g € H. 

(ii) IfJ e H, thenf(O) = O. Thus, [ - /](0) = - J (O) = -0 = 0, so - fe H . 

I G = ( .?(R), +), H = {f e .?(R) : f(x) = 0 for every x e [0, I]} 

2 G ~ (YIR), + ) , H ~ (fE y IR) , fl-x ) ~ -fix)} 
3 G ::: ( 9 (1R), +), H "" {fe.5"(R) : J isperiodicofperiod n} 

REMARK: A functionJ is said to be periodic of period a if there is a number a, called 
the period o ff, such that f (x ) = f (x + na) fo r every x e IR and II e Z . 

4 G ~ ('tIR), + ), H - (f E 'tIR) , nflx) dx - O} 
5 G = ( 9 (1R), + ), H = {fe q (R) : df/dx isconstant} 

6 G = ( .:F(R), + ), H = {f e § (R) : J(x) E Z for every x E R} 

C. Subgroups of Abelian Groups 

In the fo llo wing exercises, le t G be an abelian group. 

1 If H = {x E G : x = X - I }, that is, H co nsists of all the elements of G which are 
their own in verses, prove that H is a subgro up of G. 
2 Let II be a fi xed integer, and let H = {x E G : x" = e}. Prove that H is a subgroup 
of G. 

3 Let H = {x E G : x = y2 for some y E G} , tha t is, let H be the set of all the 
elements o f G which have a sq uare root. Prove tha t H is a subgro up of G. 
4 Let H be a subgroup of G, and let K = {x E G : Xl E H }. Prove tha t K is a 
subgro up of G. 
5 Let H be a subgrou p of G, a nd let K consist of a ll the elements x in G s uch that 
some power of x is in H. Th at is, K "" {x E G : for some integer II > 0, x~ E H }. 
Prove tha t K is a subgroup of G. 

6 Suppose H a nd K a re su bgroups of G, and define H K as fol lows: 

HK = {xY:XE H a nd YE K } 

Prove that H K is a subgroup of G. 
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7 Explain why parts 4-6 are not true if G is not abelian. 

D. Subgroups of an Arbitrary Group 

Let G be a group. Prove theJollowing: 

I If Hand K are subgroups of a group G, prove that H n K is a subgroup of G. 
(Remember that x E H n K iff x E H and x E K). 

2 Let H and K be subgrou ps of G. If H s K , then H is a subgroup of K. 

3 By the center of a group G we mean the set of all the elements of G which 
commute with every element of G, that is, 

C= {aE G : ax:=: xa for every x E G} 

Prove that C is a subgroup of G. (HINT : If we wish to assume xy = yx and prove 
xy- I = y - lX, it is best to prove first that yxy - I = x .) 

4 Let C' :=: {a E G : (ax)2 :=: (xa)2 for every x E G). Prove that C' is a subgroup of G. 

5 Let G be a finite group, say a group with n elements, and let S be a nonempty 
subset of G. Suppose e E S, and that S is closed with respect to multiplication. Prove 
that S is a subgroup of G. (HINT: It remains to prove that G is closed with respect to 
inverses. Let G ... {ai, ... , an}; one of these elements is e. If al E G, consider the 
distincr elements a j a I , a j a2 , ... , aJ an.) 

6 Let G be a group, and f: G_ G a function. A period o ff is any element a in G 
such that f (x) - J{ax) for every x E G. Prove: The set of all the periods of J is a 
subgroup of G. 
7 Let H be a subgrou p of G, and let K = {x. E G : xax - J E H for every a E H }. 
Prove : 

(a) K is a subgroup of G; 
(b) H is a subgroup of K. 

8 let G and H be groups, and G x H their direct product. 
(a) Prove that {(x, e): x E G} is a subgroup of G x H. 
(b) Prove that {(x, xl: x E G} is a subgrou p of G x G. 

E. Generators of Groups 

I List all the cyclic subgroups of (210 , +). 

2 Show that 210 is generated by 2 and 5. 

3 Describe the subgroup of 211 generated by 6 and 9. 
4 Describe the subgroup of Z generated by 10 and 15. 

5 Show that Z is generated by 5 and 7. 

6 Show that Zz x Z3 is a cyclic grou p. Show that Zl x Z4 is a cyclic group. 
7 Show that Z2 x Z4 is not a cyclic group, but is generated by (I, I) and (1,2). 

8 Suppose a group G is generated by two elements a and b. If ab = ba, prove that G 
is abelian. 
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F. Groups Determined by Generators and Defining Equations 

I Let G be the group {e, a, b, bZ
, ab, abl} whose generators satisfy: al = e, bl = e, 

ba = ab1
• Write the table of G. 

2 Let G be the group fe, a, b, bl
, bl

, ab, ab l
, ab l

} whose generators satisfy: a2 = e, 
h4 = e, ha _ ab l

• Write the table of G. (G is called the dihedral group D" .) 

3 Let G be the group {e, a, b, b l
, bl

, ab, ab l
, ab l

} whose generators satisfy: a" - e, 
a l = b1

, ba = ab l
. Write the table of G. (G is called the quaternion group.) 

4 Let G be the commutative group {e, a, b, c, ab, be, ac, abc} whose generators 
satisfy: a l = b l = c l = e. Write the table of G. 

G. Cayley Diagrams 

Every finite group may be represented by a diagram known as a Cayley diagram. A 
Cayley diagram consists of points joined by arrows. 

There i.~ one point for every element of the group. 
The arrows represent the result ofmulliplying by a generator. 

For example, if G has only one generator a (that is, G is the cyclic group <a», then 
the arrow --t represents the operation " multiply by a"; 

If the gro up has two generators, say a and b, we need two kinds of arrows, say -~-+ 
and -+ , where ----+ means ·'multiply by a," and -+ means ·'multiply by b." 

For example, the group G = {e, a, b, b l
, ab, abI} where a 1 = e, bl = e, and 

ba - ab1 (see page 48) has the following Cayley diagram: 

b' 

I 

~ a ab' 

" '-, b 

--~.~ means oOmulliply by b" 

- __ ~mean5··multiply bya" 

Moving in the forward direction of the arrow -+ means mu ltiplying by b, 

x --- xb 

whereas moving in the backward direction of the arrow means multiplying oy b- I
: 
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(Note that "multiplying x by b" is understood to mean multiplying on the right by b: 
it means xb, not bx.) It is also a convention that if al = e (hence a '" a- I), then no 
arrowhead is used: 

x --- xa 

for if a = a - I, then multiplying by a is the same as mUltiplying by a - I. 

The Cayley diagram of a group contains the same information as the group's 
table. For instance, to find the product (ab)(ab2) in the figure on page 52, we start at 
ab and follow the path corresponding to ab2 (multiplying by a, then by b, then again 
by b), which is 

.-----. '. . 
This path leads to b, hence (ab)(ab 2

) = b. 
As another example, the inverse of ab 2 is the path which leads from ab2 back 10 

t. We note instantly that this is ba. 
A point-and-arrow diagram is the Cayley diagram of a group iIT it has the 

following two properties; (al For each point x and generator a, there is exactly one 
a-arrow slarting at x, and exactly one a-arrow ending at x; furthermore, at most one 
arrow goes from x to another point y. (h) If two different paths starting at x lead to 
the same destination, then these two paths, starting at any point y, lead to the same 
destination. 

Cayley diagrams are a useful way of finding new groups. 

Write the table of the groups having the following Cayley diagrams: (REM .... RK: 

You may take any point to represent e, because there is perfect symmetry in a 
Cay ley diagram. Choose e, then label the diagram and proceed.) 

I.[] 2. C----, 3. ~ - , 

C~J -/ 

4~ '[8J 6. /'\{\ 

):f ):f ' I ' 

' A ' I , 
I , 

<tr~ ___ ~il / \ / \ 



CHAPTER 

SIX 
FUNCTIONS 

The concept of a function is one of the most basic mathematical ideas and 
enters into almost every mathematical discussion . A function is generally 
dellned as follows: If A and B are sets, then a function from A to B is a rule 
which to every element x in A assigns a unique dement y in B. To indicate 
this connection between x and y we usually write y = [(x), and we call y 
the image of x under the function [. 

f 

A X· . y B 

There is nothing inherently mathematical abou t this notion of function. 
For example. imagine A to be a set of married men and B to be the set of 
their wives. Let [ be the rule which to each man assigns his wife. Then f is 
a perfectly good function from A to B; under this function, each wife is the 
image of her husband. (No pun is intended.) 

Take care, however, to note that if there were a bachelor in A then f 
would not qualify as a function from A to B ; for a functio'n from A to B 

must assign a value in B to every element of A, without exception. Now, 

54 
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suppose the members of A and Bare Ashanti, among whom polygamy is 
common; in the land of Ihe Ashanti, J does not necessarily qualify as a 
function, for il may assign to a given member of A several wives. If J is a 
function from A to B, it must assign exactly one image to each element of 
A. 

If J is a function from A to B it is customary to describe it by writing 

f: A ~ B 

The set A is called the domain of J. The range of J is the subset of B which 
consists of all /he images oj elements oj A. In the case of the function 
illustrated here, {a, b, c} is the domain of J, and {x, y} is the range of J 

.cSt ?(D. 
(z is not in the range of f). Incidentally, this function f may be represented 
in the simplified notation 

f ~ (a b c) 
x x y 

This notation is useful whenever A is a ·finite set: the elements of A are 
li sted in the top row, and beneath each element of A is its image. 

It may perfectly well happen. if J is a function from A to B, that two 
or more elements of A have lhe same image. For example, if we look at the 
function immediately above, we observe that a and b both have the same 
image x. If J is a function for which this kind of si tuation does not occur, 
then J is called an injective function. Thus, 

Definition 1 A Junc/ion J : A - B is called injective if each elemenl oj B is I 

the image oj no more than one element oj A. 

f 
, . ·W 

A B . , 
,.-+---- . , 
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The intended meaning, of course, is that each element y In B is the 
image of no two distinct elements of A. So if 

x'~ 

x,~ 
y ~ f(x,) ~ f(x,) 

that is, Xl and X z have the same image y, we must require that Xl be equal 
to x z . Thus, a convenient definition of " injective " is this: a function 
1 : A - B is injective if and only if 

f(x,) ~ f(x,) implies 

If 1 is a function from A to B, there may be elements in B which are 
not images of elements of A. If this does not happen, that is, if every 
element of B is the image of some element of A, we say that 1 is surjective. 

Definition 2 A lunction 1 : A - B is called surjective if each element 01 B is 
the image of at least one element of A. 

This is the same as saying that B is the range of I. 
Now, suppose that 1 is both injective and surject ive. By Definitions 

and 2, each element of B is the image of at least one element of A, and no 
more than one element of A. SO each element of B is the image of exactly 
one element of A. In this case, 1 is called a bijectil'e fu nction, or a one-to­
one correspondence. 

Definition 3 A lunClion I: A - B is called bijective if it i.~ both injeclit'e and 
surjective. 

f 
, . . . 

A b'~ ________ -r-'Y 8 

C · '% t----__\' 
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It is obvious that under a bijective function, each element of A has exactly 
one " partner " in B and each element of B has exactly one partner in A. 

The most natural way of combining two functions is to form their 
"composite." The idea is this: suppose / is a function from A to B, and g 
is a function from B to C. We apply / to an element x in A and get an 
element y in B ; then we apply g to y and get an element z in C. Thus, z is 
obtained from x by applying J and g in succession. The function which 

f , 
A > • B . y c . , 

consists of applying / and g in succession is a function from A to C, and is 
called the composite of / and g . More precisely. 

Let / : A _ Band g : B _ C be Junctions. The composite Junction de­

nOfed by g o/ is a/unction/rom A to C defined as/ollows: 

[g 0 fl(x) ~ g(f(x)) for el'ery x E A 

For example, consider once again a set A of married men and the set B of 
their wives. Let C be the set of all the mothers of members or B. Let 
J; A - B be the rule which to each member of A assigns his wife, and · 
g : B _ C the rule which to each woman in B assigns her mother. Then 
g o/ is the" mother-in-law function, " which assigns to each member of A 

his wife's mother: 

A;---~."...--~._ B ----,==--~.~c 
\, Wife Mother 7' 

, -'/ ------ -------------Mo ther·in·law 

For another, more conventional, example, let / and g be the following 
functions from R to R: /(x) = 2x; g(x) = x + I. (In other words, f is the 
rule " multiply by 2" and g is the rule "add 1. ") Their composites are the 
functions g o/ and / 0 g given by 

and 

[J 0 gl(x) ~ J(g(x)) ~ 2(x + I) 

[g 0 flex) ~ g(f(x)) ~ 2x + 1 
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/ 0 g and g o/ are different: / 0 g is the rule " add I, then multiply by 2," 
whereas g o/ is the rule" multiply by 2 and then add I. " 

It is an important fact that the composite of two injective functions is 
injective, the composite of two surjective functions is surjective, and the 
composite of two bijective functions is bijective . In other words, if 
/ : A _ Band g : B _ C are functions, then the foll owing are true: 

If / and g are injective, t!ten g o/ is injective. 
If / and g are .wrjective, then g 0 f is surjective. 

If / and g are bijective, then g o/ is bijective. 

Let us tackle each of these claims in tu rn. We will suppose that / and g are 
injective. and prove that g o/ is injective. (That is, we will prove that if 
[g 0 fl(x) ~ [g 0 fl(Y ), 'hen x ~ y.) 

Suppose [g 0 fl(x) ~ [g 0 fl(Y) , ,ha' is, 

g(f(x)) ~ g(f(y)) 

Because g is injective, we get 

and because/is inject ive, 
x=y 

Next, let us suppose that / and g are su rjective, and prove that g 0 f is 
surjective. What we need to show here is that every element of C is g o f of 
some clement of A. Well, if Z E C, then (because g is surjective) z = g(y) for 
some y E B: but / is surjective, so Y = f (x) for some x E A. Thus, 

z ~ g(y) ~ g(f(x)) ~ [g 0 fl(x) 

Finally, if f and g are bijective, they are bo th injecti ve and surjecti ve. By 
what we have already proved, g 0 f is injective and surjective, hence bijec­
tive. 

A function f from A to B may have an inverse, but it doesn't have to. 
The inverse of /, if it exists, is a function f - 1 (" f inverse ") from B to A 

such that 

x ~r '(y) if and only if y ~ J(x) 

A 

[ 

'y 

. -j--",[". ,----\: 
B 
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Roughly speaking, if f carries x to y then f - 1 carries y to x. For instance, 
returning (for the last time) to the example of a set A of husbands and the 
set B of their wives, if f : A _ B is the rule which to each husband assigns 
his wife, then f - I : B _ A is the rule which to each wife assigns her 
husband: 

Wif~ 

---------------A _______________ B 

Husband 

If we think of functions as rules, then f - I is the rule which undoes what­
ever f does. For instance. if f is the real-valued function f(x) "" 2x, then 
f - I is the function f - I(X) = xI2 [or, if preferred, f - l(y) = Yl2l Indeed, 
the rule "divide by 2" undoes what the rule "multiply by 2" does. 

"Multiply by 2" 

. -------------'" -­"Divid~ by 2" 

Which functions have inverses. and which others do not? If f, a func­
tion from A to B, is not injective, it cannot have an inverse; for " not 
injective" means there are at least two distinct elements XI and X2 with the 
same image y: 

• f 

--- - __ 1 -1 

Clearly, XI =f- 1(y) and X2 =f- I(y) SOf - I(y) is ambiguous (it has two 
different values), and this is not allowed for a function. 

If f. a function from A to B, is not surjective, there is an element y in B 
which is not an image of any element of A; thus f - l(y) does not exist. So 
f - I cannot be a function from B (that is, with domain B) to A. 

It is therefore obvious that if f - I exists, f must be injective and 
surjective, that is. bijective. On the other hand, if f is a bijective function 
from A to B, its inverse clearly exists and is determined by the rule that if 
y ~ I (x) then r '(y) ~ x. 
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F~rthermore, it is easy to see that the inverse of f IS also a bijective 
function. To sum up: 

A function f : A - B has an inverse if and only if it is bijective. 

In that case, the inverse f - I is a bijective function from B to A. 

EXERCISES 

A. Examples of Injective and Surjective Functions 

Each of the following is a functionj : R_ R. Determine 
(a) whether or notfis injective, and 
(h) whether or notfis surjective. 

Prove your answer in either case. 

Example I f(x ) = 2x 

fis injective. 

PROOF Supposef(a) = f(b), that is 

Then 

Thereforef is injective. 

f is surject ive. 

2a = 2b 

a = b 

PROOF Take any element y E R. Then y = '11..yj2) = f (yj2). 
Thus, every y E R is equal to f(x) for x - yj 2. 
Therefore f is surjective. 

Example 2 f Ix) = x 2 

j is /10/ i/ljeclive. 

PROOF By exhibiting a counterexample:f(2) = 4 = f ( - 2), although 2 + -2. 

r i.~ 110/ surjective. 
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PROOF By exhibiting a counterexample: - 1 is not eq uallo f(x ) for any x E R. 

I f(x)=3x+ 4 

2 f(x) = Xl + I 
3 f(x)~ l xl 

4 f(x) = Xl - 3x 

{

X if X is rational 
5 f(x) = 2x if x is irrational 

{
2x if x is an integer 

6 f(x) = x otherwise 

7 Determine the range of each of the functions in parts I to 6. 

B. Functions on ~ and 1. 

Determine whether each of the following fu nctions is or is not (a) injective, and (b) 
su rjecli ve. Proceed as in Exercise A. 

I f: R ...... (0, 00), defined by f(x) = eX. 

2 f: (0, I) ...... IR, defined by f(x) = tan x. 
3 f: R ...... Z, defined by f(x) = the least integer greater than or equal to x. 

{

'I + 1 if II is even 
4 f: z ...... Z, defined by f(n) = .. 

11-1 If nlsodd 

5 Find a bijective funct ion f from the set Z of the integers 10 the set E of the even 
integers. 

C. Functions on Arbitrary Sets and Groups 

Determine whether each of the following func tions is or is not (a) injective, (b) 
surjective. Proceed as in Exercise A. 

In parts I to 3 A and B are sets, and A x B denotes the set of all the ordered 
pairs (x, y) as x ranges over A and y over B. 

1 f: A x B_ A, defined byf(x, y) = x. 

2 f: A x B ...... B x A, defined byf(x, y)=(y, x). 

3 f: B ...... A x B, defined by f(x) = (x, h), where h is a fixed elemen t of B. 

4 G is a group, a E G,and f: G ...... Gisdefined by f (x) = ax. 

5 G is a group andf: G_ G is defined byf(x) = X-I. 

6 G is a group andf: G_ G is defined byf(x) = x 2
• 

D. Composite Functions 

Find the composite function, as indicated. 



62 CHA PTIlR SI X 

• f: R_ lR isdefined byf(x) = sin x. 
g: R ..... !R is defined by g(x) "" eX. 

Find f " 9 and 9 of 
2 A and B are sets;!: A x B ..... B x A is given byf(x, y) = (y, x). 

g: B x A ..... B is given by g(y, x) =y. 
Findg of 

3 f: (0, I) ..... R is defined byf(x) = I/x. 
g: R ..... R is defined by g(x) = In x . 

Find g Qf 

4 In school, Jack and Sam exchanged notes in a codef which consisted of spelling 
every word backwards and interchanging every letter s with t. Alternat ively, they 
used a code 9 which interchanged the leiters a with 0 , i with u, e with y, and s with t. 
Describe the codesf Q 9 and 9 "f Are they the same? 

5 A = {a, b, c, d};fand 9 are functions fro m A to A ; in the tabular form descri bed 
on page 55, they are given by 

f~ (a b ed) 
a cae 

Givef 0 9 and 9 0 f in the same tabular form. 

6 G is a group, and a and b are elements of G. 
f: G ..... G is defined by f(x) = ax. 
g: G _ G is defined by g(x ) = bx. 

Findf " 9 andg of 

b ed) 
a b a 

7 Indicate the domain and ra nge of each of the composite functions yo u fou nd in 
pans I to 6. 

Eo Inverses of Functions 

Each of the fo llowing func tions f is bijective. Describe its inverse. 

I f: (0, (0)- (0, (0), defined by/ex) = Il x. 

2 / : IR ..... (0, (0), defined by f(x ) = ~. 

3 /: R ..... A, defined byf(x) = xJ + I. 

{
2X if x is rational 

4 /: R ..... R, defined by f(x ) = . .. . 
3x If x IS IrratIOnal 

5 A "" {a, b, c,d}, B = {I, 2, 3, 4},andf: A_ B isgiven by 

(abed) 
f~ 3 I 2 4 

6 G is a group, a € G,andf: G_ G is defined by/ ex) = ax. 
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F. Functions on Finite Sets 

I The members of the UN Peace Committee must choose, from among themselves, 
a presiding officer of their committee. For each member x. let f(x) designate that 
member's choice for officer. If no two members vote alike, what is the range off? 

2 Let A be a finite set. Explain why any injective function f: A _ A is necessarily 
surjective. (Look at pan 1.) 

3 If A is a finite sel, explain why any su rjective func tion f: A _ A is necessarily 
injective. 

4 Arc the statements in parts 3 and 4 true when A is an infinite set? If not, give a 
counterexample. 
S If A has n elements, how many functions are there fro m A to A'! How many 
bijective fu nctions are there from A to A ? 

G. Some General Properties of Functions 

In parts 1 to 3, let A, B, and C be sets, and let f: A _ Band g: B _ C be functions. 

Prove that if {j oJ is injective, thenJis injective. 

2 Prove that if g o/is surjective, then 9 is surjective. 
3 Parts 1 and 2, toget her, tell us that if 9 Q / is bijective, then / is injecti ve and 9 is 
surjective. Is the converse of this statement true: If / is injective and 9 surj ective, is 
y ~ J bijecti ve? (If "yes," prove it; if "no," give a counterexample.) 

4 Let/: A_ Band g: B_ A be fu nctions. Suppose that y =/(x) ilT x = g(y). Prove 
that/ is bijective, and 9 = I - I. . 
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SEVEN 
GROUPS OF PERMUTATIONS 

In this chapter we continue our discussion of functions, but we confine our 
discussions to functions from a set to itself In other words, we consider only 
functions f: A _ A whose domain is a set A and whose range is in the 
same set A. 

To begin with, we note that any two functions f and 9 (from A to A ) 
are equal if and only if f(x) = g(x) for every element x in A . 

If f and g are functions from A to A, their composite f o g is also a 
function from A to A. We recall that it is the function defined by 

[J 0 g](x) = 1 (g(x)) for every x in A (I) 

It is a very important fact that the composition of functions is associative. 
Thus, if J, g, ~nd h are three functions from A to A, then 

1 0 (0 0 II) = (j 0 g) 0 II 

To prove that the functions f 0 (g 0 h) and (f 0 g) 0 II are equal, one must 
show that for every element x in A, 

{J 0 [g 0 1I]}(x) = {[J 0 g] o ll}(x) 

We get this by repeated use of Equation 1 : 

{J 0 [g 0 1I]}(x) = 1([g 0 1I](x» = l(g(lI(x))) 

= [J , g](h(x)) = {[J , g] , h }(x) 

64 
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By a permutation of a set A we mean a bijective function from A to A, 
that is, a one-to-one correspondence between A and itself. In elementary 
algebra we learned to think of a permutation as a rearrangement of the 
elements of a set. Thus, for the set {I, 2, 3, 4, 5}, we may consider the 
rearrangement which changes (1 , 2, 3, 4, 5) to (3, 2,1,5,4); this rearrange­
ment may be identified with the function 

I 
2 
3 
4 
5 

3 
2 
I 
5 
4 

which is obviously a one-lo-one correspondence between the set 
{I, 2, 3,4, 5} and itself. It is clear, therefore, that there is no real difference 
between the new definition of permutation and the old. The new definition, 
however, is more general in a very useful way since it all ows us to speak of 
pe rmutations of sets A even when A has infinitely many elements. 

In Chapter 6 we saw that the composite of any two bijective functions 
is a bijective function. Thus, the composite of any two permutations of A is a 
permutation of A. It follows that we may regard the operation 0 of com­
position as an operation on the set of all the permutations of A. We have just 
seen that composition is an associative operation. Is there a neutral element 
fo r composition? 

For any set A, the identity function on A, symbolized by CA or simply e, 
is the funct ion x ....... x which carries every element of A to itself. That is, it is 
defined by 

S(xl ~ x for every element XEA 

It is easy to see that C is a permutation of A (it is a one-to-one correspon­
dence between A and itself) ; and if f is any other permutation of A, then 

f 0' ~f and 

The first of these equations asserts that [f 0 e](x) = f(x) for every element x 

in A, which is quite obvious, since [f 0 t](x) = f(e(x» = f(x}. The second 
equation is proved analogously. 

We saw in Chapter 6 that the inverse of any bijective function exists 
and is a bijective function. Thus, tile inverse of any permutation of A is a 

permutation of A. Furthermore, if f is any permutation of A and r I is its 
inverse, then 

r' ° f~' and 
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The first of these equations asserts that for any element x in A, 

that is,f -I(f(x» = x: 

[r' 0 nix) ~ s(x) 

f 
~ 

x f(x) 

'----" 
/" ' 

This is obviously true, by the definition of the inverse of a function. The 
second equation is proved analogously. 

Let us recapitulate: The operation 0 of composition of functions quali­
fies as an operation on the set of all the permutations of A. This operation 
is associative. There is a permutation 8 such that 8 '" f = f and f o e = f for 
any permutation f of A. Finally, for every permutation f of A there is 
another permutationf - I of A such thatf o f - I = e andf - I of= 8. Thus, 
tile set of all tile permutations of A, witll tile operation '" of composition, is a 

group. 
For any set A, the group of all the permutations of A is called the 

symmetric group on A, and 'it is represented by the symbol SA' For any 
positive integer n, the symmetric group on the set {I, 2, 3, ... , n} is called 
the symmetric group on n elements, and is denoted by Sn. 

Let us take a look at S3' First, we list all the permutations of the set 
(I.2.31: 

,~c ~ !) 
,~G 2 !) 

" ~ C ~ ~) 
o ~ G ~ :) 

p ~ G 2 ~) 

K ~ G ~ :) 
This notation for functions was explained on page 55; for example, 

(' 2 3) P ~ 3 , 2 

is the function such that P( I) = 3, P(2) = I , and P(3) = 2. A more graphic 
way of representing the same function would be 

p~G ~ D 
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The operation on elements of S3 is composition. To find 0: <) P, we note that 

Thus, 

[. 0 PJ(I) ~ . (P(I)) ~ .(3) ~ 2 

[. 0 PJ(2) ~ . (P(2) ~ .(1) ~ I 

[. 0 PJ(3) ~ . (P(3)) ~ .(2) ~ 3 

(I 2 3) 
. o P~2 1 3~' 

Note that in 0: <) p, P is applied first and 0: next. A graphic way of re­
presenting this is: 

The other combinations of elements of S3 may be computed in the 
same fashion. The slUdent should check the fonowing table, which is the 
table of the group S 3 : 

0 , • P , • K 

, , • P , 0 K 

• • , , P K • 
P P K • • , , , , 0 K , • P 
• 0 , , K P • 
K K P • J , , 

By a group of permutations we mean any group SA or Sn, or any 
subgroup of one of these groups. Among the most interesting groups of 
permutations are the groups of symmetries of geometric figures. We will see 
how such groups arise by considering the group of symmetries of tile square. 

We may think of a symmetry of the square as any way of moving a 
square to make it coincide with its former position. Every time we do this, 
vertices will coincide with vertices, so a symmetry is completely described 
by its effect on the vertices. 



68 CHAPTER SEVEN 

Let us number the vertices as in the following diagram: 

2 

. p 

4 3 

The most obvious symmetries are obtained by rotating the square clockwise 
about its center P, through angles of 90", 180", and 270", respectively. We 
indicate each symmetry as a permutation of the vertices ; thus a clockwise 
rotation of 90" yields the symmetry 

for this rotation carries vertex I to 2, 2 to 3, 3 to 4, and 4 to I. Rotations of 
180" and 270" yield the following symmetries, respectively: 

R, ~ (I 2 
3 4 

3 ~) and R, ~G 2 

The remaining symmetries are flips of the square about its axes A, B, C, and 
D , 

A C B , 1 , , 1 / , 
,~ ~ , 1 / 

',1// 
- - ---*--- --D 

/1' 
// 1 '" 

/~ I s 
/ " / " 

For example, when we flip the square about the axis At vertices 1 and 3 stay 
put, but 2 and 4 change places; so we get the symmetry 

R4~C 2 3 ~) 4 3 

In the same way, the other flips are 

R,~G 2 3 :) R6~G 2 3 ;) 2 4 
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and 

R, ~G 2 3 ~) 3 2 

One last symmetry is the identity 

R, ~ (: 
2 3 :) 2 3 

which leaves the square as it was. 
The operation on symmetries is composition: R, 0 RJ is the res~lt of 

fi rst performing R j , and then R i . For example, RI o R. is the result of first 
flipp ing the square about its axis A, then rotating it clockwise 900

: 

~G 

2 

3 

2 

! ~) 0 (: 

! ~) ~ R, 

2 3 

4 3 ~) 

Thus, the net effect is the same as if the square had been fl ipped abo ut its 
axis C. 

The eight symmetries of the square form a group under the oper­
ation 0 of composition, called the group of symmetries of the square. 

For every positive integer n ~ 3, the regular polygon with n sides has a 
group of symmetries, symbolized by D,., whieh may be found as we did 
here. These groups are called the dihedral groups. For example, the group of 
the square is D4 , the group of the pen tagon is D5 , and so on. 

Every plane figure whieh exhibits regularities has a group of sym­
metries. For example, the following figure, has a group of symmetries coo-

sisting of two rotations (1800 and 360°) and two flips about the indicated 
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axes. Artificial as well as natural objects orten have a surprising number of 
symmetries. 

Far more complicated than the plane symmetries are the symmetries of 
objects in space. Modern~day crystallography and crystal physics, for exam­
ple, rely very heavily on knowledge about groups of symmetries of three~ 
dimensional shapes. 

Groups of symmetry are widely employed also in the theory of electron 
structure and of molecular vibrations. In elementary particle physics, such 
groups have been used to predict the existence of certain elementary parti~ 
des before they were found experimentally! 

Symmetries and their groups arise everywhere in nature: in quantum 
physics, flower petals, cell division, the work habits of bees in the hive, 
snowflakes, music, and Romanesque cathedrals. 

EXERCISES 

A. Computing Elements of S6 

Consider the following permutations/. g, and h in S6: 

(
1 2 3 4 5 6) 

f - 6 1 3 5 4 2 

h=G 
Co mpute the following : 

f ~ 9-(\. 2 3 4 5 6) 

2 f · (y · h)-
3 g <> h - != 

4h c g - ! c f~!= 

S g o {j o g = 

-, (' 9 -

g o f _ C 2 3 4 5 6) 
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B. Examples of Groups of Permutations 

Let G be the subset of S4 consisting of the permutations 

,~ C 2 3 :) f~ G 2 3 

2 3 4 

g=G 2 J ~) h=G 2 3 

4 3 2 

Show that G is a group ofpermutations,l1nd write its table. 

o f, f 9 h 

, 
f 
g 
h 

;) 

;) 

2 List the elements of the cyclic subgrou p of S6 generated by 

(
I 2 3 4 5 6) 

/ = 2 3 4 1 6 5 

3 Find a four~e lement abelian subgroup of S4' Write its table. 

4 The subgroup of S, generated by 

f-G 2 3 4 :) g-(: 2 3 4 

1 J 4 2 4 , 
has six elements. List them, then write the table of this group : 

r.= (: 2 J 4 :) 2 3 4 

f~ G 2 3 4 :) J 4 

g=(: 2 3 4 :) • , f g h k I 
2 4 , 

h - (' 

, 
2 3 4 ') f 

g 

k - (' 
2 3 4 ') 

h 
k I 

I ~ (' 2 3 4 ') 

:) 



72 C HAPTER SEVEN 

C. Groups of Permutations of IR 

In each of the followi ng, A is a subset of R and G is a set of permutations of A. Show 
rhar G is a subgroup O/SA' and wrire the rable o/G. 

I A is the set of all x E R such that x oF 0, I. G = {t,[, g}, where/ex) = 1/(1 - x) 
and g(x) == (x - I )/x . 

2 A is the set of all the nonzero real numbers. G = {t, I, g, h}, where fix) = l/x, 
g(x) _ -x, and hex) = - I/x. 

3 A is the set of a ll the real numbers x of- 0, l. G _ {t, I, g, h, j, k}, where 
1(x) = I - x, g{x) = I/ x, hex) = I/(l - x),j(x) = (x - I)/x, and k(x) = x /(x - I). 

4 A is the set of all the real num bers x j 0, 1,2. G is the subgroup of SA generated 
by lex) = 2 - x and g(x) = 2/x . (0 has eight clements. List them, and wri te the table 
of G.) 

t D. A Cyclic Group of Permutations 

For each integer n, define/ .. by:J,,(x) = x + n. Prove the/ allowing: 

1 For each integer II.!" ~s a permutation of It, that is,f" E SR' 

2 / " " / ", =/,,+,,, and / "- '=1- ,, . 
3 Let G = UII: n E Z}. Prove that G is a subgroup of SR' 
4 Prove that G is cyclic. (Indicate a generator of G.) 

t E. A Subgroup of S. 

For any pair of real numbers a of- 0 and b, define a function !.., b as fo ll ows: 

!..,b(X) " ax + b 

Prove that/g • b is a permutation of R, that is,/ .. , bE SR' 

2 Prove that/g • b Q h.d = !",.<fHb ' 

3 Prove that/,,~~ = /1/". -big' 

4 Let G - U".b: a E R, b E R, a of- a}. Show that G is a subgroup ofSR, 

F, Symmetries of Geometric Figures 

I Let G be the grou p of symmetries of the regular hexagon. List th e elements of G 
(there are 12 of them), then write the table of G. 
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d 
, , 
\ 

, 
\ I 

b 
/ f 

<1----

/ \ 
I \ 

RO =(: 2 3 4 5 :) Rl =G 2 3 4 5 ~) 2 3 4 5 3 4 5 6 

R2=G 2 3 4 5 ~) R, _ (' 2 3 4 5 6) 
4 5 6 

etc ... . 
2 Let G be the group of symmetries of the rectangle. List the elements of G (there 
are four of them), and write the table of G. 

3 List the symmetries of the Jetter Z and give the table of this group of symmetries. 
Do the same for the leiters V and H. 

4 List the symmetries of the following shape, and give the table of their group. 

(Assume tha t the three arms a re of equal length, and the three central angles are 
eq ual.) 

G. Symmetries of PolYnomials 

Consider the polynomial p = (Xl - Xl)l + (X3 - x~l. II is unaltered when the sub-
scripts undergo any of the following permutations: 

G 2 3 :) C 2 1 ;) G 2 3 ;) G 2 3 ~) 3 2 4 4 4 

G 2 3 ~) G 
2 3 ~) G 2 3 ~) (: 2 3 :) 1 4 2 3 2 2 3 
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For example, the first of these permutations replaces p by 

(X2 - xd1 + (x) - X4)1 

the second permutation replaces p by (XI - Xl)2 + (X4 - X)2; and so on. The sym­
metries of a polynomial p are all the permutations of the subscripts which leave p 
unchanged. They form a group of permUiations. 

List the symmetries of each of the following polynomials, and write their group 
table. 

I P =XIX2+XIX) 

2 p = (XI - Xl)(Xl - X3)(XI - x) 

3 p = XIX2 + X2X) + XIX) 

4 p = (XI - Xl)(X) - x .. ) 

H. Properties of Permutations of a Set A 

I Let A be a set and a E A. Let G be the subset of SA consisting of all the permu­
tationsf of A such thatf(a) = a. Prove that C is a subgroup of SA' 

2 Hfis a permutation of A and a E A, we say that fmoves a iff(a) of. a. Let A be an 
infinite set, and let C be the subset of SA which consists of all the permutationsf of A 
which move only ajinile number of elements of A. Prove that C is a subgroup of S .... 

3 Let A be a finite set, and B a subset of A. Let C be the subset of S ... consisting 'of 
all the permutations f of A such that f(x) E B for every X E B. Prove that ·C is a 
subgroup of S .... 
4 Give an example to show that the conclusion of part 3 is not necessarily true if A 
is an infinite set. 



CHAPTER 

EIGHT 
PERMUTATIONS OF A FINITE SET 

Permutations of finite sets are used in every branch of mathematics- for 
example, in geometry, in statistics, in elementary algebra-and they have a 
myriad of applications in science and technology. Because of their practical 
importance, this chapter will be devoted to the study of a few special 
properties of permutations of finite sets. 

If n is a positive integer, consider a set of n elements. It makes no 
difference which specific set we consider,just as long as it has n elements; so 
let us take the set {I, 2, ... , n}. We have already seen that the group of all 
the permutations of this set is called the symmetric group on n elements and 
is denoted by SIlo In the remainder of this chapter, when we say permutation 
we will invariably mean a permutation of the set {I, 2, ... , n} for an arbi­
trary positive integer n. 

One of the most characteristic activities of science (any kind of science) 
is to try to separate complex things into their simplest component parts. 
This intellectual "divide and conquer" helps us to understand complicated 
processes and solve difficult problems. The savvy mathematician never 
misses the chance of doing this whenever the opportunity presents it self. We 
will see now that every permutation can be decomposed into simple parts 
called "cycles," and these cycles are, in a sense, the most basic kind of 
permutations. 

75 
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We begin with an example: take, ror instance, the permutation 

2 3 4 5 6 7 8 

1 6 9 82 4 5 ~) 
and look at how f moves the elements in its domain : 

/\ 
1 9 
~ 

() 
8 

Notice how f decomposes its domain into three sepa rate subsets, so that, in 
each subset, the elements are permuted cyclically so as to form a closed 
chai n. These closed chains may be considered to be the component parts of 
the permutation; they are ca lled "cycles." (This word will be carefull y de~ 
fi ned in a moment.) Every permutation breaks down, just as this one did, 
into separate cycles. 

Let ai' a 2 , "', u$ be distinct elements of the set {I, 2,~, .. , n }. By the 
cycle (a\u 2 ••• a~) we mean the permutation 

U 1 - a2 - a3 - .•• - a, _1 - a s 
~ I 

of { I ,2, ... , n} which carriesa\ loa 2 ,a 2 10aJ, ... , a. _\ to a., and a. to a., 
while leaving all the remaining elements of {I, 2, . .. , n} fixed. 

For instance, in S6, the cycle (l426) is the permutation 

C 2 
3 4 5 ~) 4 6 3 2 5 

In S 5, the cycle (254) is the permutation 

C 
2 3 4 5) 
5 3 2 4 

Because cycles are permutations, we may form the composite of two 
cycles in the usual manner. The composite of cycles is generally called thei r 
product and it is customary to omit the symbol 0 • For example, in S5, 
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(24lX 124) ~ G 2 

4 ~ ; ~) 0 G ~ ~ 4 

~) 3 4 

3 

Actually, it is very easy to compute the product of two cycles by reasoning 
in the following manner: Let us continue with the same example, 

(2 4 lXI 2 4) 
'-v---' '-v---' 

• P 
Remember that the permutation on the right is applied first, and the permu­
tation on the left is applied next. Now, 

{J carries I to 2, and IX carries 2 to 4, hence IXfJ carries I to 4 ; 
{J carries 2 to 4, and IX carries 4 to 5, hence afJ carries 2 to 5; 
{J leaves 3 fixed and so does a, hence af3leaves 3 fixed; 
{J carries 4 to 1 and IX leaves I fixed, so IXfJ carries 4 to I; 
{J leaves 5 fixed and IX carries 5 to 2, hence IXfJ carries 5 to 2. 

If (alal ... as) is a cycle, the integer s is called its length; thus, 
(a 1 a2 ... as) is a cycle of length s. For example, (1532) is a cycle of length 4. 

If two cycles have no elements in common they are said to be disjoint. 
For example, (132) and (465) are disjoint cycles, but (132) and (453) are not 
disjoint. Disjoint cycles commute: that is, if (a, ... ar) and (hI'" ht ) are 
disjoint, then 

(al ... ar)(b1 ... bs) = (b l ... bs)(al ... ar) 
'--y-J'--y-J '--y-J '--y-J 

• p p • 

It is easy to see why this is true: IX moves the a's but not the h's, while p 
moves the h's but not the a's. Thus, if {3 carries bi to bJ , then a{3 does the 
same, and so does PIX. Similarly, if IX carries all to ak then PIX does the same, 
and so does a{3. 

We are now ready to prove what was asserted at the beginning of this 
chapter: Every permutation can be decomposed into cycles-in fact , into 
disjoint cycles. More precisely. 

Theorem 1 Every permutation is either the identity, a single cycle, or a 
product of disjoint cycles. 
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We begin with an example, because the proof uses the same technique 
as the example. Consider the permutation 

2 

4 

3 

5 

4 

2 

5 ~) 
and let us write f as a product of disjoint cycles. We begin with I and note 
that 

----,f,--->, 3 ----,f,--->, 5 ----,f,--->oJ 

We have come a complete circle and found our first cycle, which is (135). 
Next, we take the first number which hasn't yet been used, namely 2. We see 

that 

again we have come a complete circle and found another cycle, which is 
(24). The only remaining number is 6, which f leaves fixed. We are done: 

The proof for any permutation f follows the same pattern as the exam­
ple. Let a l be the first number in {I, ... , n} such that f(all '# a l . Let 
a2 = f(ad, al = f(tI2), and so on in succession until we come to our first 
repetition, that is, until flak) is equal to one of the numbers al> a2 , "', 

a t_I' Say f(ad = ai' If Qi is not ai' we have 

- ai _ I - tli ... - ak 
t ) 

so Q, is the image of two elements, Qk and Q, _ I> which is impossible because 
f is bijective. Thus, ai = Ql> and therefore f(ad = a l . We have come a 
complete circle and found our first cycle, namely (tlltl2 .. . ak)' 

Next, let b l be the first number which has not yet been examined and 
such that f(b l ) '# b l . We let b2 =0 f(btl, b j = f(b 2 ), and proceed as before 
to obtain the next cycle, say (b l .. . b,), Obviously (b l ... b,) is disjoint from 
(a, .. . ak)' We continue this process until all the numbers in {I, ... , n} have 
been ex hausted. 

Incidentally, it is easy to see that this product of cycles is unique, except 
for the order of the factors. 

Now our curiosity may prod us to ask: once a permutation has been 
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written as a product of disjoint cycles, has it been simplified as much as 
possible? Or is there some way of simplifying it further? 

A cycle of length 2 is called a transposition. In other words, a transpo­
sition is a cycle (a;a,) which in terchanges the two num bers aj and a j . It is a 
fact both remarkable and trivial that every cycle can be expressed as a 
product of one or more transpositions. In fact, 

(a l a2 ... a,) = (a ,a, _ I )(0,0, _ 2) . .• (a,a3 )(a,a2 )(a,a I ) 

wh ich may be verified by direct computation. For example, 

(12345) ~ (54X53X52X51) 

However, there is more than one way to write a given permutation as a 
product of transpositions. For example, (12345) may also be expressed as a 
product of transpositions in the following ways, 

(12345) ~ (15XI4X I3X I2) 

(12345) ~ (54)(52X5IXI4)(32)(41) 

as well as in many other ways. 
Thus, every permutation, after it has been decomposed into disjoint 

cycles, may be broken down further and expressed as a product of transpo­
sitions. However, the expression as a product of transpositions. is not 
un ique, and even the nllmber of transpositions involved is not unique. 

Nevertheless, when a permutation 11: is written as a product of transpo­
sitions, one property of this expression is unique: the number of transpo­
sitions involved is either always even, or always odd. (This fact will be 
proved in a moment.) For example, we have just seen that (12345) can be 
written as a product of fou r transpositions and also as a product of six 
transpositions; it can be written in many other ways, but always as a 
product of an even number of transpositions. Likewise, (1234) can be de­
composed in many ways into transpositions, but always an odd number of 
transpositions. 

A permutation is called even if it is a product of an even number of 
transpositions, and odd if it is a product of an odd number of transpo­
sitions. What we are asserting, therefore, is that every permutation is unam­
biguously either odd or even. 

This may seem like a pretty useless fact- but actually the very opposite 
is true. A number of great theorems of mathematics depend for their proof 
(at that crucial step when the razor of logic makes its decisive cut) on none 
other but the distinction between even and odd permutations. 
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We begin by showing that the identity permutation, t , is an even per­
mutation. 

Theorem 2 No matter how t is written as a product 0/ transpositions, the 
number o/transpositions is even. 

Let Il,12 , ... , c'" be m transpositions, and suppose that 

(.) 

We aim to prove that t can be rewriuen as a product 0/ m - 2 lransposicions. 
We will then be done: for if t were equal to a product of an odd number of 
transpositions, and we were able to rewrite this product repeatedly, each 
time with two fewer transpositions, then eventually we would get t equal to 
a single transposition (ab), and this is impossible. 

Let x be any numeral appearing in one of the transpositions t 2 , . .. , l",. 

Let tk = (xa), and suppose tk is the last transposition in (*) (reading from left 
to right), in which x appears: 

t = tll2 ... t t -I h It+1 ... t", 
'------y-' 

"" (xa) x does not 
appear here 

Now, lk_1 is a transposition which is either equal to (xa), or else one or 
both of its components are different from x and a, This gives four pos­
sibilities, which we now treat as four separate cases. 

Case I l k_ I = (xa). 
Then Ck _ 1lk = (x£lXxa), which is equal to the identity permutation. 

Thus, It _ llk may be removed without changing (*). As a result. E is a 
product of m - 2 transpositions, as required. 

Case II tk _ 1 = (xb), where b "# x , a. 

Then 

But 

lk _ Ilk = (xb)(xa) 

(xbXxa) ~ (xaXab) 

We replace Ck_tlk by (xa)(ab) in (*). As a result, the last occurrence of x is 
one position fUrl her left than it was at the start. 

Case III tk _ 1 = (ca), where c "# x, a. 

Then 
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But (caXxa) = (xcXca) 

We replace lk _ l Ck by (xcXca) in (*), as in Case II. 

Case IV It _ 1 = (be), where b oF x, a and c oF x, a. 

Then 

But (beXxa) ~ (xuXbe) 

We replace tk_1lk by (xaXbc) in (*), as in Cases II and III. 

In Case I, we are done. In Cases II , III, or IV, we repeat the argument 
one or more times. Each time, the last appearance of x is one position 
further left than the time before. This must eventually lead to Case I. For 
otherwise, we end up with the last (hence the only) appearance of x being in 
t I' This cannot be: for if II = (xa) and x does not appear in t 2 , .• • , tm , then 
~x) = a, which is impossible! 

Our conclusion is contained in the next theorem. 

Theorem 3 If 7l E S", lhen 7l cannot be both an odd permutacion and an even 

permU/(/tion. 

Suppose 7l can be written as the product of an even number of transpo­
sitions, and differently as the product of an odd number of transpositions. 
Then the same would be true for 7l - 1. But e = 7l 0 n- I : thus, writing 7l - 1 as 
a product of an even number of transpositions and 7l as a product of an odd 
number of transpositions, we get an expression for s as a product of an odd 
number of transpositions. This is impossible by Theorem 2. 

The set of all the even permutations in S" is a subgroup of Sft' II is 
denoted by Aft, and is called the alternating group on the set {1, 2, .. _, n}. 

EXERCISES 

A. Practice in Multiplying and Factoring Permutations 

' I Compute each of the following products in S9 _ (Write your answer as a single 
permutation.) 

(a) (145X37X682) (b) (I7X628X9354) 
(e) (71825X36X49) (d) (I2X347) 
(,) 1147X1678X74132) 
If) (6 148K2345K I2493) 
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2 Write each of the following permutations in S,} as a product of disjoint cycles: 

(al G , 3 4 5 6 7 8 ~) (bl G , 3 4 5 6 

9 , 5 7 6 8 4 9 , 3 8 

«I G 2 3 4 5 6 7 8 :) (d) G , 3 4 5 6 

9 5 3 , 4 8 8 7 4 3 6 

3 Express each of the following as a product of transposit ions in S8' 

(a) (137428) 

«I (I23X456X15741 

(bl (416X82351 

(
I 2 3 4 5 6 7 8) 

(d)n:=31428765 

7 8 ~) 6 

7 8 ~) 5 

4 If cr; = (37 14), fJ = (123), and }' = (24135) in S" express each of the following as a 
product of disjoint cycles: 

(a)cr; - Ip (b)y - 'cr; (C)cr;2p (d)fJ2cr;'1 (e)y4 (fh3 cr; - ' 
(g)fJ - l y (h)cr; - l y2cr; 

S In S" write (12345) in five different ways as a cycle, and in five different ways as a 
product of transpositions. 

6 In S" express each of the fo llowing as the square of a cycle (that is, express ascr;2 
where 0: is a cycle); 

(al (1321 (bl (123451 «I (I3X,41 

B. Powers of Permutations 

If n is any permutation, we write n o n = n2
, n " n o n"'" nJ , etc. The co nvenience of 

this notation is evident. 

(i) cr; = (123) (ii) CI. = (1234) (iii) cr; = (123456). 

In the following problems, let CI. be a cycle of length s, say cr; - (alal ... a.). 

2 Describe all the di.~tincl powers of :x. How many a re there? 
3 F ind the inverse of :x, and show that IX- I = ,r- I . 

Prove each ofthefollowing: 

4 (X2 is a cycle iff s is odd. 

S If s is odd, IX is the square of some cycle of length s. (Find it.) 

6 If .~ is even, say s = 21, then cr;2 is the product of two cycles of length t . (Find them.) 

7 If s is a multiple of k, say s = kt, then cr;t is the product of k cycles of length t. 

8 If s is a prime number, every power of cr; is a cycle. 
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C. Even and Odd Permutations 

Determine which of the following permutations is even, and which is odd. 

(
I 2 3 

(a) n = 7 4 t 

(' I (12X76X3451 

45678) 
5 6 2 3 8 (bl (718641 

(d) (1276X324I X78121 

('I (123X2345X 13571 

Prove each ofrhefollowing: 

2 (a) The product of two even permutations is even. 
(b) The product of two odd permutations is even. 
(c) The product of an even permutation and an odd permutation is odd. 

3 (a) A cycle of length f is even if f is odd. 
(b) A cycle of length f is odd if f is even. 
(e) A cycle of length I is odd or even depending on whether f - t is odd or even. 

4 (a) If II and P are cycles of length f and m, respectively, then IIfJ is even or odd 
depending on whether I + m - 2 is even or odd. 

(b) If n = fJI .. . fJ. where each PI is a cycle of length I;. then n is even or odd 
depending on whether II + 12 + ... + I. - r is even or odd. 

D. Disjoint Cycles 

In each of the following, let a and {l be disjoint cycles, say 

IX - (a la2 ... a.) and {1 = (blb1 . . . b.) 

Prove each of the following: 

t For every positive integer n, (afJr :::: anpn. 
2 If afJ :::: £, then a = 1: and fJ = t. 

3 If (afJ), = t, then 1".1.' = t and P' = 1: (where r is any positive integer). [Use (2).] 

4 Find a transposition }, such that 1".1.{J}' is a cycle. 

5 Let }' be the same transposition as in the preceding exercise. Show that IX}'P and 
}'lXfJ are cycles. 

6 Let a and fJ be cycles (not necessarily disjoint). If 1".1.
1 = fJl, then IX = fl. 

t E. Conjugate Cycles 

Prove each of/hefol/owillg ill Sn : 

I Let 1".1. = (a) .. . a,) and fJ = (b ) ... b,) be cycles of the same length, and let n be 
any permutation. If n(a;) = b; for i = t, . . . , $, then nan - 1 = fJ. 

If 1".1. is any cycle and n any permutation, 1[lXn- 1 is called a conjugate of IX. 
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2 If a a nd f3 are any two cycles of the same length s, there is a permutation 1[ E S~ 
such that P = nan - I. 

3 Conclude: Any two cycles of the same length are conjugates of each other. 

4 If a and f3 are disjoin! cycles, then nan - I and nf3n - I are disjoint cycles. 

S Let u be a product aj . .. a, o f / disjoint cycles of lengths II, ... , I" respectively. 
Then nun - I is also a product of / disjoint cycles of lengths II, ... , I, . 
6 Let al and a2 be cycles of the same length. Let PI andPl be cycles of the same 
length. Let a, and PI be disjoint, and let a2 and {Jz be disjoint. There is a permu­
tation n E S~ such that alPI = na2 P2 n- I . 

t F. Order of Cycles 

Prove each o//he/ollowing in S~ . 

I If 0: = (a I ... a.) is a cycle of length s, then 0:' = t, 0: 2
< = e, and 0: 3• = t. Is If! = £ 

for any positive integer k < s? (Explain.) 

If 0: is any permutation, the least positive integer n such that a!' = e is called the 
order of 0:. 

2 If a = (a I ... a.) is a ny cycle of length s, the order of a is s. 

3 Find the o rder of each of the following permutations: 
(al (12X3451 (bl (I 2X34561 
(01 (I234X5678901 

4 What is the order of ':1.p , if I"./. and P a re disjoint cycles of lengths 4 a nd 6, 
respectively ? (Explain why. Use the fact that disjoint cycles commute.) 

5 What is the o rder of a{J, if I"./. a nd P are disjoint cycles of lengths rand s, respec­
tively. (Venture a guess, explain, but do not attempt a rigorous proof.) 

t G. Even/Odd Permutations in Subgroups of S" 

Prove each of the following in S~: 

I Let 1"./.1' •• • , IX, be even permutations, and fJ an odd permutation. Then alP •... ,a,p 
a re r di.~rinct odd permutations. (See Exercise C2.) 

2 If PI' ... , p, are odd permutations, then PIPI ' PlfJZ ' ""PIP, a re r distinct even 
permuta tions. 

3 In 5., there are the same number of odd permutations as even permutations. 
(HINT: Use part I to prove that the number of even perm utations is ::;; the number 
of odd permutations. Use part 2 to prove the reverse of that inequality.) 

4 The set of all the even permutations is a subgroup of S~ . (It is denoted by A. a nd 
is called the al/ernaling group on n symbols.) 

5 Let H be any subgroup of S~. H eithe~ contains only even permutations, or H 
contains the same number of odd as even permutations. (Use parts 1 and 2.) 
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t H. Generators of A" and SIt 

Remember thai in any group G, a set S of elements of G is said to generate G if every 
clement of G can be expressed as a product of elemcnts in Sand invcrses of elements 
in S. (See page 48.) 

I Prove thai the set T of all the transpositions in S~ generates S~. 

1 Prove thai the set TJ = {(12), (13), .'" (In)} generates S~. 

3 Prove that every even permutation is a product of one or more cycles of length 3. 
[HINT : (13)(12) = (123); (12)(34) = (321)(134).] Conclude that the set V of all cycles 
oflenglh 3 generates A~. 

4 Prove that the sel VI ;; {(I23), (124), ... , (l2n)} generates A~ . [HINT: (abc) = 

(1ca)(lab), ( l ab) - (I b2)(12a)(12b), and (lb2) - (12W.] 

5 The pair of cycles (12) and (12, .. n) generates S~. 
[HINT:(I· · ·n)(12)(1 .. ·n) - 1 = (23);(12)(23)(12) = (13).] 

6 If d is any cycle of length n, and fl is any transposition, then {d, P} generates S~. 
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NINE 
ISOMORPHISM 

Human perception, as well as the "perception" of so-called intelligent 
machines, is based on the ability to recognize the same structure in different 
guises. It is the faculty for discerning, in different objects, the same re­
lationships between their parts. 

The dictionary tells us that two things are " isomorphic" if they have the 
same slruclure. The notion of isomorphism-of having the same st ructure­
is central to every branch of mathematics and permeates all of abstract 
reasoning. It is an expression of the simple fact tha t objects may be different 
in substance but identical in form. 

In geometry there are several kinds of isomorphism, the simplest being 
congruence and similarity. Two geometric figll res are congruent if there 
exists a plane motion which makes one figure coincide with the other; they 
are simi lar if there exists a transformation of the plilOe, magnifying or 
shrinking lengths in a fixed ratio, which (again) makes one figure coincide 
with the other. 

Thcse two figures arc congruent These IWO figurcs are similar 
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We do not even need to venture into mathematics to meet some simple 
examples of isomorphism. For instance; the two palindromes 

MADAM 
A 
MAD 

and 
ROTOR 

o 
ROT 

are different , but obviously isomorphic ; indeed, the first one coincides with 
the second if we replace M by R, A by 0, and D by T. 

Here is an example from applied mathematics: A flow network is a set 
of points, with arrows joining some of {he points. Such networks are used to 
represent flows of cash or goods, channels of communication, electrical 
circuits, and so on. The flow networks (A) and (B), below, are different, but 

2 6 

Network (A) Network (8) 

can be shown to be isomorphic. Indeed , (A) can be made to coincide with 
(B) if we superimpose point I on point 6, point 2 on point 5, point 3 on 
point 8, and point 4 on point 7. (A) and (8) then coincide in the sense of 
having the same points joined by arrows in the same direction . Thus, net­
work (A) is (rans/ormed into network (8) if we replace points I by 6, 2 by 5, 3 
by 8, and 4 by 7. The one-to-one correspondence which carries out this 
transformation, namely, 

2 3 
j j 
5 8 

is called an isomorphism from network (A) to network (8), for it transfonns 
(A) into (B). 

Incidentally, the one-to-one correspondence 
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is an isomorphism between the two palindromes of the preceding example, 
fo r it transforms the first palindrome into the second. 

Our next and final example is from algebra. Consider the two groups 
Gland G2 described below: 

The operation of G I is 
denoted by + 
Table of G1 

+ 0 2 

o 0 2 
I I 2 0 
2 2 0 

The operation of Gz is 
de/l oled by ' 

Table of G2 

e a b 

e e a b 
a abe 

b b e a 

Gland G2 are different, but isomorphic. Indeed , if in G1 we replace 0 bye, 
I by a, and 2 by b, then G1 coincides with Gz , the table of G] being 
transformed into the table of Gz . In other words, the one-to-one corre­
spondence 

GlD 
transforms G] to Gz . It is called an isomorphism from G] to Gz . Finally, 
because there exists an isomorphism from G, to Gz , G1 and Gz are isomor­
phic to each other. 

In general, by an isomorphism between two groups we mean a one-to­
one correspondence between them which transforms one of the groups into 
the other. If there exis's an isomo.rphism from one of the ,groups to the 
olher, we say they are isomorphic. Let us be more specific : 

If G1 and G2 are any groups, an isomorphism from G1 to G2 is a 
one-to-one correspondence f from G1 to Gz with the following property: 
For every pair of elements a and b in GJ> 

If f (a) ~ a' andf(b) ~ b', thenf(ab) ~ db' ~ 1(0) ~)'(*) 
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In other words, if f matches a with a' and b with b', it must match ab with 
db'. 

r , --'r---'------,f..;..,. 
b-+------+---b' 
'b - +------t->- a'b' 

It is easy to see that if f has this property it transforms the table of G I into 
[he table of Gz : 

G, b G, b' 

• •• ab 
For every x 

a'b' , • , 
replace x by [(x) 

See Property (. ) 

There is another, equivalent way of look ing at this si tuation : If two 
groups G I and G1 are isomorphic, we can say the two groups are actually 
(he same, except that the elements of G 1 have different names from the 
elements of G1 . G1 becomes exactly Gz. if we rename its elements. The 
funct ion which does the renaming is an isomorphism from G I to Gz . Thus, 
in our last example, if 0 is renamed e, I is renamed a, and 2 is renamed b, 
G1 becomes exactly Gz , with the same table. (Note that we have also 
renamed the operation : it was called + in G1 and· in Gz .) 

By the way, Property (.) may be wri tten more concisely as foll ows: 

J(ab) ~ J(a)J(b) ( .. ) 
So we may sum up our definition of isomorphism in the followi ng way : 

Definition Let G 1 and Gz be groups. A bijective function f: G1 - Gz with 
the property that for any two elements a and bin G .. 

J(ab) ~ J(a)J(b) ( .. ) 
is cal/ed an isomorphism from G I to G z . 

If there exists an isomorphism from G1 to Gz , we say that G1 is isomor­
phic {o G2 • 
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]f there exists an isomorphism f from G1 to G l , in other words, ifG1 

is isomorphic [0 Gl • we symbolize this fact by writing 

G1 ;;:G2 

to be read. "G1 is isomorphic to Gl ." 

How does one recognize if two groups are isomorphic? This is an important 
question, and not quite so easy to answer as it may appear. There is no way 
of spontaneously recognizing whether two groups Gland Gz are isomor­
phic. Rather, the groups must be carefully tested according to the above 
definition. 

Gland G 2 are isomorphic if there exists an isomorphism froni G J to 
Gl . Therefore, the burden of proof-is upon us to find an isomorphism from 
GJ to G l , and show that it is an isomorphism. In other words, we must go 
through the following steps: 

I. Make an educated guess, and come up with a function/: G1 -t Gz which 
looks as though it might be an isomorphism. 

2. Check that f is injective and surjective (hence bijective). 
3. Check that f satisfies the identity 

flab) ~ f(a)f(b) 

Here's an example; II! is the group of the real numbers with the oper­
ation of addition. IR+ is the group of the positive real numbers with the 
operation of multiplication. It is an interesting fact that IR and R + are 
isomorphic. To see this, let us go through the steps outlined above; 

I. The educated guess: The exponential function f(x) := eX is a function 
from IR to n:+ which. if we recall its properties, might do the trick. 

2. f is inject ive: Indeed, if f(a) = f(b), that is, e" = eb
, then, taking the 

natural log on both sides, we get a = b. 
J is surjective : Indeed, if y E R+, that is, if y is any positive real 

number, then y = etn
)' = f(ln y); thus, y = J(x) for x = In y. 

3. It is well known that e" + b = eQ 
• eb

, that is, 

f(a +' b) ~ f(a) , f(b) 

Incidentally, note carefully that the operation of R is +, whereas the 
operation of n:+ is' . That is the reason we have to use + on the left side of 
the preceding equation, and· on the right side of the equation. 

How does one recognize when two groups are nol isomorphic? In practice it 
is usually easier to show that two groups are nor isomorphic than to show 
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they are. Remember that if two groups are isomorphic they are replicas of 
each other; their elements (and their operation) may be named differently, 
but in all other respects they are the same and share the same properties. 
Thus, if a group G1 has a property which group G1 does not have (or vice 
versa), they are not isomorphic! Here are some examples of properties to 
look out for: 

I. Perhaps G] is commutative, and G2 is not. 
2. Perhaps G1 has an element which is its own inverse, and Gz does not. 
3. Perhaps G1 is generated by two elements whereas G2 is not generated by 

any choice of two of its elements. 
4. Perhaps every element of G] is the square of an element of G I , whereas 

G1 does not have this property. 

This list is by no means exhaustive; it merely illustrates the kind of things 
to be on the lookout for. Incidentally, the kind of properties to watch for 
arc properties which do not depend merely on the tJames assigned to indi­
vidual elements; for instance, in our last example, 0 E G] and 0 ¢ Gz , but 
nevertheless G1 and G1 are isomorphic. 

Finally, let us state the obvious: if G1 and G1 cannot be put in onc-to­
one correspondence (say, G] has more elements that Gl ), clearly they 

cannot be isomorphic. 
In the early days of modern algebra the word "group" had a different 

meaning from the meaning it has today: In those days a group always 
meant a group of permutations. The only groups mathematicians used were 
groups whose elements were permutations of some fixed set and whose 
operation was composition. 

There is something comforting about working with tangible, concrete 
things, such as groups of permutations of a set. At all times we have a clear 
picture of what it is we are working with. Later, as the axiomatic method 
reshaped algebra, a group came to mean any set with any associative oper­
ation having a neutral element and allowing each element an inverse. The 
new notion of group pleases mathematicians because it is simpler and more 
lean and sparing than the old notion of groups of permutations; it is also 
more general because it allows many new things to be groups which are not 
groups of permutations. However, it is harder to visualize, precisely because 
so many different things can be groups. 

It was therefore a great revelation when, about 100 years ago, Arthur 
Cayley discovered that every grollp is isomorphic to a group of permutations. 
Roughly, this means that the groups of permutations are actually all the 
groups there are! Every group is (or is a carbon copy of) a group of 
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permutations. This great result is a classic theorem of modern algebra. As a 
bonanza, its proof is not very difficult. 

Cayley's Theorem Every grollp is isomorphic to a group of permutations. 

Let G be a group; we wish to show that G is isomorphic to a group of 
permutations. The first question to ask is, "What group of permutations? 
Permutations of what set?" (After all, every permutation must be a permu­
tation of some fixed set.) Well, the one set we have at hand is the set G, so 
we had better fix ou r attention on permutations of G. The way we match up 
elements of G with permutations of G is quite interesting : 

With each element a in G we associate a function 7td : G _ G defined 
by 

7ta {x) = ax 

In other words, 11:" is the function whose rule may be described by the words 
"multiply on the left by a." We will now show that 11:" is a permutation of 
G: 

1. 11:0 is injective: Indeed, if 1l:0(xd = 1I:o(x 2 ), then ax! = aX2, so by the can­
cela ti on law, Xl = X2 ' 

2. Jro is surjective: For if y E G, then y = a(a - !y) = n,, (a - 1y). Thus, each y 
in G is equal to n,, (x) for x = a - I y. 

3. Since Jro is an injective and surjective function from G to G, no is a 
permutation ofG. 

Let us remember that we have a permutation Jr .. for each element a in G; for 
example, if band c are other elements in G, tlb is the permutation" multiply 
on the left by b, " Jrc is the permutation "multiply on the left by c," and so 
on. In general, let G* denote the set of all the permutations Jr" as a ranges 
over a ll the elements of G: 

Observe now that G* is a set consisting of permutations of G- but not 
necessarily all the permutations of G. In Chapter 7 we used the symbol Sa 
to designate the group of all the permutations of G. We must show now 
that G* is a subgroup of Sa , for that will prove t.hat G* is a grOllp of 
permutations. 
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To prove that G* is a subgroup of Sa , we must show that G* is closed 
with respect to composition, and closed with respect to inverses. That is, we 
must show that if 11:" and 1I:b are any elements of G*, their composite 11:" <> 1I:b 
is also in G*; and if 11:" is any element of G*, its inverse is in G*. 

First, we claim that if a and b are any elements of G, then 

To show that 11:" <> 1I:b and 1I:"b are the same, we must show that they have 
the same effect on every element x; that is, we must prove the identity 
[11:,, " 1I:,, ](x) = 1I:"I> (x). Well, [11:,, " 1tb ](X) = 1t" (1t,, (x» = 1t,,(bx) = a(bx) = 

(ab).'\" = 11:"" (x). Thus, 1t" 0 ltb = It,,,, ; this proves that the composite of any 
two members It .. and .1I:1> of G* is another member It,,,, of G*. Thus, G* is 
closed with respect to composition. 

It is easy to see that 1t~ is the identity function: indeed, 

1t.,(x) = ex = x 

In other words, 1tr is the identity element of SG' 
Finally, by (u*), 

So by Theorem 2 of Chapter 4, the inverse of 11:" is 1t,,_ L. This proves that the 
inverse of any member 11:" of G* is another member 11:,, _ 1 of G*, Thus, G* is 
closed with respect to inverses. 

Since G* is closed with respect to composition and inverses, G* is a 
subgroup oj Sa. 

We are now in ,he final lap of our proof. We have a group of permu­
tations G*, and it remains only to show that G is isomorphic to G*. To do 
this. we must find an isomorphism J : G - G* , Let J be the function 

In other words, J matches each element a in G with the permutation 11:" in 
G*. We can quickl y show that J is an isomorphism : 

I. J is injective: Indeed, if f(a ) = J(b) then 1t" = Ttl>' Thus, 1t,,(e) = 1t" (e), that 
is, ae = be. so. finally , a = b, 

2. J is surjective: Indeed, every element of G* is some 11:", and 1t .. = J (a ), 
3. Lastly,J(ab) ~ n •• ~ n • • n. ~ J(a) 0 J(b). 

Thus, J is an isomorphism, and so G ~ G*. 
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EXERCISES 

A. Isomorphism Is an Equivalence Relation among Groups 

The following three facts about isomorphism are tr ue fo r a ll groups: 

I. Every group is isomorphic to itself. 
2. IfG I :: G2 , then G2 ;:;: G l . 

3. IrG 1 ;:::G 2 andG 1 ::Gl ,thenG 1 ~ G). 

Fact I asserts that for any group G, there exists an isomorphism from G to G. 
Fact 2 asserts that, if there is an isomorphism [from G1 to G2> there must be 

some isomorphism from G1 to G1. Well, the inverse of [is such an isomorphism. 
Fact 3 asserts that, if there are isomorphisms[: GI _ G2 and 9:G2- GJ , there 

must be an isomorphism from G1 to G). One can easily guess that 9 <> [is such an 
isomorphism. The det ails of facts 1,2, and 3 are left as exercises. 

I Let G be any group. If r.: G_ G is the identi ty fu nction, c(x) = x, show that c is an 
isomorphism. 
2 Let Gland G 2 be groups, and [: G I __ G2 an isomorphism. Show that [ - I : 

G1- G I is an isomorphism. [H INT: Review the discussion of inverse fu nctions at the 
end of Chapter 6. Then, for arbitrary elements a, b e G I , let e - [(a) and d = [(b). 
Note that a = r I(c) and b = f - I(d) . Show thatf - I(ed) = f - I(el[ - I(dl.] 

3 Let G I , G2 , and GJ be groups, and let[: G1 - G1 and y:G 2 -GJ be isomor­
phisms. Prove that g o f: G I __ G3 is an isomorphism. 

B. Elements Which Correspond under an Isomorphism 

Recall that an isomorphism/from G1 to G2 is a one-to-one correspondence between 
G1 and G2 sat~sfyingf(ab) = f(a)f(b) . f matches every element of G1 with a corre­
sponding element of G2 • It is important to note that: 

(i) [matches the neutral element ofG I with the neutral element ofG 1 • 

(ii) If r matches an element x in GI with y in G2 , then, necessarily,f matches x - 1 

with y - I. That is, if x_ y, then X - I ...... y - I . 
(iii) [matches a generator of G1 with a generator of G1 . 

,,~====t:" , ~ y 

G, ,-' --+--------1f-<- y-' G, 

The details of these statements are now left as an exercise. Let GI and G2 be groups, 
and let /: GI -> G2 be an isomorphism. 
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t If el denotes the neutral element of G1 and ('2 denotes the neulral element of G1 , 

prove that f(ell = el' [HINT: In any group, there is exactly one neutral element; 
show thatf(e]) is the neutral element of G1 .] 

2 Prove that for each element a in Gl> f(a-I) = [J(a)] - I. (HINT: You may use 
Theorem 2 of Chapter 4.) 

3 If GI is a cyclic group with generator a, prove that G1 is also a cyclic group, with 
generator f(a). 

C. Isomorphism of Some Finite Groups 

In each of the following, G and H are finite groups. Determine whether o r not 
G =::: H. Prove your answer in either case. 

To find an isomorphism from G to H will require a lillIe ingenuity. For exam­
ple, if G and H a re cyclic groups, it is clear that we must match a generator a of G 
with a generator b of H; that is,f(a) = b. Thenf(aa) = bb,f(aaa) - bbb, and so on. 
If G and H are not cyclic, we have other ways: for example, if G has an element 
which is its own inverse, it must be matched with an element of H having the same 
property. Often, the specifics of a problem will suggest a n isomorphism, if we keep 
our eyes open. 

To prove that a specific one-Io-one correspondence f: G_ H is an isomor­
phism. we may check that it transfOrms the table of G into the table of H. 

1 G is the checkerboard game group of Chapler 3, Exercise D. H is the group of the 
complex numbers {i, -i, I, -l} under multiplication. 

2 Gisthesameasinpanl.H= Z4' 

3 G is the group P1 of subsets of a two-element sel. (See Chapter 3, Exercise C.) H is 
as in part I. 

4 G is S 3' H is the group of matrices described on page 30 of the text. 
5 G is the coin game group of Chapter 3, Exercise E. H is D4 , the group of 
symmetries of the square. 

6 G is the group of symmetries of the rectangle. H is as in part I. 

D. Separating Groups into Isomorphism Classes 

Each of the following is a set of four groups. In each set, determine which groups are 
isomorphic to which others. Prove yo ur answers, and use Exercise A3 where con­
venient. 

I ~ Zl X Z1 P2 V 
[P2 denotes the group of subsets of a two-element set. (See Chapter 3, Exercise C.) V 
denotes the group of the four complex numbers {i, -i, t , -I } with respect to 
multiplication.] 

2 S3 Z6 Z3 X Zl Z; 
[Z; denotes the group {l , 2, 3, 4, 5, 6} with multiplication modulo 7. The product 
modulo 7 of a and b is the remainder of ab after division by 7.] 
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3 Zg P3 Z2 X Z2 X Z2 D4 
(D4 is the group of symmetries of the square.) 
4 The groups having the following Cayley diagrams : 

(---\ 
, I 
\ I 
\ I 

\, , 

E. Isomorphism of Infinite Groups 

I Let E designate the group of all the even integers, with respect to addition. Prove 
that Z ~ E. 

2 Let G be the group {lO": n t Z} with respect to multiplication. Prove that G ~ Z. 
(Remember that the operation of Z is addition.) 
3 Prove that C ;;: R x R. 
4 We have seen in the text that R is isomorphic to R+. Prove that IR is /101 

isomorphic to R* (the multiplicative group of the nonzero real numbers). (HtNT: 
Consider the properties of the number - I in R*. Does R have any element with 
those properties 1) 
5 Prove that Z is not isomorphic to O. 
6 We have seen that R ~ R +. However, prove that 0 is not isomorphic toO+. (0+ 
is the multiplicative group of positive rational numbers.) 

F. Isomorphism of Groups Given by Generat.ors and Defining Equa­
tions 

If a group G is generated, say, by a, b, ~nd c, then a set of equations involving a, b, 
and c is called a set of defining equations for G if these equations completely deter­
mine the table of G. (See end of Chapter 5.) If G' is another group, generated by 
elements a', b', and c' satisfying the same defining equations as a, b, and c, then G' 
has the same table as G (because the tables of G and G' are completely determined 
by the defining equations, which are the same for G as for G'). 

Consequently, if we know generators and defining equations for two groups G 
and G', and if we are able to match the generators of G with those ofG' s'o that the 
defining equations are the same, we may conclude that G :;:;: G'. 

Prove that theJollowing pairs oj groups G, G' are isomorphic. 

G = the subgroup of 54 generated by (24) and (1 234); G' = fe, a, b, b2
, b3, ab, 

ab2
, ab3

} where a2 = e, b4 = e, and ba = ab3
• 

2 G = S3; G' = fe, a, b, ab, aba, abab} where a2 
... e, b2 

- e, and bab .. aba. 
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3 G = Dol.; G' = {e, a, b, ab, aba, (ab)2, ba, bab) where a2 = b2 _ e and (ab)4 = e. 

4 G = 22 X 22 X Z2; G' ... {e, a, b, e, ab, ae, be, abc} where a2 = b2 = e2 = e and 
(aW = (be)2 = (ae)l = e. 

G. Isomorphic Groups on the Set !R 

Prove that thefol/owing group.~ are isomorphic. 

I G is the set {x e R: x of. - I} with the operation x • y = x + y + xy. Show that 
f Ix) = x- I is an isomorphism from n· to G. Thus, R· ~ G. 

2 G is the set of the real numbers with the operation x • y = x + y + 1. Find an 
isomorphismf: R_ G. 

3 G is the set of the nonzero real numbers with the operation x • y = xy/ 2. Show 
thatf(x) = 2x is an isomorphism from R· to G. 
4 Show thatf(x, y) = (- I )'x is an isomorphism fro m n + x 22 to R *. (RIOMARK: To 
combine elements of R+ x 2 2 , one multiplies first components, adds seco nd com+ 
ponents.) Conclude that n · s:: n + x 2 2 , 

H. Some General Properties of Isomorphism 

Let G and H be groups. Prove that G x H ;;;: H x G. 
2 If G, ;::::; G2 and H , ;::::; H2, then G, x HI;::::; G2 X H 2' 

3 Let G be any grou p. Prove that G is abelian iff the fu nctionf(x) = x _1 is an 
isomorphism from G to G. 
4 Let G be any group, with its operation denoted mUltiplicatively. Let H be a group 
with the same set as G and let its operat ion be defined by x • Y = Y . x (where' is 
the operation of G). Prove that G ~ H . 

S Let c be a fi xed element of G. Let H be a group with the same set as G, and with 
the operat ion x. y = xcy. Prove that the functionf(x) = c- 1x is an isomorphism 
from G to H . 

I. Group Automorphi~ms 

If G is a group, an automorphism of G is an isomorphism fro m G to G. We have seen 
(Exercise A I) that the identity function e(x ) = .x, is an automorphism of G. However, 
many groups have other automorphisms besides this obvious one. 

1 Verify that 

is an automorphism of Z6' 

2 
5 4 
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2 Verify that 

[, ~(~ 2 3 4) 
[, ~ (~ I 2 3 ~) 2 4 I 3 3 4 

and [, ~ (~ I 2 3 ~) 4 3 2 

are all automorphisms of Zs . 

3 If G is any group, and a is any element of G, prove that f(x) = axa- I is an 
automorphism of G. 

4 Since each automorphism of G is a bijective funct ion from G to G, it is a permu­
tatioll of G. Prove the set 

Aut(G) 

of all the automorphisms of G is a subgroup of Sa. (Remember that the operation is 
composition.) 

J . Regular Representation of Groups 

By Cayley's theorem, every group G is isomorphic to a group G· of permutations of 
G. Recall that we match each element a in G with the permutation n" defined by 
nn{x) = ax, that is, the rule "multiply on the left by a." We let G· = {na : a E G}; 
with the operation 0 of composit ion it is a group of permutati ons, called the left 

regular represemation of G. (It is called a " representation" of G because it is isomor­
phic to G.) 

Instead of using the permu tations 7r", we could just as well have used the 
permutations p" defined by p,,(x) = xa, that is, "multiply o n the right by a." The 
group G' = {p,,: a E G} is called the right regular represemation of G. 

rr G is commutative, there is no difference between right and left multiplication, 
so G· and G' are the same, and are simply called the regillar represematiDn of G. 
Also, if the operat ion of G is denoted by +, the permutation corresponding to a is 
"add a" instead of "multiply by a." 

Exa mple Tbe regular representation of Z) consists of the fo ll owing permu tations: 

n, ~ (~ ~) that is, the identity permutation 

n, ~ (~ 
2 ~) that is, the ru le "add 1" 

n,~G I 

0 ~) that is, the rule "add 2" 



ISOMORPHISM 99 

The regular representation of ZJ has the following table: 

• no n, n, 

no no n, n, 
n, n, n, no 
n, n, no n, 

The func tion 

1_(0 
no n, :,) 

is easily seen to be an isomorphism from ZJ to its regular representation. 

Find the right and left regular representation of each of the fol/owing groups, and 
compute their tables. (lfthe group i.~ abelian, find its regular representation.) 

I P ~, the group of subsets of a two-element sel. (Sec Chapler 3, Exercise C.) 

2 Z. 
3 The group G of matrices described on page 30 of the text. 



CHAPTER 

TEN 
ORDER OF GROUP ELEMENTS 

Let G be an arbitrary group, with its operation denoted multiplicatively. 

Exponential notation is a convenient shorthand: for any positive integer n, 
we will agree to let 

and 

an=a·a .. · .. a 
~ 

n times 

n times 

Take care to observe that we are considering only integer exponents, not 
rational or real exponents. Raising a to a positive power means multiplying 
a by itself the given number of times. Raising a to a negative power means 
multiplying a - I by itself the given number of times. Raising a to the power 
o yields the group's identity element. 

These are the same conventions used in elementary algebra, a nd they 
lead to the same familiar "laws of exponents." 

Theorem t: Laws of Exponents If G is a group and a E G, the following 
icientities holdfor all integers /Ii and n: 



(i) ama" = am+.. 

(ii) (am)" = am~ 

(iii) a - n = (a - I)" = (a,,) - I 
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These laws are very easy to prove when 111 and n are positive integers. 
Indeed, 

0) ama" = aa .,' a . aa .,' a = am +" 
'---v--' '---v--' 

III times n times 

(ii) (am)" = amam ... am = aa . .. a = a"'" 
'------v--' '---v--' 

n limcs /Il1I timcs 

Next, by definition a- n = a - I." a-I = (a-I)". Finally, since the inverse of 
a product is the product of the inverses in reverse order, 

(a,,) - I = (aa , .. a) - I = a - la - I , .. a - I = a-II 

To prove Theorem 1 completely, we need to check the other cases, 
where each of the integers m and n is allowed to be zero or negat ive. This 
routine case-by-case verification is left to the student as Exercise A at the 
end. of this chapter. 

In order to delve more deeply into the behavior of ex ponents we must 
usc an elementary but very important prQperty of the integers: From el­
ementary arithmetic we know that we can divide any integer by any posi­
tive integer to get an integer quotient and an integer remainder. The re­
mainder is nonnegati ve and less than the dividend. For example, 25 may be 
divided by 8. giving a quotient of 3, and leaving a remainder of I : 

25 ~ 8 x 3 + I 
q , 

Similarly, -25 may be divided by &, with a quotient of -4 and a remainder 
of7: 

-25~8x(-'4)+7 
~-q , 

This important principle is called the division algorithm. In its precise form, 
it may be stated as follows: 

Theorem 2: Division Algorithm If 111 and n are integers and n is posilive, 
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chere exisc unique integers q and r such thal 

m = nq + r and O~r<n 

We call q the quotient, and r the remainder, in the division of m by n. 
At this stage we will take the division algorithm to be a postulate of the 

system of the integers. Later, in Chapter 19, we will turn things around, 
start ing with a simpler premise and proving the division algorithm from it. 

Let G, be a group, and a an element of G. Let us observe that 

if there exists a nonzero integer m such that am = e, then there exists a 
positive integer n .~uch that an = e. 

Indeed, if a'" = e where m is negative, then a-'" = (a",} - l = e- 1 = e. Thus, 
a-III = e where -»I is posi tive. This simple observation is crucial in our 
next definition. Let G be an arbitrary group, and a an element of G: 

Definition If there exists a nonzero integer III such that am = e; then the order 
of the element a is defined to be ehe least positive integer n such thar a" = e. 

If there does not exist any nonzero integer m such that alii = e, we say 
that a has order infinity. 

Thus, in any group G, every element has an order which is either a 
positi ve integer or infinity. If the order of a is a positive integer, we say that 
a has finite order; otherwise, a has infinite order. For example, lei us glance 
at S3 ' whose table appears on page 67. (It is customary to use exponential 
notation for composition: for instance, p" p = p2, p " p" p = pl, and so 
on.) The order of 0: is 2, because 0:2 = £ and 2 is the smallest positive integer 
which satisfies that equation. The order of p is 3, because p3 = e, and 3 is 
the lowest positive power of p equal to s. It is clear, similarly, that }' has 
order 2, {) has order 3, and K has order 2. What is the order of £1 

It is important to note that one speaks of powers of a only when the 
group's operation is called multiplicati on. When we use additive notation, 
we speak Qf multiples of a instead of powers of a. The positive multiples of a 
are a, a + a, a + a + a, and so on, while the negative multiples of a are -a, 
( - a) + (- a), (-a}+(-a}+(-a), and so on. In Z6, the number 2 has 
order 3, because 2 + 2 + 2 = 0, and no smaller multiple of 2 is equal to O. 
Simi la rl y, the order of 3 is 2, the order of 4 is 3, and the order of 5 is 6. 

In Z, the number 2 has infinite order, because no nonzero multiple of 2 
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is equal to O. As a matter or ract, in Z, every nonzero number has infinite 
order. 

The main ract about the order or elements is given in the next Iwo 
theorems. In each of the following theorems, G is an arbitrary group and a 
is any element of G. 

Theorem 3: Powers or a, ir a has finite order If the order of a is n, there are 
exacily n difJerenf powers of a, namely 

o " d'-' a, a, a, a, ... , 

What this theorem asserts is that every positive or negative power or a 
is equal to one of the above, and the above are all different from one 
another. 

Berore going on, remember that the order or a is n, hence 

a~ = e 

and n is the smallest positive integer which satisfies this equation. 
LeI us begin by proving that every power or II is equal to one of the 

powers aO, a, a2
, ••• , a" - I. Let am be any power or a. Use the division 

algorithm to divide m by n: 

m = nq + r O:S;;r<n 

Then 

Thus, a'" == or, and r is one of the integers 0, 1, 2, ... , n - 1. 
Next, we will prove that aO, aI, a2

, ••• , a" - I are all different. Suppose 
nol; suppose a' = ct, where rand s are distinct integers between 0 and 
n - I. Either r < s or s < r, say s < r. Then O:S;; s < r < n, and conse­
quently, 

O<r - s< n (.) 

Bul ar = as, hence 

Thererore, 

so 

However, this is impossible, because by (*), r - s is a positive integer less 
than n, whereas n (the order or a) is the smallest positive integer such that 
a" = e. 

This proves that we cannot have ar = ct where r oF s. Thus, aO, aI, 
a2 , ••• , a~ - I are all different! 
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Theorem 4; Powers of a, if a has infinite order 1f a has order infinity, then all 

tile powers of a are different . That is, if r and s are distinct integer$, then 
ar #= a3

• 

Let rand s be integers, and suppose ar = 0'. 

Then a'(a~ - ' ~ a'(aT' 

hence 

But {j has order infinity, and this means that a'" is not equal to e for any 
integer m except 0. Thus, r - s = 0, so r = s. 

This chapter concludes with a technical property of exponents, which is 
of tremendous importance in applications. 

If a is an element of a group, the order of a is the lea$t pO$irive integer n 
such that aft = e. But there are other integers, say t, such that d = e. How 

are they related to n? The answer is very simple : 

Theorem 5 Suppose an element a in a group has order n. Then a' = e iff l j$ a 
multiple ofn ("t i$ a multiple ofn" means that t = nq for some integer q). 

If l = nq, then d = a~q = (a")q = eq = e. Conversely, suppose al = e. 
Divide t by n using the division algorithm: 

t=nq+r O~r<n 

Then 

Thus, ar = e, where 0 ~ r < n. If r #= 0, then r is a positive integer less than 
n, whereas n is the smallest positive integer such that a" = e. Thus r = 0, a nd 
therefore l = nq. 

If a is any element of a group, we will denote the order of a by 

EXERCISES 

A. Laws of Exponents 

Let C be a group and a E C. 

ord(a) 
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Prove that alMa" = am". in the fo llowing cases: 
(i) m ;= 0 (ii) m < 0 and n > 0 (iii) m < 0 and n < 0 

2 Prove that (a"'r = a"'" in the fo llowing cases; 
(i)m = 0 (ii) n = 0 (iii)m < Oand n > 0 (iv)m > Oand n < 0 

(v) m < 0 and n < 0 
3 Prove that (a·) - I = a- · in the .fol lowingcases: 

(i) n = 0 (ii) n < 0 

B. Examples of Orders of Elements 

1 What is the order of 10 in Z25 ? 

2 Whatistheorderof6 inZ 16 ? 

3 What is the order of 

in S6? 

23456) 
1 3 2 5 4 

4 What is the order of 1 in IR' ? What is the order of I in R? 

5 If A is the set of all the real numbers x to, 1,2, what is the order of 

in SA? 

2 
Ilxl---

2 - x 

6 Can an element of an infinite group have finite order? Explain 

7 In Z24, list a ll the elements (al of orde r 2; (b) of order 3; (el of o rder 4; (d) of order 
6. 

C. Elementary Properties of Order 

Let a, b, and c be elements of a group G. Prove theJollowing; 

1 Ordeal = 1 iff a = e 
2 If o rdeal = n, then a" - ' = (a') - I 

3 If ak = e where k is odd, then the order of a is odd. 
4 Ordeal = ord(bab - ' ). 

5 The order of a- 1 is the same as the order of a. 

6 The order of ab is the same as the order of ba. [HINT: If 

(ba)" = baba .. . ba = e 
'--..----' 

then a is the inverse of x. Thus, ax = e.] 

7 Ord(abc) = ord(cab) = ord(bca) 

• 

8 Let x + ala2 ... a., and let y be a product of the same faclors, permuted cy­
clically. (That is, y = a~aH 1 ••• a.a 1 ••• a~_d Then ord(xl = ord(y). 
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D. Further Properties of Order 

Let u be any element of a group G. Prove the/ollowing: 

I If a" = e where p is a prime number, then a has order p. 

2 The order of cf is a divisor (factor) of the order of a. 

3 If ordeal = km, then ord(a') = m. 

4 If ordeal = n where n is odd, then ord(a 2
) = n. 

5 If a has order n, and ar = aI, then n is a factor of r - s. 
6 If a is the only element of order k in G, then a is in the center of G. (HINT : Use 
Exercise C4. Also, see Chapter 4, Exercise C6.) 

7 If the order of a is not a multiple of m, then the order of a~ is not a multiple of m. 
(HINT: Use part 2.) 
8 If ordeal = mk and art = e, then r is a multiple of m. 

t E. Relationship between ord(ab), ordeal, and ord(b) 

Let a and b be elements of a grou p G. Let ordeal _ m and ord(b) = n; Icm(m, n) 
denotes the least common multiple of m and n. Prove the/ollowing: 

I If a and b commute, then o rd(ab) is a divisor of 1cm(m, n). 

2 If m and n are relatively prime, then no power of a can be equal to any power of b 
(except for e). (ReMARK; Two integers are said to be relatively prime if they have no 
common factors except ± 1.) (HINT: Use Exercise 02.) 
3 If m and n are relatively prime, then the products alb) (0 ~ i ~ m, 0 0;;; j ~ p) are 
all dist inct. 
4 Let a and b commute. If m and n are relatively prime, then ord(ab) = mn. (HINT: 

Use part 2.) 
5 Let a and b commute. There is an element c in G whose order is Icm(m, n). (HINT ; 
Use part 4, above, together with Exercise D3. Let c be a certain power of a.) 

6 Give an example to show that part 1 is not true if a and b do not commute. 

Thus, there is no simple relationship between ord(ab), ordeal, and ord(b) if a and b 
fail to commute. 

t F. Orders of Powers of Elements 

Let a be an element of order 12 in a group G. 

I What is the smallest positive integer k such that a8k = e? (HINT: Use Theorem 5 
and explain carefull y!) 

2 What is the order of a8 ? 
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3 What are the orders of a9, a lO
, as? 

4 Which powers of a have the same order as a? [That is, for what values of k is 
ord(a~) = 12?] 
5 Let a be an element of order m in any group G. What is the order of at? (Look al 
the preceding examples, and generalize. Do not prove.) 

6 Let a be an element of order m in any group G. For what values of k is 
ord(a~) = m? (Look at the preceding examples. Do not prove.) 

t G. Relationship between ord(a) and ord(at
) 

From elementary arithmetic we know that every integer may be written uniquely as 
a product of prime numbers. Two integers m and n are said to be relatively prime if 
they have no prime factors in common. (For example, 15 and 8 are relatively prime.) 
Here is a useful fact: If m and n are relatively prime, and m is a factor of nk, then m 
is a factor of k. (Indeed, all the prime factors of m are factors of nk but not of n, 
hence are factors of k.) 

Let a be an element of order n in a group G. Prove thefollowil1g: 

If m and 11 are relatively prime, then a'" has order n. (HINT: If a"'A = e, use 
Theorem 5 and explain why n must be a factor of k.) 

2 If a'" has order n, then m and n are relatively prime. [HINT: Assume m and n have 
a common factor q> I, hence we can write m = m'q and n = n'q. Explain why 
(a'"f' = e, and proceed from there.] 
3 Conclude from parts I and 2 that: ord(a"') ,., n iff nand m are relatively prime. 

4 Let I be the least common multiple of m and II. Let 11m = k. Explain why (a"')~ = e. 

5 Prove : If (a"')' = e, then n is a factor of mt. (Thus, me is a common multiple of m 
and II.) Conclude that 

..L :SO mt 
' m' 

6 Use parts 4 and 5 to prove that the order of a'" is [Icm(m, n)J/m 

t H. Relationship between the Order of a and the Order of any kth 
Root of a 

LeI a denote an element of a gro up G. 

I LeI a have order 12. Prove that if a has a cube root, say a _ bl for some beG, 
then b has order 36. {HINT: Show that b16 

::= e; then show that for each factor k of 
36, b~ = e is impossible. [Example: If biz ,., e, then biz ... (b 1)' _ a' _ e.] Derive 
your conclusion from these facts.} 
2 Let a have order 6. If a has a fourth root in G, say a = b4

, what is the order of b? 

3 Let a have order 10. If a has a sixth root in G, say a = b6
, what is the order of b? 

4 Let a have order n, and suppose a has a kth root in G, say a = bt . Explain why the 
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order of b is a factor of nk. Let 

"k ord(b) =­
I 

5 Prove that n and I are relatively prime. [HINT: Suppose n and I have a common 
facto r q > I. Then n = an' and / = q/', so 

qn'k n'k 
oed(b) ~-~-

q/' /' 

Thus b"'~ = e (why?) Draw your conclusion from these facts.] 

Thus, if a has order nand Q has a kth root b, then b has order nk/ I, where n and I are 
relatively prime. 

6 Let a have order n. Let k be an integer such that every prime factor of k is a factor 
of II. Prove : If a has a kth root b, then ord(b) = nk. 
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ELEVEN 
CYCLIC GROUPS 

If G is a group and 0 E G, it may happen that every element of G is a power 
of o. In other words, G may consist of al l the powers of a, and nothing else: 

G ~ (a": n E Z} 

In that case, G is called a cyclic group, and a is called its generator. We write 

G ~ (a) 

and say that G is the cyclic group generated by a. 
If G = (0) is the cyclic group generated by a, and a has order n, we say 

that G is a cyclic group of order n. We will see in a moment that. in that 
case, G has exactly n elements. If the generator of G has order infinity, we 
say that G is a cyclic group of order infinity. In that case, we will see that G 
has infinitely many elements. 

The simplest example of a cyclic group is Z, which consists of all the 
multiples of 1. (Remember that in additive notation we speak of "multiples" 
instead of " powers.") Z is a cyclic group ,?f order infinity; its generator is I. 
Another example of a cyclic group is 71. 6 , which consists of all the multiples 
of I, added modulo 6. Z6 is a cyclic group of order 6; 1 is a generator of Z6, 
but Z6 has another generator too. What is it? 

Suppose <a) is a cyclic group whose generator a has order n. Since <a ) 

109 
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is the set of all the powers of a, it follows from Theorem 3 of Chapter 10 
that 

If we compare this group with Zft, we notice a remarkable resemblance! 
For one thing, they are obviously in one-to-one correspondence: 

In other words, the function 

is a one-ta-one correspondence from Zft to (a) . But this function has an 
additional property, namely 

J(i + j) ~ a" j ~ a'~ ~ J{i)JU) 

Thus,fis an isomorphism from 2" to (a). In conclusion, 

Z. '" (a) 

Let us review this situation in the case where a has order infinity. In this 
case, by Theorem 4 of Chapter IQ, 

(a) = { ... ,a - 2, a- I,e,a, a2, ... } 

There is obviously a one-to-one.correspondence between this group and Z: 

<a)~{ ... , - I 0 I 1 ) a , a , a, a , ... 

[ [I [ 
-I, 0, I , 2, ... ) 

In other words, the functi on 

is a one-to-one correspondence from Z to (a). As before, f is an isomor­
phism, and therefore 

Z '" (a) 

What we have just proved is a very important fact about cyclic groups; 
let us state it as a theorem. 
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Theorem I: Isomorphism of Cyclic Groups 

(i) For every positive integer n, every cyclic group of order n is isomorphic co 
Z" . Thus, any two cyclic groups of order n are isomorphic to each other. 

(ii) Every cyclic group of order infinity is isomorphic to Z, and therefore any 
two cyclic groups of order infinity are isomorphic to each other. 

If G is any group and a E G, it is easy to see Ihat 

(i) the product of any two powers of a is a power of a; for ama" = am+". 
Furthermore, 

(ii) the inverse of any power of a is a power of a, because (a") - I = a-II. It 
therefore follows that 

(iii) the set of all the powers of a is a subgroup of G. 

This subgroup is called the cyclic subgroup of G generated by a. It is obvi­
ously a cyclic group, and therefore we denote it by ( a) . If the element a has 
order n, then, as we have seen, (a) contains the n elements {e, a, aZ

, ••• , 

a,, - I}. If a has order infinity, then ( a ) = {.", a -2, a - I. e, a, a2, ",} and has 
infinitely many elements. 

For example. in Z. 0) is the cyclic subgroup of Z which consists of all 
the multiples of 2, In ZI5 , (3) is the cyclic subgroup {O, 3, 6, 9, 12 } which 
contains all the multiples of 3. In 5). (P? = {t, P. 15}. and contains all the 
powers of p. 

Can a cycl ic group, such as Z, have a subgroup which is not cyclic? This 
question is of great importance in our understanding of cyclic groups. Its 
answer is nol obvious. and certainly not self-evident: 

Theorem 2 Every subgroup of a cyclic group is cyclic. 

Let G = (a) be a cyclic group, and let H be any subgroup of G. We 
wish to prove that H is cyclic. 

Now, G has a generator a; and when we say that H is cyclic. what we 
mean is that H too has a generator (call it b), and H consists of all the 
powers of b, The gist of this proof, therefore, is to find a generator of H, and 
then check that every element of H is a power of this generator. 

Here is the idea : G is the cyclic group generated by a, and H is a 
subgroup of G. Every element of H is th.erefore in G, which means that 
every element of H is some power of a. The generator of H which we are 
searching for is therefore one of the powers of a-one of the powers of a 



112 CHAPTER ELEVEN 

which happens to be in H ; but which one? Obviously the lowest one! More 
accurately, the lowest positive power of a in H. 

G 

And now, carefully, here is the proof: 

Let 111 be the smallest positive integer such that a'" E H. We will show 
that every element of H is a power of a"', hence am is a generator of H. 

Let d be any element of H. Divide t by 111 using the division algorithm: 

t = mq + r o ~r<m 
Then 

Solving for ar, 

But am E H and a' E H, thus (a",) - qa' E H. 
It follows that a' E H. But r < til and III is the smallest positive integer 

such that am E H. So r = 0, and therefore t = mq. 

We conclude that every element a' E H is of the form a' = (a"')\ that is, 
a power of a .... Thus, H is the cycliC group generated by a"'. 

This chapter ends with a final comment regarding the different uses of 
the word "order" in algebra. 

Let G be a group; as we have seen, the order of an element a in G is the 
least positive integer n sueh that 

aaa"'a=e 
~ 

ft faclorS 

(The order of a is infinity if there is no such n.) 
Earlier, we defined the order of the group G to be the number of ele· 

ments in G. Remember that the order of G is denoted by 1 G I. 
These are two separate and distinct definitions, not to be confused with 

one another. Nevertheless, there is a connection between them: Let a be an 
element of order n in a group. By Chapter 10, Theorem 3, there are exactly 
n different powers of a, hence <a> has n elements. Thus, 

If ord(a) = n then l<a)I=" 
That is, the order of a cyclic group is the same as the order of its generator. 
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EXERCISES 

A. Examples of Cyclic Groups 

1 List the elements of (6) in Z 16' 

2 List the elements of (f) in S6. where 

(
I 2 3 4 5 6) 

f= 6 1 3 2 5 4 

3 Describe the cyclic subgroup (t> in R·. 
4 Irf(x) = x + 1, describe the cyclic subgroup (f) of SR. 
5 Iff(x) = x + 1, describe the cyclic subgroup (f) of 9'(R). 

6 Show that - I, as well as 1, is a generator of Z. Are there any other generators of 
Z? Explai n! What are the generators of an arbitrary infinite cyclic group (Q)? 

7 Is R* cyclic? Try to prove your answer. 

(HtNT: Ifk < I,then k > k~ > k 3 > .,. ; • • 

if k > I, then k < kl < kJ < .... ) • • 

B. Elementary Properties of Cyclic Groups 

Prove each o/the/ollowing: 

If G is a group of order n, G is cyclic iff G has an element of order n. 

2 Every cycl ic group is abelia n. (HINT: Show that any two powers of a commute.) 

3 If G = (a) and bEG, the order of b is a factor of the order of Q. 

4 In any cyclic group of order n, there are elements of order k for every integer k 
which divides n. 

5 Let G be an abelian group of order mn, where m and n are relatively prime. If G 
has an element of order m and an element of order n, G is cyclic. (See Chapter 10, 
Exercise E4.) 
6 Let (a) be a cyclic group of order n. If nand m are relatively prime, then the 
functionf(x) = x'" is ·an automorphism of (a). (HINT: Use Exercise B3, and Chapter 
10, Theorem 5.) 

C. Generators of Cyclic Groups 

For any positive integer n, let <p(n) denote the number of positive integers less than n 
and relatively prime to n. For example, 1,2, 4,5,7, and 8 afe relatively prime to 9, 
so 1>(9) = 6. Let a have order n. and prove thefallowing; 
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1 a' is a generator of (a) iff rand n are relatively prime. (H INT: See Chapter 10, 
Exercise G3.) 
2 (a) has ¢{n)different generators. [Use (I).] 

3 For any factor m of n, let C .. = {x E (a): x" = e}. C .. is a subgroup of (a). 
4 C .. has exactly m elements. (HINT: Use Exercise 84.) 
5 An element x in (a) has order m iff x is a generator ofC", . 
6 There are ¢(m) elements of order m in (a). [Use (I) and (5).] 

7 Let n "" mk. a' has order m iff r = kl where / and m are relati vely prime. (HINT: See 
Chapter 10, Exercise G3.) 

8 He is any generator of (a), then {c'": r is relatively prime to n} is the set of all the 
generators of (a). 

D. Elementary Properties of Cyclic Subgroups of Groups 

Let G be a group and let a, bEG. Prove the/ollowing: 

1 If a is a power of b, say a = bk
, then (a) 0;;: (b). 

2 Suppose a is a power of b, say a - bk
• Then b is equal to a power of a iff 

<a> ~ (b>. 
3 Suppose a E (b) . Then (a) ;0< (b) iff a and b have the same order. 

4 Let ordeal = n, and b = tf. Then (a) = (b) iff nand k are relatively prime. 
S Lei ord(a) _ n, and suppose a has a kth rool, say a = bk• Then (a) = (b) iff k and 
II are relatively prime. 
6 Any cyclic group of order mn has a unique subgrou p of order n. 

E. Direct Products of Cyclic Groups 

Let G and H be groups, with a E G and b E H. Prove the/ollowing: 

I If (a, b) is a generator of G x H, then a is a generator of G and b is a generator of 
H . 

2 If G x H is a cyclic gro up, then G and H are both cycl ic. 

3 The converse of part 2 is false. (Give an example to demonstrate ihis.) 
4 Let ordeal = m and ord(b) = n. The order of (a, b) in G x H is the least common 
mUltiple of m and n. (HINT: Use Chapler 10, Theorem 5. Nothing else is needed!) 
S Conclude from part 4 thai if m and n are relatively prime, then (a, b) has order mn. 
(HINT: If two numbers are relatively prime, their least common multiple is equal to 
their product.) 
6 Suppose (c, d) E G x H, where c has order m and d has order n. If m and n are not 
relatively prime (hence have a common factor q > I), then the order of (c, d) is less 
than mn. 
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7 Conclude from parts 5 and 6 that: (a) x (b) is cyclic iff o rd(a) and o rd(b) are 
relatively prime. 

8 Let G be a n abelian group of o rder mn, where m and II are relatively prime. If G 
has an clement a of order m and a n element b of o rder II, then G 8:: ( a ) x (b) . 
(HINT: Sec Chapter 10, Exercise E3.) 

9 Let (a) be a cyclic group of order mil, where m and n are relat ively prime. Then 
(a) ~ (am) x (a~). 

t F. kth Roots of Elements in a Cyclic Group 

Let (a) be a cyclic group of order II. Fo r any integer k, we may ask: which elements 
in ( a ) have a kth root? The exercises which fo llow wi ll answer this questio n. 

1 Let a have o rder 10. For what integers k (0 ~ k ~ 12), does a have a kth root? 
For what integers k (0 >S;; k ~ 12), does a6 have a kth root ? 

Let k and n be any integers, and let gcd(k, /I) denote the greatest common 
divisor of k and II. A linear combination of k and /I is a ny expression ck + dll where 
c and d are integers. It is a simple fact of number theory (the proof is given on page 
218), that an integer m is equal to a linear combinatio n of k and n iff m is a multiple 
of gcd(k, II). Use this fact to prove the following, where a is an element of order n in 
a group G. 

2 If m is a multiple of gcd(k, II), then a"' has a kth root in ( a ) . [HINT: Com pute a"', 
and show tha t a"' = (ttl for some if E (a) .] 

3 If a"' has a kth root in (a). then m is a multiple of gcd(k, n). Thus. am has a kth 
root in (a) iff gcd(k, II) is a facto r of m. 

4 a has a kth root in (a) iff k and n are relatively prime. 

S Let p be a prime number. 
(i) If II is not a multiple of p, then every element in (a) has a pth rool. 

(ii) If n is a multiple of p, and alft has a pth root, then m is a multiple of p. (Thus, 
the only clements in (a) which have pth roots are e, aP, aZP, etc.) 

6 The set of all the clements in (a) having a kth root is a subgroup of (a). (Prove 
this.) Explain why this subgroup is cyclic, say (a"') . What is this value o f m? (Use 
part 3.) 



CHAPTER 

TWELVE 
PARTITIONS AND EQUIVALENCE 
RELATIONS 

Imagine emptying a jar of coins onto a table and sorting them into separate 
piles. one with the pennies, one with the nickels, one with the dimes, one 
with the quarters and one with the half-dollars. This is a simple example of 
partitioning a set. Each separate pile is called a class of the partition; the 
jarful of coins has been partitioned into five classes. 

Here are some other examples or partitions: The distributor or rarm­
rresh eggs usually sorts the daily supply according to size, and separates the 
eggs into three classes called "large," "medium," and "small." 

The delegates to the Democratic national convention may be classified 
according to their home state, thus falling into 50 separate classes, one ror 
each state. 

A student files class notes according to subject matter; the notebook 
pages are separated into four distinct categories, marked (let us say) "al­
gebra," "psychology," "English," and" American history." 

Every time we file, sort, or classify, we are perrorming the simple act of 
partitioning a set. To partition a set A is to separate the elements of A into 
nonempty subsets, say A 1, A 2 , AJ , etc., which are called the classes or the 
partilion. 

116 
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Any two distinct classes, say Ai and Aj> are disjoint, which means they have 
no elements in common. And the union of the classes is all of A. 

Instead of dealing with the process of partitioning a set (which is awk­
ward mathematically), it is more convenient to deal with the result of par­
titioning a set. Thus, {AI> A 2 , AJ , A4}. in the illustration above, is called a 
partition of A. We therefore have the following definition: 

A partition oj a set A is a Jamily {Ai: i E I} oj nonempty subsets oj A 
which are mutually disjoint and whose union is all oj A. 

The notation {Ai: i E I} is the customary way of representing a family 
of sets {Ai> Ai' A~, ... } consisting of one set Ai for each index i in I . (The 
elements of 1 are called indices; the notation {Ai: i E I} may be read: the 
family of sets A .. as i ranges over I.} 

Let {Ai: i E I} be a partition of the set A. We may think of the indices 
i,j, k, ... as labels for naming the classes Ai> A j , A b ... . Now. in practical 
problems, it is very inconvenient to insist that each class be named once 
and only once. It is simpler to allow repetition of indexing whenever con­
venience dictates. For example, the partiti~n illustrated previously might 
also be represented like this, where A 1 is the same class as A 5 , A 2 is the 
same as A 6 , and A J is the same as A 7 . 

As we have seen, any two distinct classes of a partition are disjoint; this 
is the same as saying that if two clas.~es are not disjoint, they must be equal. 
The other condition for the classes of a partition of A is that their union 
must be equal to A; {his is the same as saying that every element oj A lies in 
one oj the classes. Thus, we have the following, more explicit definition of 
partition: 

By a partition of a set A we mean a Jamily {Ai: i E I} oj nonempty 
subsets oj A such that 
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(i) If any two classes, say Ai and A j , have a common element x (that is, 
are not disjoint), then Ai = A j , and 

(ii) Every element x of A lies in one of the classes. 

We now turn to another elementary concept or mathematics. A relation 
on a set A is any statement which is either true or raise ror each ordered 
pair (x, y) of elements of A. Examples or relations, on appropriate sets, are 
"x = y," "x < y," "x is parallel to y," "x is the offspring of y," and so on. 
An especially important kind of relation on sets is an "equivalence re­
lation." Such a relation will usuall y be represented by the symbol ""', so 
that x ...... y may be read" x is equivalent to y." Here is how equivalence 
relations are defined : 

By an equivalence relation on a set A we mean a relation .... which is 

Reflexive: that is, x ""' x for every x in A; 
Symmetric: that is, if x ...... y, then y """ x; and 
Transitive: that is, ir x ,.., y and y ...., Z, then x .... z. 

The most obvious example of an equivalence relation is equality, but there 
are many other examples, as we shall be seeing soon. Some examples rrom 
our everyday eXJkrience are: "x weighs the same as y," "x is the same color 
as y," "x is synonymous with y," and so on. 

Equivalence relations also arise in a natural way out of partitions. 
Indeed, if {Ai: i E I} is a partition of A, we may define an equivalence 
relation - on A be letting x - y iff x and yare in the same class of the 
partition. 

, 
b d f 

In other words, we call two elements "equivalent" ir they are members of 
the same class. It is easy to see that this relation '"" is an equivalence 
relation on A. Indeed, x,..... x because x is in the same class as x; next, if x 
and yare in the same class, then y and x are in the same class; finally, ir x 
and yare in the same class, and y and z are in the same class, then x and z 
are in the same class. Thus, ,..... is an equivalence relation on A; it is called 
the equivalence relation determined by the partition {Ai: j E l}. 
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Let ,..., be an equivalence relation on A, and x an element of A. The set 
of all the elements equivalent to x is called the equivalence class of x, and is 
denoted by [x]. In symbols, 

[x ) ~ {y E A : y - xl 
A useful property of equivalence classes is this: 

Lemma lfx '"" y,then [x ] = [y]. 

In other words, if two elements are equivalent, they have the same equival­
ence class. The proof of this lemma is fairly obvious: for if x '"" y, then the 
elements equivalent to x are the same as the elements eq ui valent to y. 

For example, let us return to the jarful of coins we discussed earlier. If 
A is the set of coins in the jar, call any two coins "equivalent" if they have 
the same value: thus, pennies are equivalent to pennies, nickels are equival­
ent to nickel s, and so on. If x is a particular nickel in A, then [x], the 
equivalence class of x, is the class of all the nickels in A. If Y is a particular 
dime, then [y] is the pile of all the dimes; and so forth. There are exactly 
five distinct equivalence classes. If we apply the lemma to this example, it 
states simply that if two coins are equivalent (that is. have the same value). 
they a re in the sa me pile. By the way, the five equivalence classes obviously 
form a partition of A; this observation is expressed in the next theorem. 

Theorem If'"" is an equivalence relacion on A, the family of all the equival­
ence classes. that is, {[x] : x E A}. is a partition of A. 

This theorem states that if '""' is an equivalence relation on A and we 
sort the elements of A into distinct classes by placing each element with the 
ones equivalent to it, we get a partition of A. 

T o prove the theorem, we observe first that each equivalence class is a 
nonempty subset of A. (It is nonempty because x '"" x, so X E [x ]) . Next. we 
need to show that any two distinct classes are disjoint- or, equivalently, 
that'if two classes [x] and [y] have a common element, they are equal. 
Well, if [x] and [y] have a common element u, then u ...... x and u '"" y. By 
the symmetric and transitive laws, x ...... y. Thus, [ x] = [y] by the lemma. 

Finally, we must show that every element of A lies in some equivalence 
class. This is true beca use x E [ x]. Thus, the fami ly of all the equivalence 
classes is a partition of A. 

When ..... is an equivalence relation on A and A is partitioned into its 
eq ui valence classes, we call this partition the partition determined by the 
eqlliva/ence relation,"" . 
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The student may have noticed by now that the two concepts of parti­

lion and equivalence relation. while superficially different, are actually twin 
aspects of the same structure on sets. Starting with an equivalence relation 
on A, we may partition A into equivalence classes. thus getting a partition 
of A. But from this partition we may retrieve the equivalence relation, for 
any two elements x and yare equivalent iff they lie in the same class of the 
partition. 

Going the other way, we may begin with a partition of A and define an 
equivalence relation by letting any two elements be equivalent iff they lie in 
the same class, We may then retrieve the partition by partitioning A into 
equivalence classes. 

As a final example, let A be a set of poker chips of various colors, say 
red, blue, green, and white. Call any two chips "equivalent " if they are the 
same color, This equivalence relation has four equivalence classes: the set of 
all the red chips, the set of blue chips, the set of green chips, and the set of 
whi te chips. These four equivalence classes are a partition of A. 

Conversely, if we begin by partitioning the set A of poker ch ips into 
four classes according to their color, this partition determines an equival­
ence relation whereby chips are equivalent iff they belong to the same class. 
This is precisely the equivalence relation we had previously. 

A fina l comment is in order. In general, there are many ways of par­
titioning a given set A; each partition determines (and is determined by) 
exactly one specific equivalence relation on A. Thus, if A is a set of three 
elements, say a, b, and c, there are five ways of partitioning A, as indicated 
by the accompanying illustration. Under each partition is written the equiv­
alence relation determined by that partition. 

(86)00 
" ~ " " ~" " ~ " " '" " '" ,~ , , ~, ,, ' ,~, , ~ , 

,~, ,~, ,~, ,~, , ~, 

", ' " ~, ,~ , , , ' 
'" , '< 

Once again, each partition of A determines, and is determined by, exactly 
one equivalence relation on A . 
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EXERCISES 

A. Examples of Partitions 

Prove that each of the following is a partilion of the indicated set. Then describe the 
equivalence relation associated wilh that partition. 

I For each integer r E to, I, 2, 3, 4}, let A. be the set of all the integers which leave a 
remainder of r when divided by 5. (That is, x E A, iff x = 5q + r for some integer q.) 
Prove: {Ao, AI> A l , A 3 , A4} is a partition or l. 

2 For each integer n, let A~ - {x E Q:n ~ x < n + l}. Prove {A.:n E l } is a 
partition of Q. 

3 For each rational number r, let A, = {(m, n) E l xl: min = r}. Prove that 
{A,: r E OJ is a partition of Z x Z. 
4 For r E to, I, 2, ... , 9}, let A, be the set of all the integers whose units digit (in 
decimal notation) is equal to r. Prove: {Ao, A" A l , ••• , A?} is a partition of l . 

5 For any rational number x, we can write x = q + nl m where q is an integer and 
o ~ nl m < I. Call nlm the fraclional part of x. For each rational r E {x : 0 ~ x < I}, 
lei A, = {x EO : the fractional part of x is equal to r}. Prove: {A, : ° ~ r < I} is a 
partition of O. 
6 For each r E H, let A, = {(x, Y)E R x R :x -y= rl. Prove: {A,: r E R} isa par­
tition of R x R. 

B. Examples of Equivalence Relations 

Prove that each of the foI/owing is an equivalence relation on the indicated set. Then 
describe the partition associated with that equivalence rela~ion. 

Iln Z, m ..... nilTlml=lnl· 
2 In O,r ...... ~ iffr - s E Z. 
3 Let rxl denote the greatest integer ~ x. In R, let a ..... b iff r al ,. rbl. 
4 In Z, let m ..... n iff m - n is a multiple of 10. 
SIn IR, let a ..... b iffa - b E O. 
6 10 F(RI. lot! - g ;1f!(01- g(01. 
7 In .!F(IR), let f ..... g ifff(x) = g(x) for all x > c, where c is some fixed real number. 

S If C is any set, Pc denotes the set of all the subsets of C. Let D ~ C. In Pc, let 
A ..... B iff AnD = B n D. 

9 In R x R, lct(a, b) ..... (e, djiffa2 + b2 = e2 +d2
• 

10 In R, let a ..... b iff al b E O. 
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C. Equivalence Relations and Partitions of IR x IR 

In parts 1 to 3, {A,: r e R} is a family of subsets of R x R. Prove it is a partition, 
describe the partition geometrically, and give the corresponding equivalence reo 
lation. 

I For each r € R, A, = {(x, y): y = 2x + r}. 
2 For each r en, A, = {(x, y): x 2 + y2 = r2}. 

3 Foreachr e R, A.= {(x,y): y "" Ixl + r }. 

In parts 4 to 6, an equivalence relation on R x IR is given. Prove it is an equivalence 
relation, describe it geometrically, and give the corresponding partition. 

4 (x, y) ..... (u, v) iffax 2 + by2 _ au2 + bv2 (where a, b > 0) 

5 (x, y) ..... (u, v) iff x + y = u + v 

6 (x, y) ..... (II, v) ilT x 2 _ y _ u2 - V 

D. Equivalence Relations on Groups 

Let G be a group. In each of the following, a rela tion on G is defined. Prove it is an 
equivalence relation. Then describe the equivalence class oj e. 

I If H is a subgroup ofG, let a ...... biffab - 1 E H. 

2 If H is a subgroup of G, let a ...... b iff a - 1b e H. Is this the same equivalence 
rela tion as in part I'! Prove your answer. 
3 Let a""" b iff there is an x E G such thata = xbx - 1

• 

4 Let a ...... b iff there is an integer k such that a~ = b~. 

5 Let a""" biffab- I commutes with every x E G. 

6 Let a ..... b iff ab - I is a power of c (where c is a fixed element of G). 

E. General Properties of Equivalence Relations and Partitions 

I Let {A; : i E I} be a parti tion of A. Let {B): j E J} be a partition of B. Prove that 
{AI x Bj : (t,}1 E I x J } is a partition of A x B. 

2 Let ..... I be the equivalence rela tion corresponding to the above partition of A, and 
let ...... J be the equivalence relation corresponding to the partition of B. Describe the 
eq uivalence relation corresponding to the above partition of A x B. 

3 Let f : A -+ 8 be a function. Define ...... by: a ...... b iff J (a) = J (b). Prove that ...... is 
an equivalence relation on A. Describe its equi valence classes. 

4 Let J : A -+ 8 be a surjective function, and let {B;: i E I} be a partition of B. 
Prove that U - 1(B1): i E I} is a partition of A. If ..... I is the equivalence relation 
corresponding to the partition of S, describe the equivalence relation corresponding 
to the partition of A. [REMARK: For any C s;: B,J - I(q = {x E A :J(x) E C}.] 
5 Let ...... I and ...... 2 be distinct equivalence relations on A. Define ...... 3 by : a -] b iff 
a ...... I b and a - 2 b. Prove that - J is an equivalence relation on A. If [x], denotes 
the equivalence class of x for ...... I (i ,.. 1,2, 3), prove that [X]3 .,.. [X]I n [X]2' 
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THIRTEEN 
COUNTING COSETS 

Just as there are great works in art and music, there are also great creations 
of mathematics. "Greatness," in mathematics as in art, is hard to define, but 
the basic ingredients are clear: a great theorem shou ld contribute substan­
tial new information, and it shou ld be IInexpected! That is, it should reveal 
something which common sense would not naturally lead us to expect. The 
most celebrated theorems of plane geometry, as may be recalled, come as a 
complete surprise; as the proof unfolds in simple, sure steps and we reach 
the conclusion-a conclusion we may have been skeptical about, but which 
is now established beyond a doubt-we feel a certain sense of awe not 
unlike our reaction to the ironic or tragic twist of a great story. 

In this chapter we will consider a result of modern algebra which, by all 
standards, is a great theorem. It is something we would not likely have 
foreseen, and which brings new order and simplicity to the relationship 
between a group and its subgroups. 

We begin by adding to our algebraic tool kit a new notion- a concep­
tual tool of great versatility which will serve us well in all the remaining 
chapters of this book. It is the concept of a coset. 

Let G be a grollp. and H a sllbgroup of G. For any element a in G, the 
symbol 

aH 
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denotes the set oj all products ali, as a remainsjixed and Ii ranges over H. 
aH is called a left coset of H in G. 

I n similar fashion, 

Ha 

denotes the sec oj all products lia, as a remains fixed and Ii ranges over H. 
Ha is called a right coset of H in G. 

In practice, it will make no difference whether we use left eosets or right 
eosels, just as long as we remain consistent. Thus, from here on, whenever 
we use eosets we will use right eosets. To simplify our sentences, we will say 
coset when we mean " right coset." 

When we deal with cosets in a group G, we Il).ust keep in mind that 
every coset in G is a subset of G. Thus, when we need to prove that two 
cosets Ha and Hb are equal, we must show that they are equal sets. What 
this means, of course, is that every element x e Ha is in Hb, and conversely, 
every element Y E Hb is in Ha. For ex.ample, let us prove the fo llowing 
elementary fact : 

If a E Hh, then Ha = Hb ('J 

We are given that a E Hb, which means that a = hlb for some hi E H. We 
need to prove that Ha = Hb. 

Let x E Ha ; this means that x = h2 a for some h2 E H. But a = hlh, so 
x = 112 {j = (h2 h1)b, and the la~ter is clearly in Hb. This proves that every 
x E Ha is in Hb; analogously, we may show that ~very y E Hb is in Ra, and 
therefore Ha = Hb. 

The fi rst major fact about cosets now fo llows. Lei G be a group and let 
H be a fixed su bgroup of G; 

Theorem f Thefamity of all the cosets Ha, as a ranges over G, is a partition 
afG. 

II, 

G II, lib 

/I, 

First, we must show that any two casets, say Ha and Hh, are either 
disjoint or equal. If they are disjoint, we are done. If not, let x E Ha n Hh. 
Because x E Ha, x = lila for some hi E H. Because x E Hb, x = "2b for 
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some h2 E H. Thus, h1a = h2 b, and solving for a, we have 

Thus, 

a E Hb 

It follows from (*) that Ha = Hb. 
Next, we must show that every element c EG is in one of the cosets of 

H. But this is obvious, because c = ec and e E H ; therefore, 

c=eCE Hc 

Thus, the family of all the cosets of H is a partition of G! 

Before going on, it is worth making a small comment : A given coset, 
say Hb, may be written in more than one way. By (*), if a is any element in 
Hb, then Hb is the same as Ha. Thus, for example, if a coset of H contains n 

different elements alt a2 , ••• , a", it may be written in n different ways, 
namely Hal ' Ha 2, "', Ha" . 

The next important fact about cosets concerns finite groups. Let G be a 
finite group, and H a subgroup of G. We will show that all the easelS of H 
have the same number of elements ! This fact is a consequence of the next 
theorem. 

Theorem 2 If Ha is any easel of H, there is a one~to~one correspondence from 
H to Ha. 

The most obvious function from H to Ha is the one which, for each 
hE H, matches h with ha. Thus,letf: H _ Ha be defined by 

J(h) ~ ha 

Remember that a remains fixed whereas h varies, and check that f is injec~ 
tive and surjective. 

f is injective: Indeed, if f 011) = f(h 2), then hla = h2 a, and therefore hi = h2. 
f is surjective, because every element of Ha is of the form ha for some h E H, 

and ha ~ J(h). 

Thus,fis a one~to~one correspondence from H to Ha, as claimed. 
By Theorem 2, any coset Ha has the same number of elements as H, 

and therefore all the eosets have the same number of elements! 



126 CHAPTER THIRTEEN 

Hb 

G H, i---jHe = H 
H, 

Let us take a careful 100" at what we have proved in Theorems I and 2. 
Let G be a finite group and H any subgroup of G. G has been partitioned 
in to eosets of H, and all the cosels of H have the same number of elements 
(wh ich is the same as the number of elements in H). Thus, the number oj 
elemenfS in G is equal to the number of elements in H, multiplied by the 
number oj distinct coselS oj H. This statement is known as Lagrange's theor­
em. (Remember that the number of elements in a group is called the group's 
order.) 

Theorem 3: Lagrange's theorem Let G be ajinile group, and H any subgroup 
oj G. Tile order oj G is {j multiple oJthe order oj H. 

In other words, the order of any subgroup of a group G is a divisor of 
the order of G. 

For example, if G has 15 elements, its proper subgroups may have 
either 3 or 5 elements. If G has 7 elements, it has no proper subgroups, for 7 
has no factors other than 1 and 7. This last example may be generalized: 

Let G be a group with a prime number p of elements. If a E G where 
a 7= e, then the order of a is some integer m 7= l. But then the cyclic group 
(a) has m elements. By Lagrange's theorem, m must be a factor of p. But p 

is a prime number, and therefore m = p. It follows that ( a) has p elements, 
and is therefore a ll of &! Conclusion: 

Theorem 4 IJ G is a group with a prime number p oj elements, then G is a 
cyclic group. Furthermore, any element a 7= e in G is a generator oJG. 

Theorem 4, which is me~ely a consequence of Lagrange's theorem, is 
quite remarkable in itself. What it says is that there is (up to isomorphism) 
only one group oj any given prime order p. For example, the only group (up 
to isomorphism) of order 7 is Z7' the only group of order II is Z\\. and so 
on! So we now have complete information about all the groups whose 
order is a prime number. 

By the way, if a is any element of a group G, the order of a is the same 
as the order of the cyclic subgroup ( a), and by Lagrange's theorem this 
number is a divisor of the order of G. Thus, 
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Theorem 5 The order_of any element of afinice group divides the order of the 
group. 

Finally, if G is a group and H is a subgroup of G, the index of H in G is 
the number of cosets of H in G. We denote it by (G : H). Since the number 
of elements in G is equal to the number of elements in H , multiplied by the 
number of easels of H in G, 

(G: H) = order of G 
order of H 

EXERCISES 

A. Examples of Cosels in Finite Groups 

In each of the following, H is a subgroup of G. List the eosets of H. For each coset, 
list the elemenB of the CO$et. 

Example G = 2 4 • H = {O, 2}. 

(REMARK: If the operation of G is denoted by +, it is euslOmary to write H + x 
for a coset, rather than Hx.) The eoselS of H in this example are: 

H - H + 0 - H + 2 = {O. 2) 

I G = S,. H = {" P. 0) 
2 G = SJ, H = it, e<} 
3 G = Z lS' H = (5) 

a"d H + I - H + 3 - {I. 3) 

4 G = D4 , H = {Ro • R4 } (For 0 4 • see page 69.) 
(For A4 , see page 81.) 

6 Indica te the order and index of eaeh of the subgroups in parts 1 to 5. 

B. Examples of Cosets in Infinite groups 

Describe the co.~eu of the {ollowing subgroups. 

I The subgroup (3) of Z. 

2 The subgroup Z of R. 

3 The subgroup H - {2~ : n e Z} of &;1: - . 

4 The subgroup <t> of R-. 
5 The subgroup H = {(x, y) : x = y} of lR x R. 

6 For any positive integer m, what is the index of (m) in Z? 
7 Find a subgroup of R- whose index is eq ual 10 2. 
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C. Elementary Consequences of Lagrange's Theorem 

Let G be a finite group. Prove thelol/owing : 

I If G has order n, then x" = e for every x in G. 

2 Let G have order pq, where p and q are primes. Either G is cyclic, or every element 
x :f: e in G has order p or q. 

3 Let G have order 4. Either G is cyclic, or every element of G is its own inverse. 
Conclude thai every group of order 4 is abelian. 

4 If G has an element of order p and an element of order q, where p and q are 
distinct primes, then the order of G is a multiple of pq. 

5 If G has an element of order k and an element of order m, then I G I is a multiple 
of Icm(k, m) (lcm(k, m) is the least common multiple of k and ml 

6 Let p be a prime number. In any finite group, the number of elements of order p is 
a multiple of p - I. 

D. Further Elementary Consequences of Lagrange's Theorem 

Let G be a finite group, and let Hand K be Sl,lbgroups of G. Prove thefol/owing: 

I Suppose H !; K (therefore H is a subgroup of K). Then (G : H) = (G : KXK : H). 

2 The order of H " K is a common divisor of the order of H and the order of K. 

3 Lei H have order m and K have order n, where m and n are relatively prime. Then 
H " K = {e}. 
4 Suppose Hand K are not equal, and both have order the same prime number p. 
Then H" K _ {e}. 

5 Suppose H has index p and K has index q, where p and q are distinct primes. 
Then the index of H rl K is a multiple of pq. 
6 If G is an abelian group of order n, and m is an integer such that m a nd n are 
relatively prime, then the function I(x) = x" is an automorphism of G. 

E. Elementary Properties of eosets 

Let G be a group, and H a subgroup of G. Let a and b denote elements of G. 
Prove thefol/owing.: 

I Ha _ Hbiffab-1 e H. 

2 Ha=HiffaEH. 
3 If aH = Ha and bH - Hb, then (ab)H "" H(abl. 

4 IfaH ""Ha,thena - 1H = Ha - I
• 

5 If (ab)H "" (aelH, then bH - eH. 
6 The number of right cosets of H is equal to the number of left cosels of H. 
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7 If J is a subgroup of G such that J = H ("\ K, then for any a E G, Ja = Ha ("\ Ka. 
Conclude that if Hand K are of finite index in G, then their intersection 'H ("\ K is 
also of finite index in G. 

Theorem 5 of this chapter has a useful converse, which is the following: 

Cauchy's theorem If G is a finite group, and p is a prime divisor of I G I, then G has 
an element of order p. 

For example, a group of order 30 must have elements of orders 2, 3 and 5. 
Cauchy's theorem has an elementary proof, which may be found on page 340. 

In the next few exercise sets, we will survey a ll possible groups whose order is 
~ 10. By Theorem 4 of this chapter, if G is a group with a prime number p of 

elements, then G ~ Zp . This takes care of all groups of orders 2, 3, 5, and 7. In 
Exercise 06, page 152, it will be shown that if G is a group with pZ elements 
(where p is a prime),lhen G ~ Zp, or G ~ Zp )( Zp . This will take care of a ll groups 
of orders 4 and 9. The remaining cases are examined in the nex t three exercise sets. 

t F. Survey of All Six-Element Groups 

Let G be any group of order 6. By Cauchy's Iheorem"G has an element a of order 2 
and an element b of order 3. By Chapter 10, Exercise E3, the elements 

e, a, b, b2
, ab, ab1 

are all distinct; and since G has only six elements, these are all the elements in G. 
Thus, ba is one of the elements e, a, b, bZ

, ab, or abz. 

Prove that ba cannot be equal to either e, a, b, or bZ
• Thus, ba "" ab or ba := abz. 

Either of these two equations completely determines the table of G. (See the 
discussion at the end of Chapter 5.) 

2 If ba := ab, prove that G ;;;;: ZIO' 
3 lf ba:= abz, prove that G ~ 53' 

It fo llows that Zt, and 53 are (up to isomorphism), the only possible groups of 
order 6. 

t G. Survey of AUIO-Element Groups 

Let G be any group of order 10. 

I Reason as in Exercise F to show that G = {e, a, b, b1
, b3

, b'\ ab, ab1
, ab3

, ab4
}, 

where a has order 2 and b has order 5. 
2 Prove that ba cannot be equal to e, a, b, bZ

, b3
, or b4

• 
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3 Prove that if ba = ab, then G ~ l lo' 
4 If ha = ab~, prove that ba~ = a2b\ and conclude tha t b ,., b4

• This is impossible 
because b has order 5, hence ba"* ab2

• (HINT: The eq uation ba = ab I tells us that 
we may move a factor a from the righ t to the left of a factor b, but in so doing, we 
must square b. To prove an equation such as the preceding one, move all faclors a 
to the left of all factors b.) 
5 If ba = ab l , prove that ha2 = a2b9 = a2b'\ and conclude that b = b"'. This is 
impossible (why?); hence ba"* abl . 

6 Prove that if ba = ab\ then G ~ D, (where D, is the group of symmetries of the 
pentagon). 

Thus, the only possible groups of order to (up to isomorphism), are llO and Ds . 

t H. Survey of All Eight-Element Groups 

Let G be any gro up of order 8. If G has an element of order 8, then G :;;: Zs. Let uS 
assume now that G has no element of order 8; hence all the elements "* e in G have 
order 2 or 4. 

1 If every x oF- e in G has order 2, let a, b, c be three such elements. Prove that 
G = {e, a, b, e, {lb, be, ae, abc}. Conclude that G ~ Zz X Zz X Zz. 

In the remainder of this exercise set, assume G has an element a of order 4. Let 
H = (a) = fe, a, a2 , all. If b EG is nOI in H , then the coset Hb = {b, ab,a2b, alb}. 
By Lagrange's theorem, G is the un ion of He = Hand Hb ; hence 

G = fe, a, a2
, a l

, b, ab, a2b, alb} 

2 Assume there is in Hb an elemenl of order 2. (Let b be this element.) If ba = a2b, 
prove that b2a _ a4 b2

, hence a = a4
, which is impossible. (Why?) Conclude that 

either ba = ab or ba = alb. 

3 Let b be as in part 2. Prove that if ba = ab, then G :;;: l4 X lz. 

4 Let b be as in part 2. Prove that if ba = alb, then G :;;: D4 • 

5 Now assume the hypothesis in part 2 is fal se. Then b, ab, a2b, and alb all have 
order 4. Prove that b2 = a2

• (HINT: What is the order ofb 2? What element in G has 
the same order?) 

6 Prove: If ba = ab, then (a lb)2 = e, contrary to the assumption that ord(a 3b) = 4. 
If ba = a2b, then a = b4 a = e, which is impossible. Thus, ba = alb. 

7 The equations a4 = b4 = e, a2 = b2
, and ba = alb completely determi ne the table 

of G. Write Ihis table. (G is known as the qUQrernion group Q.) 

Thus, the only groups of o rder 8 (up to isomorphism) are 19' l2 X lz X lz, 
Z4 X Z2' D4,and Q. 

t I. Conjugate Elements 

If a E G. a conjugare of a is any element of the form xax- I, with x E G. (Roughly 
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speaking, a conjugate of Q is any product consisting of Q sandwiched between any 
element and its inverse.) Prove each of the following: 

I The rela tion "a is equal to a conjugate of b" is an equivalence relation in G. 
(Write a - b for "a is equal to a conjugate of b. ") 

This relation - partitions any group G into classes called conjugacy clas.~e.~. 
(The conjugacy class of a is [a] = {xax - l : x E G}.) 

For any element a E G, the centralizer of a, denoted by C. , is the set of all the 
elements in G which commute with Q. That is, 

C~ = {XE G: xa = ax} = {xe G: xax - 1 - a} 

Prove: 

2 For any a E G, C" is a subgroup of G. 
3 xax - I = yay - I iff xy - I commutes with a iff xy - I E C •. 

4 xax - l = yay - I iff C"x = C"y. (HINT: Use Exercise EI.) 
5 There is a one-to-one correspondence between the sel of all the conjugates of a 
and Ihe set of all the coselS of C". (HINT: Use part 4.) 

6 The number of distinct conjugates of a is equal to (G : C,,), the index oCC" in G. 
Thus, the size oj every conjugacy class is aJactor oj 1 G I. 

t J. Group Acting on a Set 

Let A be a sct, and let G be any subgroup orsA • G is a group ofpermulations of A; 
we say it is a group acting on the set A. Assume here that G is a finite group. If u E A, 
the orbit oJu (with respect to G) is the set 

Define a relation ..... on A by: u "" v iff g(u) = v for some 9 e G. Prove that ...... is an 
equivalence relation on A, and that the orbi ts are its equivalence classes. 

If u E A, the stabilizer oJu is the set G~ = {g e G : g(ul = u}, that is, the set of all 
the permutations in G which leave II fixed. 
2 Prove that G~ is a subgroup of G. 
3 Let IX = (1 2)(3 4)(5 6) and fJ = (2 3) in S6' Let G be the following subgroup of S6 : 
G = {£, IX, p, IXP, (JIX, IXfJlX, fJIXP. (1X{J)2}. Find 0(1), 0(2), 0(5), G I , G~ , Gol , G,. 

4 Let f, 9 e G. Prove thai / and g are in the same coset of G~ iff f(u) = g(I/). (HINT: 

Use Exercise E1.l 
5 Use part 4 to show that the number of elements in O(u) is equal to the index ofGw 

in G. [HINT: IfJ(u) = v, match the coset of/with v.] 

6 Conclude from part 5 that the size of every orbit (with respect to G) is a factor of 
the order of G. In particular, if/e SA. the length of each cycle ofJis a factor of the 
order o fJin SA' 
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FOURTEEN 
HOMOMORPHISMS 

We have seen that if two groups are isomorphic, this means there is a 
one-Io-one correspondence between them which transforms one of thc 
groups into the other. Now if G and H are any groups, it may happen thaI 
there is a function which transforms G into H although this function is not a 

. one-to-one correspondence. For example, Z6 is transformed into ZJ by 

as we may verify by comparing their tables: 

+ 0 2 3 4 5 

0012345 
2 3 4 5 0 

2 2 3 4 5 0 1 
33450 2 
4450123 
5 5 0 2 3' 4 

Replace 
x byf(x) 

Eliminate duplicate 
information 

(For example, 2 + 2 = I 
appears four separate 

times in this table. ) 

+ 0 2 0 2 

o o 1 2 0 
2 0 

2 1 

120 
2 0 

, 1 

2 ' 2 0 1 
o 0 2 0 

1 
2 

1 2 0 
'2 0 

1 1 2 0 
2 :2 0 

+ 0 2 

o 0 2 
1 2 0 

2 2 0 
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If G and H are any groups, and there is a functionfwhich transforms G 
into H, we say that H is a homomorphic image of G. The function/is called 
a homomorphism from G to H . This notion of homomorphism is ooe of the 
skeleton keys of algebra, and this chapter is devoted to ex plaining it and 
defining it precisely. 

First, let us examine carefully what we mean by saying that 'J trans­
forms G into H ." To begin with,Jmust be a funct ion from G onto H ; but 
that is not all, because / must also transform the table of G into the table of 
H. To accomplish this, / must have the following property: for any two 
elements a and b in G, 

;[ f(a ) ~ a' and f(b) ~ b', then f(ab) ~ a'b' (.) 

Graphically. 

if f ·a' a 

and b 
f ,b' 

then ab f ·a'b' 

Condition (-) may be written more succinctly as follows: 

f(ab) ~ f(a)f(b) 

Thus, 

Definition lfG and H are groups, a homomorphismfrom G to H is afunction 
/: G --+ H such that/or any two elements a and b in G, 

f lab) ~ f(a)f(b) 

If there exists a JlOmomorphism/rom G onto H, we say that H is a homomor­
phic image o/G. 

Groups have a very important and privileged relationship with their 
homomorphic images, as the next few examples will show. 

Let P denote the group consisting of two elements, e and 0 , with the 
table 

+ e 0 

e e 0 

o 0 e 
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We call this group the parity group of even and odd numbers. We should 
think of e as "even" and 0 as " odd." and the table as describing the rule for 
adding even and odd numbers. For example, even + odd = odd, odd + 
odd = even, and so on. 

The function/: Z_ P which carries every even integer to e and every 
odd integer to 0 is clearly a homomorphism from Z to P. This is easy to 
check because there are only four different cases: for arbitrary integers r 
and s, rand s are either both even, both odd, or mixed. For example, if r 
and s are both odd, their sum is even, sof(r) = o,J(s) = 0, andf(r + s) = e. 
Sincee=o+o, 

This equation holds analogously in the remaining three cases; hence f is a 
homomorphism. (Note that the symbol + is used on both sides of the 
above equation because the operation, in Z as well as in P, is denoted by 
+.) 

It follows that P is a homomorphic image of Z! 
Now, what do P and Z have in common? P is a much smaller group 

than Z, therefore it is not surprising that very few properties of the integers 
are to be found in P. Nevertheless, one aspect of the structure of Z is 
retained absolutely intact in P, namely the structure of the odd and even 
numbers. (The fact of being odd or even is called the parity of integers.) In 
other words, as we pass from Z to P we deliberately lose every aspect of the 
integers except their parity; their parity alone (with its arithmetic) is re­
tained, and faithfully preserved. 

Another example will make this point clearer. Remember that D4 is the 
group of the symmetries of the square. Now, every symmetry of the square 

/ , 
either interchanges the two diagonals here labeled I and 2, or leaves them 
as they were. In other words, every symmetry of the square brings about 
one of the permutations 
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(~ ~) or (: ~) 
of the diagonals. 

For each R; E D4 , let f(Rd be the permutation of the diagonals pro­
duced by R;. Thenfis clearly a homomorphism from D4 onto S2' Indeed, it 
is clear on geometrical grounds that when we perform the motion RI fol­
lowed by the motion R j on the square, we are, at the same time, carrying 
out the motionsf(R;) followed by f(R j } on the diagonals. Thus, 

It follows that S2 is a homomorphic image of D4 • Now, S2 is a smaller 
group than 0 4 , and therefore very few of the features of 0 4 are to be found 
in S2 ' Nevertheless, one aspect of the structure of 0 4 is retained absolutely 
intact in S2 , namely the diagonal motions. Thus, as we pass from D4 to S2 , 
we deliberately lose every aspect of plane motions except the motions of the 
diagonals; these alone are retained and faithfully preserved. 

A final example may be of some help ; it relates to the group an 
described in Chapter 3, Exercise E. Here, briefly, is the context in which this 
group arises: The most basic way of transmitting information is to code it 
into strings of Os and Is, such as 0010111 , 1010011 , etc. Such strings are 
called binary words, and the number of Os and Is in any binary word is 
called its lengch. The symbol an designates the group consisting of all 
binary words of length n, with an operation of addition described in Chap­
ter 3, Exercise E. 

Consider the function f : lEI ? _IB~ which consists of dropping the last 
cwo digits of every seven-digit word. This kind of function arises in many 
practical situations: for example, it frequently happens that the first five 
digits of a word carry the message while the last two digits are an error 
check. Thus,Jseparates the message from the error check. 

It is easy to verify that f is a homomorphism, hence s ~ is a homomor­
phic image of lEI? As we pass from B7 to B~, the message component of 
words in S ? is exactly preserved while the error check is deliberately lost. 

These examples illustrate the basic idea inherent in the concept of a 
homomorphic image. The cases which arise in practice are not always so 
clear-cut as these, but the underlying idea is still the same: In a homomor­
phic image of G, some aspect of G is isolated and faithfully preserved while 
all else is deliberately lost. 

The next theorem presents two elementary properties of homomor­
phisms. 
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Theorem I Lee G and H be groups, andf: G- H a homomorphism. Then 
(i) J(e) = e, and 
(ii) J(a - 1) = [f(a)] - I Joreveryefemenc a E G. 

In the equationf(e) = e, the letter e on the left refers to the neutral element 
in G, whereas the letter e on the right refers to the neutral element in H. 

To prove (i), we note that in any group, 

if then y = e 

(Use the cancelation law on the equation yy = ye.) Now,j(e)J(e) =f(ee) = 
J(e), hence J(e) ~ e. 

To prove (ii), note that J(a)f(a - I
) = f(aa - 1

) = f(e). But f(e) = e, so 
J (a) f(a - I

) = e. It follows by Theorem 2 of Chapter 4 thatf(a - ' ) is the 
inverse off(a), that is,J(a - ') = [J(a)r I. 

Before going on with our study of homomorphisms, we must be intro­
duced to an important new concept. If a is an element of a group G, a 
conjugale of a is any element of the form xax- 1, where x E G. For example, 
the conjugates of (1, in S3 are 

p 0 (1, O{r' = y 

- . y O(1, o y =K 

b O (1, o b - I = K 

as well as (1, itself, which may be written in two ways, as (; 0 (1, 0 (; - 1 or as 
(1, 0 (1, 0 (1, - 1. If H is any subset of a group G, we say that H is closed with 
respeci to conjugates if every conjugate of every element of H is in H. 
Finally, 

Definition Let H be a subgroup oj a group G. H is called a normal subgroup 
oJG if il is closed wich respect co conjugates: chat is, if 

Jor any ae H and xeG xax - I E H 

(Note that according to this definition, a normal subgroup of G is any 
nonempty subset of G which is closed with respect to products, with respect 
to inverses, and with respect to conjugates.) 
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We now return to our discussion of homomorphisms. 

Definition Let J: G_ H be a homomorphism. The kernel oJJ is the set K oj 
all the elements oj G which are carried by J onto the neutral element oj H. 

That is, 

K ~ {x E G: f(x) ~ eJ 

Theorem 2 LetJ: G_ H be a homomorphism. 
(i) T he kernel oJJis a normal subgroup oJG, and 
(ii) The range oj Jis a subgroup of H. 

Let K denote the kernel off If a, b E K, this means that f(a) = e and 
feb) ~ e. Thus,j(ab) ~ f(a)f(b) ~ ee ~ e, hence ab E K. 

If a E K , thenJ(a) = e. Thus,f(a - 1) = [f(a)] - I = e - I = e, so a- I E K . 
Finally, if a E K and x E G, thenJ(xax- l

) = f(x)f(a)f(x - I) = 

f(x)f(a) [f(x )] - I = e, which shows that xax- I E K . Thus, K is a normal 

subgroup of G. 
Now we must prove part (ii). If f(a) and J(b) are in the range off, then 

their product f(a)J(b) = f (ab) is also in the range off 
If f(a) is in the range off, its inverse is [f(a )] - I = f(a - I ), which is also 

in the range off Thl:ls, the range offis a subgroup of H. 
Iff is a homomorphism, we represent the kernel off and the range off 

with the symbols 

ker(f) and ran(f) 

EXERCISES 

A. Examples of Homomorphisms of Finite Groups 

I Co nsider the functionf: Za -> Z4 given by 

(
0 1 

f ~ 0 1 
2 J 4 

2 J 0 
5 6 7) 
1 2 J 

Verify that f is a homo morph ism, find its kernel K, and list the cosets of K. 
[REMARK: To verify that f is a homomorphism, you must show thatf(a + b) ... 
f(a) + f(b) for all choices of a and b in Za; there are 64 choices. This may be 
accomplished by checking that f transforms the table of Zs to the table of Z4' as on 
page 132.] 
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2. Consider the function/: S3 -- Z2 given by 

/ ~ ( ' a P , • K) 
o I 0 1 0 1 

Verify that/is a homomorph ism, find its kernel K , and list the cosets of K. 

3. Find a homomorphism I: ZI' __ Z" and indicate its kernel. (Do not actually 
veri fy that/ is a homomorphism.) 
4 Imagine a square as a piece of paper lying on a table. The side facing you is side 
A. The side hidden from view is side B. Every motion of the square either inter-

2 

Side A 

4 3 

changes the two sides (that is, side B becomes visible and side A hidden) or leaves 
the sides as they were. In other words, every motion R; of the square brings about 
one of the perm utalions 

0 ' 

of the sides; call it g(R1). Verify that 9: D4 -+ S2 is a homomorph ism, and give its 
kernel. 

S Every motion of the regular hexagon brings about a permutation of its di agonals, 
labeled I, 2, and 3. For each RI E D6 , let / (R 1) be the permutation of the diagonals 

2 3 
\ / 

1-

/ \ 

produced by Ri • Argue informally (appealing to geometric intuition) to explain why 
I: D6 -+ S3 is a homomorphism. Then complete the followi ng: 

(
I 2 3 4 5 6) 

1123 456 =£ (
1 2 3 4 5 6) • 

/ '3456' -

(That is, fi nd the value of I on all 12 elements of D6') 

6 Let B c= A. Let h: P A -+ P" be defined by II(e) = en B. For A = {I, 2, 3} and 
B = {t, 2}, complete the following : 
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h ~ (0 {I} P} {3} {1,2} {1,3} {2,3} A) 

For any A and B c: A, argue as in Chapter 3, Exercise C to show that h is a 
homomorphism. 

B. Examples of Homomorphisms of Infinite Groups 

Prove that each o/thefof/owing is a homomorphism, and describe its kernel. 

1 The function 1> :SO(R)-+ R given by ¢(f) = f(O). 

2 The function 1>: 9Z(R) -+ §(R) given by ¢(j) = f'. 9Z(R) is the group of difTer­
cntiable functions from R to R;!' is the derivative off 
3 The function /: R x R ..... R given by f(x, y) = x + y. 

4 The function /: R* ..... n+ defined byf(x) = Ixl. 

S The function/: C· ..... IR+ defined by f(a + bi) :=: J a l + bl
. 

6 Let G be the multiplicative group of all 2 x 2 matrices 

satisfying ad - be t:- O. Let f: G ..... R* be given by f(A ) = determinant of 
A:=:ad-bc. 

C. Elementary Properties of Homomorphisms 

Let G, H, and K be groups. Prove the/of/owing: 

I If f: G ..... Hand g: H ..... K are homomorphisms, then their composite g of: 
G ..... K is a homomorphism. 
2 Iff : G ..... H is a homomorphism with kernel K, thenfis injective iff K = {e}. 
3 If f: G __ H is a homomorphism and K is any subgroup of G, then 
f( K) = {.f(x) : x E K} is a subgroup of H. 

4 Iff : G ..... H is a homomorphism and J is any subgroup of H, then' 

r '(J) ~ {x E G 1(x) E J } 

is a subgroup of G. Furthermore, kerf s; r I(J). 

5 If f: G ..... H is a homomorphism with kernel K, and J is a subgroup of G, letf] 
designate the restriction off to J . (In other words.!} is the same function as /. except 
that its doma.in is restricted to J.) Prove that kerf, = J ..... K. 

6 For any group G, the functionf: G -+ G defined by f(x) = e is a homomorphism. 

7 For any group G, {e} and G are homomorphic images of G. 
8 The function/: G -+ G defined byf(x ) = x 2 is a homomorphism iff G is abelian, 

9 The functionsf.(x, y) .. x andf2(x, y),.. y, from G x H to G and H, respectively, 
are homomorphisms. 
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D. Basic Properties of Normal Subgroups 

In the following, let G denote an arbitrary group. 

1 Find all the normal subgroups (a) of S3 (b) of D ... 

Prove theJollowillg: 

2 Every subgroup of an abelian group is normal. 

3 The cenler of any group G is a normal subgroup of G. 

4 Let H be a subgroup of G. H is normal iff il has the following property: For all a 
and b in G, ab € H iff ba € H. 

5 Let H be a subgroup of G. H is normal iff aH - Ha for every a € G. 
6 Any intersection of normal subgroups of G is a normal subgroup of G. 

E. Further Properties of Normal Subgroups 

Let G denote a grou p, and H a subgroup of G. Prove theJollowing: 

I If H has index 2 in G, then H is normal. (HINT: Use Exercise 05.) 

2 Suppose an element a E G has order 2. Then (a) is a normal subgroup of G iff a 
is in the center of G. 

3 If a is any element of G, (a) is a normal subgroup of G iff a has the following 
property : For any x E G, there is a positive integer k such that xa'" a~x. 

4 In a group G, a commutator is any product of the form aba-1b- \ where a and b 
a re any elements of G. If a subgroup H of G contains all the commutators of G, then 
H is normal. 

5 If Hand K are subgroups of G, and K is normal, Ihen H K is a subgroup of G. 
(HK denotes the set of all products hk as h ranges over Hand k ranges over K.) 

6 Let S be the union of all the cosets Ha such that Ha '"" aH. Then S is a normal 
subgroup of G. 

F. Homomorphism and the Order of Elements 

HJ: G ..... H is a homomorphism, prove each oj the Jallowing: 

I For each element a E G, the order ofJ(a) is a divisor of the order of a. 

2 The order of any element b #- e in the range ofJ is a common divisor of IGI and 

IHI·(U"(I).] 
3 If the range ofJ has "elements, then x~ € kef Jfor every x E G. 

21 \;et m be an integer such tha i m and I H I a re relatively prime. For any x E G, if 
xm E ker J, then x E ker f. 



HOMOMORPHISMS 141 

S Lei the range of / have m elements. If a E G has order n. where m and n are 
relatively prime, then a is in the kernel off [Use (1).] 

6 Let p be a prime. If H has an element of order p, then G has an element of order p. 

G. Properties Preserved under Homomorphism 

A property of groups is said to be "preserved under homomorphism" if, whenever a 
group G has that property, every homomorphic image of G docs also. In this 
exercise set, we will survey a few typical properties preserved under homomorphism. 
Iff : G ...... H is a homomorphism of G On/O H, prove each o/the/ollowing: 

If G is abelian, then H is abelian. 
2 If G is cyclic, then H is cyclic. 

3 If every element of G has finite order, then every element of H has finite order. 
4 If every element of G is its own inverse, every element of H is its own inverse. 

S If every element of G has a square root, then every element of H has a square 
root. 
6 If G is finitely generated, then H is finitely generated. (A group is said to be 
"finitely generated" if it is generated by finitely many of its elements.) 

t H. Inner Direct Products 

If G is any group, let Hand K be normal subgroups of G such that H n K = {e} . 
Prove the/ol/owing: 

Let h! and h2 be any two elements of H, and kl and kl any two elements of K. 

implies and 

(HINT: Irhlkl = hlkl' then hi 'h i E H n K and kl kll E H n K . Explain why.) 
2 For any h E Hand k E K, hk = kh. (HINT: hk = kh iffhkh-1k- 1 = e. Use the fact 
that Hand K are normal.) 

3 Now, make the additional assumption that G _ HK, that is, every x in G can be 
written as x = hk for some h E Hand k E K . Prove that the function ¢(h, k) = hk is 
an isomorphism from H x K onto G. 

We have thus proved the following: 1/ H and K are normal subgroups 0/ G, such 
that H n K = {e} and G "" HK , then G;;- H x K. G is sometimes called the inner 
direct product of H ·and K. 

t I. Conjugate Subgroups 

Let H be a subgroup of G. For any a E G, let aHa - 1 = {axa - 1 
: x E H}; aHa - 1 is 

called a conjugate of H. Prove the following: 
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For each a E G, aHa - I is a subgrou p of G. 

2 For each a E G, H ~ aHa- I. 

3 H is a normal subgroupofG iffH - aHa - ! for every a E G. 

In the remaining exercises of this set, let G be a finite group. By the normalizer of H 
we mean the set N(H ) = {a E G : axa - I E H for every x e H }. 

4 If a E N(H), then aHa-I = H. (Remember that G is now a finite group.) 
5 N(H) is a subgroup of G. 

6 H S;; N(H ). Furthermore, H is a normal subgroup of N(H ). 

In (7) - (10), let N "" N(H). 

7 For any a, bEG, aHa - I = bH b- 1 iff ab - l eN iff Na _ Nb. 

S There is a one-to-one correspondence between the set of conjugates of H and the 
set of cosets of N. (Thus, there are as many conjugates of Has casets of N.) 

9 H has exactly (G ; N ) conjugates. In panicular, the number of distinct conj ugates 
of H is a divisor oflGI. 

10 Let K be any subgroup of G, let K* = {Na: a ~ K}. and let 

Xli. = {aHa - I: a e K } 

Argue as in (8) to prove that X Ii. is in one-Io-one correspondence with K*. Conclude 
that the number of elements in X II. is a divisor of 1 K I. 
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FIFTEEN 
QUOTIENT GROUPS 

In Chapter 14 we learned to recognize when a group H is a homomorphic 
image of a group G. Now we will make a great leap forward by learning a 
method for actually constructing all the homomorphic images of any group. 
This is a remarkable procedure, of great importance in algebra. In many 
cases this construction will allow us to deliberately select which properties 
of a group G we wish to preserve in a homomorphic image, and which 
other properties we wish to discard. 

The most important instrument to be used in this construction is the 
notion of a normal subgroup. Remember that a normal subgroup of G is 
any subgroup of G which is closed with respect to conjugates. We begin by 
giving a~ elementary property of normal subgroups. 

Theorem I If H is a normal subgroup ofG, cllen aH = Hafor every a E G. 

(In other words. there is no distinction between left and right easels for a 
normal subgroup.) 

Indeed, if x is any element of aH, then x = all for some II E H. But H is 
closed with respect to conjugates. hence alla - 1 

E H. Thus, x = ah = 
(olla - I)o is an element of Ha. This shows that every element of aH is in Ha ; 

analogously, every element of Ha is in aH. Thus, aH = Ha. 
Let G be a group and let H be a subgroup of G. There is a way of 

143 
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combining cosets, called cosel mulliplication, which works as follows: the 
cosel oj a, mulliplied by (he cdset oj b, is defined to be lhe cosel oj abo In 
symbols. 

Ha . Hb ~ H(ab) 

This definition is deceptively simple, for it conceals a fundamental difficulty. 
Indeed, it is not at all clear that the product of two 'cosets H a and Hb, 

multiplied together in this fashion, is uniquely defined. Remember that Ha 
may be the same coset as He (this happens iff c is in Ha), and, similarly, Hb 
may be the same coset as Hd. Therefore, the product Ha . Hb is the same as 
the product H e . Hd. Yet it may easily happen that H(ab) is not the same 
coset as H(cd). Graphically, 

Ha . Hb ~ H(ab) 
II II 'II-

He . Hd ~ H(ed) 

For example, if G = SJ and H = {t, a}, then 

and yet 

HP~{P,y}~ Hy 

Hb ~ {b, K} ~ HK 

Thus, coset multiplication does not work as an operation on the eosets of 
H = {c, a} in S3' The reason is that, although H is a subgroup of S3, His 
not a normal subgroup oj S3' If H were a normal subgroup, coset multi­
plication would work. The next theorem states exactly that! 

Theorem 2 Let H be a normal subgroup oj G. IJ Ha = H e and Ifb = Hd, 
chen H(ah) = H(cd). 

If Ha = Hc then a E Hc, hence a = h lc for some hi E H. If Hb = Hd. 
then b E Hd, hence h = h2 d from some h2 E H. Thus. 

But eh2 E cH = H c (the last equality is true by Theorem I). Thus,ch2 = hJc 

for some h3 E H. Returning to ab, 

ab = hl(chl)d = h,(I13C)d = (h]h3)(Cd) 

and this last element is clearly in H(cd). 
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We have shown that ab E H{cd). Thus, by (.) in Chapter 13, 
H(ab) ~ H(ed). 

We are now ready to proceed with the c.onstruction promised at the 
beginning of this chapter. Let G be a group and let H be a normal subgroup 
of G. Think of the set which consists of all the cosels of H. This set is 
conventionally deno,ted by the symbol GIH. Thus, if Ha, Hb, Hc , ... are 
eosets of H, then 

Gj H ~ IHa, Hb, He, ... J 
We have just seen that coset multiplication is a valid operation on this set. 
In fact. 

Theorem 3 GIH with coset multiplication is a group. 

Coset multiplication is associative, because 

Ha . (Hb . He) ~ Ha . H(be) ~ Ha(be) ~ H(ab)c 

~ H(ab) . H e ~ (Ha . Hb) . H e 

The identity element of GIH is H = He. for Ha ' He = Ha and 
He' Ha = Ha for every coset Ha. 

Finally. the inverse of any coset Ha is the coset Ha - I
, because 

Ha ' Ha- 1 = Haa- 1 = He and Ha - 1 
• Ha = Ha - 1a = He. 

The group GIH is called the/actor group, or quotiem group of G by H. 
And now, the piece de resistance: 

'Theorem 5 GIH is a homomorphic image o/G. 

The most obvious function from G to GIH is the function f which 
carries every element to its own coset, that .is, the function given by 

J(x) ~ Hx 

This function is a homomorphism, because 

J(xy) ~ Hxy ~ Hx . Hy ~ J(x)J(y) 

/ is called the natural homomorphism from G onto GIH. Since there is a 
homomorphism from G onto GIH, GIH is a homomorphic image of G. 

Thus, when we construct quotient groups of G, we are, in fact, con­
structing homomorphic images of G. The quotient group construction is 
useful because it is a way of act ually manufacturing homomorphic images 
of any group G. In fact, as we will soon see, it is a way of manufacturing all 
the homomorphic images of G. 
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Our first example is intended to clarify the details of quotient group 
construction. Let Z be the group of the integers, and let (6) be the cyclic 
subgroup of Z which consists of all the multiples of 6. Since 7L. is abelian, 
and every subgroup of an abelian group is normal, (6) is a normal sub­
group of Z. Therefore, we may form the quotient group 7L./ (6). The el­
ements of this quotient group are a ll the cosets of the subgroup (6), 
namely: 

(6)+0~{ ... , - 18, - 12, - 6,0,6, 12, 18, ... } 

(6) + I ~ { ... , - 17, -11, -5, I, 7, 13, 19, ... } 

(6) + 2 ~ { ... , -16, -1 0, -4, 2,8,14,20, .. ,} 

(6) + 3 = { ... , -15, -9, -3,3,9, 15,21, ... } 

(6) + 4 ~ { ... , - 14, -8, -2,4, 10, 16,22, ... } 

(6) + 5 ~ { ... , - 13, - 7, -1,5, II, 17,23, ... } 

These are aU the different cosets of (6), for it is easy to see that 
(6) + 6 = (6) + 0, (6) + 7 = (6) + I, (6) + 8 ~ (6) + 2, and so on. 

Now, the operation on 7L. is denoted by +, and therefore we will call the 
operation on the cosets eosel addirion rather than coset multiplication. But 
nothing is changed except the name; for example, the coset (6) + I added 
to the coset (6) + 2 is the coset (6) + 3. The coset (6) + 3 added to the 
coset (6) + 4 is the coset (6) + 7, which is the same as (6) + l. To 
simplify our notation, let us agree to write the cosets in the following 
shorter form: 

o ~ ( 6) + 0 

3 ~ (6) + 3 

I ~ ( 6) + 1 

4 ~ (6) + 4 

2 ~ (6) + 2 

5 ~ (6) + 5 
- - - --

Then Z/(6) consists of the six elements 0, 1,2,3, 4, and 5, and its operation 
is summarized in the following table: 

+ 0 234 5 

- -----o 
1 
2 
3 

4 
5 

0 
1 -
2 
3 
4 
-

5 

1 2 - -
2 3 
3 4 

-

4 5 - -
5 0 
- -

0 

3 4 5 - - -
4 5 0 
-

5 0 I - -
0 1 2 - -
I 2 3 

- -

2 3 4 

The reader will perceive immediately the similarity between this group and 
Z6' As a matter of fact, the quotient group construction of Z/( 6 ) is con-
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sidered to be the rigorous way of constructing Z6' So from now on, we will 
consider Z6 to be the same as Z/ ( 6); and, in general, we will consider Z~ to 
be the same as Z/( n). In particular, we can see that for any n, Z~ is a 
homomorphic image of Z. 

Let us repeat: The motive for the quotient group construction is that it 
gives us a way of actually producing all the homomorphic images of any 
group G. However, what is even more fascinating about the quotient group 
construction is that in practical instances, we can often choose H so as to 
" factor out" unwanted properties of G, and preserv~ in GIH only "desir­
able" traits. (By "desirable" we mean desirable within the context of some 
specific application or use.) Let us look at a few examples. 

First, we will need two simple properties of cosets, which are given in 
the next theorem. 

Theorem 5 Let G be a group and H a subgroup of G. Then 
(a) Ha=Hb iff ab-1EH and 
(b) Ha = H iff a E H 

If Ha = Hh, then a E Hb, so a = hb for some h E H. Thus, 

ab - ' =hEH 

If ab - 1 E H, then ab - 1 = h for hE H, and therefore a = hb E Hb. It 
follows by (*) of Chapter 13 that Ha = Hb. 

This proves (a). It follows that Ha == He iff ae - 1 = a E H, which proves 
(b). 

For our first example, let G be an abelian group and let H consist of all 
the elements of G which have finite order. It is easy to show that H is a 
subgroup of G. (The details may be supplied by the reader.) Remember that 
in an abelian group every subgroup is normal, hence H is a normal sub­
group of G, and therefore we may form the quotient group G/ H. We will 
show hext that in G/ H, no element except the neutral element has finite 
order. 

For suppose G/ H has an element Hx of finite order. Since the neutral 
element of G/ H is H, this means there is an integer m =1= 0 such that 
(Hx)'" = H, that is, Hx'" = H. Therefore, by Theorem 5b, xm E H, so x'" has 
finite order, say t: 

(x"')' = x"" = e 

But then x has finite order, so x E H. Thus, by Theorem 5b, Hx = H. This 
proves that in G/ H, the only element Hx of finite order is the neutral 
element H. 
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Let US recapitulate: If H is the subgroup of G which consists of all the 
elements of G which have finite order, then in G/ H, no element (except the 
neutral element) has finite order. Thus. in a sense, we have "factored out" all 
the elements of finite order (they are all in H) and produced a quotient group 
G/ H whose elements all have infinite order (except for the neutral element, 
which necessarily has order I). 

Our next example may bring out this idea even more clearly. Let G be 
an arbitrary group; by a commutator of G we mean any element of the form 
aba - 'b - ' where a and b are in G. The reason such a product is called a 
commutator is that 

ilT ab = ba 

In other words, aba - I b - I reduces to the neutral element whenever a and b 
commute-and only in that case! Thus, in an abelian group all the com­
mutators are equal to e. In a group which is not abelian, the number of 
distinct commutators may be regarded as a measure of the extent to which 
G departs from being commutative. (The fewer the commutators, the closer 
the group is to being an abelian group.) 

We will see in a moment that if H is a subgroup of G which contains aff 
tile commutators of G, then G/ H is abelian! What this means, in a fairly 
accurate sense, is that when we factor out the commutators of G we get a 
quotient group whicll has no commutators (except, trivially, the neutral el­
ement) and which is therefore abelian. 

To say that G/ H is abelian is to say that for any two elements H x and 
H y in G/ H , Hx H y = H yHx, that is, Hxy = H yx. But by Theorem 5b. 

H xy = Hyx ilT Xy(YX) - 1 E H 

Now Xy(YX) - 1 is the commutator xyx - I y - I, so if all the commutators are 
in H, then GIH is abelian. 

EXERCISFS 

A. Examples of Finite Quotient Groups 

In each of the following, G is a group and H is a normal subgroup of G. List the 
elements olGIH and then write the table oIGIH. 

Example G = Z6 and 
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The elements of GIH are the three cosets H "" H + ° - {O, 3}, H + I = {I . 4}, and 
H + 2 :=: {2, 5}. (Note that H + 3 is the same as H + 0, H + 4 is the same as H + I, 
and H + 5 is the same as H + 2.) The table of GI H is 

+ 
H 

H + l 
H+ 2 

H 

H 
H+ l 
H+2 

H + l 

H+l 
H +2 

H 

1 G = ZIO, H = to, 5}. (Explain why GIH ;;;: Z, .) 

2 G~S"H~ {',P,o}. 
3 G = D4 , H = {Ro , R z}. (See page 68.) 

4 G = D4 , H = {Ro, Rz , R4 , R, }. 

H+2 

H + 2 
H 

H+l 

5 G = Z4 X Z2' H "" «0, I» = the subgroup of Z4 x Zz generated by (0, I). 

6 G - P 1 , H = {~, {l}}. (PJ is the group of subsets of {I, 2, 3}.) 

B. Examples of Quotient Groups of IR: x III 

In each of the following, H is a subset of R x R. 
(a) Prove that H is a normal subgroup of R x IR:. (Remember that every subgroup of 

an abelian group is normal.) 
(b) In geometrical terms, describe the elements of the quotient group GIH. 
(el In geometrical terms or otherwise, describe the operation of GIH. 

I H = {(x , 0) : x E R} 

2 H ={(x,yl: y - -x} 
3 H - {(x, y): y = 2x} 

C. Relating Properties of H to Properties of GIH 

In each of the problems below, G is a group and H is a normal subgroup of G. Prove 
the/allowing. (Theorem 5 will playa crucial role.) 

I If x 2 E H fo r every x E G, then every clement of GIH is its own in verse. Con­
versely, if every element of GIH is its own inverse, then Xl E H for all x E G. 

2 Lei m be a fixed integer. If x'" E H for every x € G, then the order of every element 
in GIH is a divisor of m. Conversely, if the ord er of every element in GIH is a divisor 
of m, then x'" E H for every x € G. 
J Suppose that for every x e G, there is an integer n such that x" e H; then every 
element of GIH has finite order. Conversely, if every element of GIH has finite order, 
then for every x e G there is an integer 11 such that x" e H. 

4 Every element of GIH has a square root iII for every x E G, there is some y e G 
such that xy2 e H. 
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5 GIH is cyclic iff there is an element a E G with Ihe following properly: for every 
x E G, there is some integer n such that xa~ € H. 

6 If G is an abelian group, let H" be the set of all x E G whose order is a power of p. 
Prove Ihat H p is a subgroup of G. Prove that GIH p has no elements whose order is a 
power of p. 

7 (a) If GIH is abelian, H contains alilhe commutators of G. 
(b) Let K be a normal subgroup of G, and H a normal subgroup of K. If GI H is 

abelian, then GIK and KIH are both abelian. [Use (a) and the last paragraph of this 
chapter.] 

D. Properties of G Determined by Properties of GI Hand H 

There are some group properties which, if they are true in GIH and in H , must be 
true in G. Here is a sampling. Let G be a group, and H a normal subgroup of G. 
Prove: 

I If every element of GIH has finite order, and every element of H has finite order, 
then every elemen! of G has finite order. 
2 If every elemen! of GIH has a sq uare root, and every element of H has a square 
root, then every element of G has a square root. 
3 Let p be a prime number. A group G is called a {rgroup if the order of every 
element x in G is a power of p. Prove: If GIH and Hare p-groups, then G is a 
p-group. 

4 If GIH and H are finitely generated, then G is finilely generated. (A group is said 
to be finitely generated if it is generated by a finite subset of its elements.) 

E. Order of Elements in Quotient Groups 

Lei G be a group, and H a normal subgroup ofG. Prove (he/allowing: 

I For each elemenl a E G, Ihe order of the element Ha in GIH is a divisor of the 
order of a in G. (HINT : Use Chapter 14, Exercise Fl.) 

2 If (G : H) = m, the order of every element of GIH is a divisor of m. 
3 If (G : H) = p, where p is a prime. then the order of every element ar{: H in G is a 
multiple of p. [Use (I).] 
4 If G has a normal subgroup of index p, where p is a prime, then G has at least one 
element of order p. 

5 If(G: H) = m, then am E H for every a E G. 

6 In 0/2, every element has finite order. 

t F. Quotient of a Group by its Center 

The center of a group G is the normal subgroup C of G consisting of all those 
elements of G which comm ute with every element of G. Suppose the quotient group 
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GjC is a cyclic group ; say it is generated by the element Ca of Gjc. Prove each of the 
following: 

I For every x E G, there is some integer m such that Cx = Ca"'. 

2 For every x E G, there is some integer m such that x = ca"', where C E C. 

3 For any two elements x and y in G , xy = yx. (HINT : Use part 2 to write x = cd", 
Y = c'a~, and remember that c, c' € C.) 

4 Conclude that if GjC is cyclic, then G is abelian. 

t G. Using the Class Equation to Determine the Size of the Center 

( Prerequisile: Chapter 13. Exercise I.) 
Let G be a finite group. Elements a and b in G are called conjugate.~ of one 

another (in symbols, a ..... b) iff a = xbx - I for some x e G (this is the same as 
b = x-lax). The relation ..... is an equivalence relation in G; the equivalence class of 
any element a is called its conjugacy class, hence G is partitioned into conjugacy 
classes (as shown in the diagram) ; the size of each conjugacy class divides the order 
of G. (For these facts, see Chapler 13, Exercise Set I.) 

, 
XQX- I 

yay - ' 

G , b 
xcx- I xbJC - 1 

ycy - ' yby - l 

, , , , , 
'~---,:------' c 

"Ea,h element of the ,enter C is alone in its conjuga'y dass." 

Let SI' Sl ' ... , SI be the distinct conjugacy classes of G, and let kl' kl ' ... , k, be 
their sizes. Then I G I = k, + k2 + ... + k,. (This is called the class equation of G.) 

Let G be a group whose order is a power of p, say I G I _ p •. Let C denote the 
center of G. Prove the following: 

I The conjugacy class of Q contains a (and no other element) iff a e C. 

2 Let c be the order ore. Then IGI - c + k. + k.+ ! + .. . + kl' where k~, ... ,k, are 
the sizes or a ll the dislinCI conjugacy classes of elements xj C. 
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3 For each i E {s, S + I • . . . , f} . kr is equal to a power of p. (See Chapter 13, Exercise 
16.) 

4 Solving the equal ion 1 G 1 "" c + k~ + ... + k, for c, explain why c is a multiple of 
p. 

We may conclude from part 4 that C must contain more than the one element e; in 
fact. I CI is a multiple of p. 

5 If 1 G 1 "" p2, G must be abelian. (Use the preceding exercise F.) 

6 IfIGI "" p2,theneitherG~ Zplor G~ Zp x Z p. 

t H. Induction on I G I : An Example 

Many theorems of mathematics are of the form "P(n) is true for every pOSitive 
integer n." [Here, p(n) is used as a symbol to denote some statement involving ".] 
Such theorems can be proved by ind uction as follows: 
(al Show that p(nl is true for n - I. 
(b) For any fixed positive integer k, show that, if P(n) is true for every n < k, then 

p(n) must also be true for" - k. 
If we can show (al and (b), we may safely conclude Ihat P("l is true for all positive 
integers n. 

Some theorems of algebra can be proved by induction on the order n of a group. 
Here is a classical example: Let G be a finite abelian group. We will show that G 
must contain al least one element of order p, for every prime facto r p of 1 G I. If 
IGI = 1, this is true by default, since no prime p can be a factor of L Next, let 
I G I "" k, and suppose our claim is true for every abelian group whose order is less 
than k. Let p be a prime factor of k. 

Take any element a '* e in G. If ord(al = p or a multiple of P. we are done! 

I If ord(a) - Ip (for some positive integer rl. what clement of G has order p? 

2 Suppose ord(a) is IlOt equal to a multiple of p. Then GI<a) is a group having fewer 
than k elements. (Explain why.) The order of GI<a) is a multiple of p. (Explain why.) 
3 Why must GI<a) have an element of order p? 

4 Conclude that G has an element of order p. (HINT: Use Exercise EI.) 
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SIXTEEN 
THE FUNDAMENTAL HOMOMORPHISM 

THEOREM 

Let G be any group. In Chapter 15 we saw that every q1,lotient group of G is 
a homomorphic image of G. Now we will see that, conversely, ~ve~y. ho!!1.Q: 
morphic image of G is a quotient group of G. More exactly, every homomor­
plJic image of G is isomorphic to a quotient group of G. 

It will follow that, for any groups G and H, H is a homomorphic image 
of G iff H is (or is isomorphic to) a quotient group of G, Therefore, the 
notions of homomorphic image and of quotient group are interchangeable, 

The thread of our reasoning begins with a simple theorem. 

Theorem I Letf; G- H be a homomorphism with kernel K, Then 

f(a) ~ f(b) iff Ka = Kb 

(In other words, any two elements a and b in G have the same ima{je under f 
iff (hey are in the same coset of K.) 

Indeed, 

f(a) ~ f(b) ilT f(a) [J(blr' ~ e 

iff ab - 1 E K 

ilT K a= Kb (by Chapter 15, Theorem Sa) 
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What does this theorem reall y tell us '? It says that iff is a homomor­
phism from G to H with kernel K, then all the elements in any fixed coset of 
K have the same image, and, conversely, elements which have the same 
image are in the same coset of K . 

f , 
K = Ke ,. 

[ (Q) " f(b) . 
Ka '" Kb ,. ,. f(x ) 

K, ,. 
H 

G 

It is therefore clear, already, that there is a one-to-one correspondence 
matching cosets of K with elements in H. It remains only to show that this 
correspondence is an isomorphism. But first, how exactly does this corre­
spondence match up specific cosets of K with specific elements of H'? Clear­
ly, for each x, the coset K x is matched with the element f(x). Once this is 
understood, the next theorem is easy. 

Theorem 2 Let f: G _ H be a homomorphism of G onto H. If K is the kernel 
off, rhen 

H ", GI K 

To show that Gj K is isomorphic to H , we must look for an isomor­
phism from Gj K to H. We have just seen that there is a function from Gj K 
to H which matches each coset Kx with the element f(x); call this function 
¢. Thus, ¢ is defined by the identity 

4>(Kx) ~ f(x) 

This definition does not make it obvious that ¢(Kx) is uniquely defined. (If it 
is not, then we cannot properly call ¢ a function.) We must make sure that 
if Ka is the same coset as Kb, then ¢(Ka) is the same as ¢(Kb): that is, 

if Ka = Kb then f(a) ~ feb) 

As a matter of fact, this is true by Theorem l. 



THE FUNDAMENTAL HOMOMORPHISM THEOREM ISS 

Now, let us show that ¢ is an isomorphism: 

¢ is injective: If ¢(Ka) = ¢(Kb), then f(a) = feb) , so by Theorem I, 
Ka = Kb. 

¢ is surjective, because every element of H is of the rormf(x) = ¢(Kx). 
Finally • .p(Ka· Kb) ~ .p(Kab) ~ J(ab) ~ J(a)J(b) ~ </>{Ka).p(Kb). 

Thus, ¢ is an isomorphism from GIK onto H. 
Theorem 2 is often called the fundamental homomorphi.wII theorem. It 

asserts that every homomorphic image of G is isomorphic to a quotient 
group of G. Which specific quotient group of G? Well, if J is a homomor­
phism from G onto H, then H is isomorphic to the quotient group of G by 
the kernel of! 

The fact that J is a homomorphism from G onto H may be symbolized 
by writing 

J:G II H 

Furthermore, the fact that K is the kernel of this homomorphism may be 
indicated by writing 

J:G II H 
K 

.Thus, in capsule form, the fundamental homomorphism theorem says that 

If J:G--" H , K 

. Let us see a few examples: 

then H., G/K 

We saw in the opening paragraph of Chapter 14 that 

(
0 1 

J~ 0 1 
2 3 4 5) 
2 0 1 2 

IS a homomorphism from Z6 onto 2:3 , Visibl y, the kernel of f is {a, 3}, 
which is the subgroup of Z6 gene rated by 3, that is, the subgroup (3). This 
situation may be symbolized by writing 

J:Z6 II Z 3 
(3) 

We conclude by Theorem 2 that 

z, ., Z,/O) 

For another kind of example, let G and H be any groups and consider 
their direct product G x H . Remember that G x H consists of all the 
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ordered pairs (x, y) as x ranges over G and y ranges over H. You multiply 
ordered pairs by mUltiplying corresponding components; that is, the oper­
ation on G x H is given by 

(G, b) . (c, d) ~ (ac, bd) 

Now,letJbe the function from G x H onto H given by 

It is easy to check that J is a homomorphism. Furthermore, (x, y) is in the 
kernel o f f iff f(x, y) = y = e. This means that the kernel off consists of all 
the ordered pairs whose second component is e. Call this kernel G*; then 

G' ~ {(x, e); x E G} 

We symbolize all this by writing 

f:Cx H uH 
G' 

By the fundamental homomorphism theorem, we deduce that 
H ~ (C x H)/G*. [It is easy to see that C* is an isomorphic copy of C; thus, 
identifying C* with C, we have shown that, roughly speaking, 
(G x H)/G '" H.] 

Other uses of the fundamental homomorphism theorem are given in the 
exercIses. 

EXERCISES 

In the exercises which fo llow, F HT will be used as an abbreviation for fundamental 
homomorphism theorem. 

A. Examples of the FHT Applied to Finite Groups 

In each of the following, use the fundamental homomorphism theorem to prove that 
the two given groups are isomorphic. Then display thei r tables. 

Example Zl and ZJ(2). 

f~(O I 
o I 

2 3 4 5) 
o 1 0 1 

is a homomorphism from Zf, onto Zl. (Do not prove that J is a homomorphism.) 
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The kernel ofJis {a, 2, 4} = (2). Thus, 

It follows by the fHT that Z2 ::: Z6/(2). 

1. Z5 and Zlo/(5). 

2. Z) and ZJ(3). 

3. Zl and SJ/{E, /1. ~}. 

4. P l and PJIK , where K = {<p. {3}}. [ HINT: Consider the funct ion J(q = 

C n {I, 2}. p ) is the group of subsets of {I, 2, 3}, and P 2 or{ l , 2}.) 

5. Z3 and (Zl x Z ) / K, where K = {(O, 0), (I , I), (2, 2)}. [HINT: Consider the func­
tion/(a, b) = a - b from Z3 x Z3 to Z3.J 

B. Example of the FHT Applied to S'" (HI) 

Let IX: .'F(R)- R be defined by rx{f) = J( I) and let /1: §(IR) _ R be defined by 
PI/) ~f(2). 

1. Prove that IX and (J are homomorphisms from Y(R) OntO R. 

2 Let J be the set of all the functions from IR: to R whose graph passes through the 
point (1,0) and let K be the set of all the fu nctions whose graph passes through 
(2,0). Use the FHT to prove that R ~ :F(R)fJ and R ~ :F(IR:)IK . 

3 Conclude that .'F(R)fJ ~ .'F(R)/ K. 

C. Example of the FHT Applied to Ahelian Groups 

Let G be an abelian group. Let H = {x 2
: x E G} and K = {x € G: Xl = e} . 

I Prove that J (x) = x 2 is a homomorphism of G onto H. 

2 Find the kernel off 

3 Use the FHT to conclude that H ~ GIK. 

t D. Group of Inner Automorphisms of a Group G 

Let G be a group. By an automorphism of G we mean an isomorphismJ: G _ G. 

I The symbol Aut(G) is used to designate the set of all the automorphisms of G. 
Prove that the set Aut (G), with the operation 0 of composition, is a group by 
proving that Aut(G) is a subgroup ojSG' 
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2 By an inner automorphism of G we mean any function ¢d of the following form: 

for every x E G ¢Jx) = axa - 1 

Prove Ihat every inner automorphism of G is an automorphism of G. 

3 Prove that, for arbitrary a, b E G, 

,nd 

4 Let I{G) design ale Ihe set of all the inner automorphisms of G. That is, I{G) = 
{¢a : a E G}. Use part 3 to prove that l eG) is a subgroup of Aut(G). Conclude Ihat 
l eG) is a group. 
S By the center of G we mean the set of allihose elements of G which commute with 
every element of G, that is, the set C defined by 

C = {a E G : ax = xa for every x E G} 

Prove thai a E C if and on ly ifaxa - I = x for every x E G. 

6 Let h: G ..... I(G) be the function defined by h{a) '" ¢". Prove that h is a homomor· 
phism from G onto I(G) and that C is its kernel. 

7 Use the FHT to concl ude that l eG) is isomorphic with Gl e. 

t E. The FHT Applied to Direct Products of Groups 

Let G and H be groups. Suppose 1 is a normal subgroup of G and K is a normal 
subgro up of H. 

I Show that the fu nction fix, y) = (lx, Ky) is a homomorphism from G x H onto 
(GIJ) x (HIK). 

2 Find the kernel off 
3 Use the FHT to conclude that (G x H)j(l x K ) ~ (Gil) )( (HI K). 

Let G, M, and N be groups, letf: G ..... M be a homomorphism fro m G onto 
M, and lei h: G __ N be a homomorphism from G onto N. 

4 Show that ¢(x) = (I(x), h(x» is a homomorphism from G On/O M x N. 
S If H = ker fand K = ker h, prove that ker ¢ = H f'I K. 

6 Use the FHT to concl ude that G/(H f'I K) -= M x N. 

t F. The First Isomorphism Theorem 

Let G be a group; let H and K be subgroups of G, with H a normal subgroup of G. 
Prove the following." 
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H II K is a normal subgroup of K. 

2 If HK = {xy: x E H and y E K}, then HK is a subgroup of G. 
J H is a normal subgroup of HK. 

4 Every member of the quotient group HK/ H may be written in the form Hk for 
some k E K. 
5 The functionf(k) - Hk is a homomorphism from K onto HK/ H, and its kernel is 
H II K . 

6 By the FHT, H/(H II K) ~ HK/ H. (This is referred to as the fir.~t i.mmor­
phism theorem.) 

t G. A Sharper Cayley Theorem 

If H is a subgroup of a group G, let X designate the set of all the cosets of H in G. 
For each element a E G, define Pa : X -+ X as follows: 

p,,(Hx) = H(xa) 

Prove that each Pa is a permutation of X . 
2 Prove that h: G -+ Sx defined by h(a) = p" is a homomorphism. 

3 Prove that the set {a E H : xax - I 
E H for every x E G} , that is, the set of all the 

clements of H whose conj ugates are all in H, is the kernel of h. 

4 Prove that if H contai ns no normal subgroup of G except {e}, then G is isomor­
phic to a subgroup of Sx. 

t H. Quotient Groups Isomorphic to the Circle Group 

Every complex number a + bi may be represented as a point in the complex plane. 

Imaginary axis 

b --rD+bi 
I 

-----f-~-Real axis , 

The unit circle in the complex plane consists of all the complex numbers whose 
distance from the origin is 1; thus, clearly, the unit circle consists of all the complex 
numbers which can be written in the form 

cosx+ i sinx 

for some real number x. 
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t For each x € R. it is conventional to write cis x = cos x + i sin x. Prove that 
cis (x + y) - (cis x)(cis y). 

2 Let T designate the set {cis x : x e R}, that is., the set of all the complex numbers 
lying on the unit circle, with the operation of multiplication. Use part I to prove 
that T is a group. (T is called the circle group.) 

3 Prove that/ex) = cis x is a homomorphism from R onto T. 

4 Prove that ker/- {2nn: n€ Z} - (2n). 

5 Use the FHT to conclude that T ~ R/(2n). 

6 Prove that g(x) "'" cis nx is a homomorphism from R onto T, with kernel Z. 
7 Conclude that T ~ R/Z. 

t J. The Second Isomorphism Theorem 

Let Hand K be normal subgroups of a group G, with H ~ K. Define 
4>: GI H -+ GI K by: 4>(Ha) - Ka. Prove Ihe/ollowing: 

I 4> is a well-defined funclion. [That is, if Ha = Hb, then 4>(Ha) = 4>(Hb).) 

2 4> is a homomorphism. 

3 1> is surjective. 

4 ker 4> = K I H. 

5 Conclude (using the FHT) that (GIH)/(KIH) ~ GIK. 

t J. The Correspondence Theorem 

Let/be a homomorphism from G onto H with kernel K; 

G II H , 
If S is any subgroup of H, let S· = {x E G :f(x) E S}. Prove: 

I S· is a subgroup of G. 

2K s S·. 

3 Let 9 be the restriction of/to S·. [That is, g(x) =/(x) for every x € S·, and S· is 
the domain of g.] Then 9 is a homomorphism from S· onto S, and K .. ker g. 

4 S~S·IK. 

t K. Cauchy'S Theorem 

Prerequisite.~: Chapter 13, Exerci.~e I, and Chapter 15, Exercises G and H. 
If G is a group and p is any prime divisor of I G I. it will be shown here that G 

has at least one element of order p. This has already been shown for abelian groups 
in Chapter 15, Exercise H4. Thus, assume here that G is not abelian. The argument 
will proceed by induction ; thus, let IGI = k, and assume our claim is true for any 
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group of o rder less than k. Let C be the center of G, lei C. be Ihe cenlra lizer of a for 
each a E G, and let k = c + k. + ... + k, be the class equation of G, as in Chapler 
15, Exercise 02. Prove: 

I If P is a faClor of I C. I for a ny a E G, where ate, we are done. (Explai n why.) 

2 For any af C in G, if pis nOI a factor ofl C.I, Ihen p is a factor of(G: C.l. 
J Solvi ng the equation k = c + k. + ... + k, for c, explain why p is a factor of c. We 
are no w done. (Explain why.) 

t L. Subgroups of p-Groups (Prelude to Sylow) 

Prerequisites: Exercise J ; Chapter 15, Exercises G and H . 
Let p be a prime number. A p-group is any group whose order is a power of p. 

It will be shown here that if I G I - p~ then G has a normal subgroup of order pm for 
every m between I a nd k. The proof is by induclion on I G I; we Iherefore assume our 
result is Irue for all p-gro ups smaller than ·G. Prove thelollowing: 

I T here is an element a in the center of G such that ord(a} = p. (See Chapler 15, 
Exercises 0 and H.) 

2 ( a) is a normal subgroup of G. 
J Explain why il may be assumed that G/(o) has a normal subgroup of order ,,-_1 
4 Use Exercise J(4) to prove that G has a normal subgroup o f order p"'. 

SUPPLEMENTARY PROBLEMS 

Exercise Sets M through Q a re incl uded as a challenge for the ambitious reader. 
Two importanl results of group theory are proved in these exercises: one is called 
Sylow's theorem, the other is called the Basis theorem o f finite abelian groups. 

t M. p·Sylow Subgroups 

Prerequisites: Exercises j and K , Exercise It , page 141, and Exercise D3, page 150. 

Let p be a prime number. A finite group G is called a p-group if the o rder of 
every element x in G is a power p. (The orders of different elements may be different 
powers of p.) If H is a subgroup of any finite group G, and H is a p-group, we call H 
a p-subgroup of G. Finally, if K is a p-subgroup of G, and K is maximal (in the sense 
that K is not conta ined in any larger p-subgroup of G), Ihen K is called a p-Sylow 
subgroup of G. Prove the /allowing : 

I The order of any p-group is a power of p. (HINT: Use Exercise K .) 

2 Every conjugate of a p-Sylow su bgroup of G is a p-Sylow subgroup of G. 
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Let K be a p-Sylow subgroup of G, and N = N(K) the normalizer of K. 

3 Let a E N, and suppose the order of Ka in N / K is a power of p. Let S =- (Ka) be 
the cyclic subgroup of N / K generated by Ka. Prove that N has a subgroupS· such 
that S·/K is a p-group. (HINT: See Exercise 14.) 
4 Prove that S· is a p-subgroup of G (use Exercise D3, page 150). Then explain why 
S· = K, and why it follows that Ka = K. 

5 Use parts 3 and 4 to prove : no element of N / K has order a power of p (except, 
trivially, the identity element). 
6 If a E N and {he order of a is a power of p, then the order of Ka (in N / K) is also a 
power of p. (Wily?) Thus, Ka = K . (W hy?) 

7 Use part 6 to prove: if aKa- 1 = K and the order of a is a power of p, then a E K. 

t N. Sylow's Theorem. 

Prerequisites: Exercises K and M , and Exercise 110, page 142. 
Let G be a finite group, and K a p-Sylow subgroup of G. Let X be the set of all 

the conjugates of K. See Exercise M2. If C to Cz E X , let C 1 - C1 iffC I = aC1a - 1 

for some a E K. 

Prove {hat _ is an equivalence relation on X. 

Thus, - partitions X into equivalence classes. If C E X, let the equivalence 
class of C be denoted by [el 

x 

K is the only member of its class 

2 For each C E X, prove that the number of elements in [C] is a divisor of I K I. 
(HINT: Use Exercise 110, page 142.) Conclude that for each C E X, the number of 
elements in [C] is either I or a power of p. 

3 Use Exercise M7 to prove that the only class with a single element is [K]. 

4 Use parts 2 and 3 to prove that the number of elements in X is kp + I , for some 
integer k. 

5 Use part 4 to prove that (G : N) is not a multiple of p. 

6 Prove that (N : K) is not a multiple of p. (Use Exercises K and M5.) 

7 Use parts 5 and 6 to prove that (G : K) is not a multiple of p. 
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8 Conclude: Let G be a finite gro up of order p~m, where p is not a factor or m. Every 
p-$ylow subgroup K of G has order p~. 

Combi ning paT! 8 with Exercise L gives: 

Let G be a finite group and let p be a prime number. For each n .~uch that p~ divides 
I G I, G ha.~ a subgroup of order pO. 

This is kn own as Sylow's Theorem. 

t O. Lifting Elements from Cosets 

The purpose of this exercise is to prove a property of eosets which is needed in 
Exercise Q, Let G be a finit e abelian group, and let a be 'an element of G such that 
ord(a) is a multiple of ord(x) for every x E G. Let H = <a>. We will prove : 

For every x E G, there is some y E G SllCh that H x = H y alld ord(y) = ord(H y). 

This means that every coset of H contains an element y whose order is the same as 
the coset's order. 

Let x be any element in G, and let ord(a) = t , o rd(x) = s, and ord(Hx) =:; r. 

I Explain why r is the least positive integer such that x' equals some power of a, say 
x = d". 

2 Deduce from our hypotheses that r divides s, a nd s divides t . 

Thus, we may write s - ru and t ,. sv, so in particular, t - ruv. 

3 Explain why a"~ = e, and why it foll ows that mu = tz for some integer z. Then 
explain why m = rvz. 

4 Setting y = a- "', prove that Hx = Hy and ord(y) = r, as required. 

t P. Decomposition of a Finite Abelian Group into p-Groups 

Let G be an abelian group of order ptm, where p~ and m are relatively prime (that is, 
"and m have no common factors except ± 1). [REMARK: If two integersj and k are 
relatively prime, then there are integers s and I such that .~ + tk = 1. This is proved 
on page 218,] 

Let GpO be the subgroup of G consisti ng of all elements whose order divides p~. 
Let G", be the subgroup of G consisting of all elements whose order divides m. 
Prove: 

I For a ny x E G and integers sand t, x,pO € G .. and x'" € GpO ' 

2 For every x E G, there are y E GpO and z E G .. such that x _ yz. 

3 GpO r. G .. - tel. 
4 G ~ GpO x G ... (See Exercise H, Chapter 14.) 
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5 Suppose ! G I has the following factorization into primes: ! G! =: ~1 t4' ... p!'. 
Then G ~ G1 X G1 X ••• x G. where for each i = I, . . . , H, Gj is a Prgroup. 

Q. Basis Theorem for Finite Abelian Groups 

Prerequisite: Exercise P. 
As a provisional definition, let us call a finite abelian group "decomposable" if 

there are elements a1> . .. , a. E G such that : 
(01) For every x E G, there are integers kl> ... , k. such that x = ~la~' .. . a!'. 
(02) If there are integers II, ..• , lR such that a'lla~" " a!:' -e then d,l=di=" 
=a;=e. 
If(OI ) and (02) hold, we will write G = [a" a l , ...• awl 

I Let G' be the set of all products a1 ... a;, as 12 , .•• , I. range over Z. Prove that G' 
is a subgroup of G, and G' - [a2' ... , an]. 

2 Prove: G ~ ( a ,) x G'. Conclude that G ~ (a,) x (a2) x ... x (a.). 

In the remaining exercises of this set, let P be a prime number, and assume G is 
a finite abelian group such that the order of every element in G is some power of p. 
Let a E G be an element whose: order is the highest possible in G. We: will argue: by 
induction to prove that G is "decomposable." Let H = (a). 

3 Explain why we may assume that GIH = [Hb l> . . . • Hbnl for some bl> . .. , b. E G. 

By Exercise O. we may assume that for each j = I, .. . , H,ord(bi ) = ord(Hb.). We 
will show that G = [a, b l , ••• , b.J. 
4 Prove that for every x E G, there are integers ko• k I , . .• , k. such that 

x = a"°b~l ... b!-

5 Prove that if a'ob'll . .. b~' = e, then a'o = b\1 = .. . = b~' = e. Conclude that 
G = [a, hi , . . . , h.]. 
6 Use Exercise P5, together with parts 2 and 5 above, to prove : Every finite abelian 
group G is a direct product of cyclic groups of prime order. (This is called the Basis 
Theorem offiHite Abelian group.~.) 

It can be proved that the above decomposition of a finite Abelian group into 
cyclic p-groups is unique, except fo r the order of the factors. We leave it. to the 
ambitious reader to supply the proof of uniq ueness. 



CHAPTER 

SEVENTEEN 
RINGS: DEFINITIONS AND 

ELEMENTARY PROPERTIES 

In presenting scientific knowledge it is elegant as well as enlightening to 
begin with the simple and move toward the more complex. If we build upon 
a knowledge of the simplest things, it is easier to understand the more 
complex ones. In the first part of this book we dedicated ourselves to the 
study of groups-surely one of the simplest and most fundamental of all 
algebraic systems. We will now move on, and, using the knowledge and 
insights gained in the study of groups, we will begin to examine algebraic 
systems which have two operations instead of just one. 

The most basic of the two-operationa l systems is called a ring; it will be 
defi ned in a moment. The surprising fact about rings is that, despite their 
having two operations and being more complex than groups, their funda­
mental properties follow exactly the pattern already laid out for groups. 
With remarkable, almost compelling ease, we will find two-operational ana­
logs of the notions of subgroup and quotient group, homomorphism and 
isomorphism- as well as other algebraic notions-and we will discover that 
rings behave jusllike groups with respect to these notions. 

The two operations of a ring are traditionally called addition and multi­
plication, and are denoted as usual by + and ., respectively. We must 
remember, however, that the elements of a ring are not necessarily numbers 

l6S 
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(for example, there are rings of functions, rings of switching circuits, and so 
on); and therefore "addition" does not necessarily refer to the conventional 
addition of numbers, nor does multiplication necessarily refer to the con­
ventional operation of multiplying numbers. In fact , + and· are nothing 
more than symbols denoting the two operations of a ring. 

By a ring we mean a see A with operations called addieion and multi­
plication which satisfy the following axioms.' 
(1) A Wilh addition alone is an abelian group. 
(2) Mllltiplicalion is aSSOCiative. 
(3) Multiplication is distributive over addition. That is, for all a, b, and c 

in A, 

and 

a(b + c) = ab + ac 

(b + c)a = ba + ca 

Since A with addition alone is an abelian group, there is in A a neutral 
element for addition: it is called the zero element and is written O. Also, 
every element has an additive inverse called its negative; the negative of a is 
denoted by -a. Subtraction is defined by 

a - b ~ a + (-b) 

The easiest examples of rings are the traditional number systems. The 
set Z of the integers, with conventional addition and multiplication, is a 
ring called the ring of the integers. We designate this ring simply with the 
letter Z. (The context will make it clear whether we are referring to the ring 
of the integers or the additive group of the integers.) 

Similarly, {} is the ring of the rational numbers, R the ring of the real 
numbers. and C the ring of the complex numbers. In each case, the oper­
ations are conventional addition and mUltiplication. 

Remember that §(R) represents the set of a ll the functions from R to 
R ; that is, the set of all real-valued functions of a real variable. In calculus 
we learned to add and multiply functions: iff and g are any two functions 
from IR: to IR:, their sumf + 9 and their productfg are defined as follows.: 

and 

[f + g](x) ~ I(x) + g(x ) 

[fg](x) ~ I(x)g(x) 

for every real number x 

for every real number x 

§(R, with these operations for adding and multiplying functions is a ring 
called the ring of real functions. It is written simply as §(R). On page 47 
we saw that §(IR:) with only addition of functions is an abelian group. It is 
left as an exercise for you to verify that multiplication of functions is associ­
ative and distributive over addition offunctions. 
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The rings Z, C, IR, C, and ,;F(R) are all i~nite rings, that is, rings with 
infinitely many elements. There are also finite rings: rings with a finite 
number of elements. As an important example. consider the group Z~. and 
define an operation of multiplication on Z~ by allowing the product ah to 
be the remainder of the usual product of integers a and b after division by n. 
(For example, in Z~, 2·4 = 3,3' 3 = 4, and 4·3 = 2.) This operation is 
called multiplication modulo n. Z~ with addition and multiplication modulo 
n is a ring: the details are given in Chapter 19. 

Let A be any ring. Since A with addition alone is an abelian group, 
everything we know about abelian groups applies to it. However, it is 
important to remember that A with addition is an abelian group in additive 
notation and. therefore, before applying theorems about groups to A, these 
theorems must be translated into additive notation. For example. Theorems 
I, 2, and 3 of Chapter 4 read as follows when the notation is additive and 
the group is Abelian: 

a + b ='a + c implies 

a + b=O implies a = - b 

- (a + b):( - a) + (-b) and 

b= c 

and b = - a 

-(-a):a 

Therefore (*), (**), and ( .. *) are true in every ring. 

(.) 

(") 

(***) 

What happens in a ring when we multiply elements by zero? What 
happens when we multiply elements by the negatives of other elements? The 
next theorem answers these questions. 

Theorem 1 Let a and b be any elements ola ring A. 
(i) aD = 0 and Oa = 0 

(ii) a( -b): -lab) and (-a)b: -lab) 
(iii) ( - aX-b): ab 

Part (i) asserts that multiplication by zero always yields zero, and parts (ii) 
and (iii) state the familiar rules of signs. 

To prove (i) we note that 

aa+O=aa 
: ala + 0) 
= aa + aO 

because a = a + 0 
by the distributive law 

Thus, aa + 0 = aa + aO. By (*) we may eliminate the term aa on both sides 
of this equation, and therefore 0 = aO. 
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To prove (ii), we have 

ai-b) + ab ~ ali-b) + b] 

= aO 

~ O 

by the distributive law 

by part (i) 

Thus, a( -b) + ab = O. By (**) we deduce that a( -b) = - (ab). The twin 
formula (-a)b = -(ab) is deduced analogously. 

We prove part (iii) by using part (ii) twice: 

(-a~ -b) ~ - [a( -b)] ~ -[ -(ab)] ~ ab 

The general definition of a ring is sparse and simple. However, par­
ticular rings may also have "optional features" which make them more 
versatile and interesting. Some of these options are described next. 

By definition, addition is commutative in every ring but multiplication 
is not. When multiplication also is commutative in a ring, we call that ring 
a commutative rillg. 

A ring A does not necessaril y have a neutral element for multiplication. 
If there is in A a neutral element for multiplication, it is called the unity of 
A, and is denoted by the symbol I. Thus, a . 1 == a and 1 . a = a for every a 

in A. If A has a unity, we call A a ring with unity. The rings Z, Q, R, C, and 
§(R) are all examples of commutati ve rings with unity. 

Incidentally, a ring whose only element is 0 is called a trivial ring; a ring 
with more than one element is lIontrivial. In a nontrivial ring with unity, 
necessarily 1 =F O. This is true because if 1 == 0 and x is any element of the 
ring, then 

x=x l =xO=O 

In other words, if 1 == 0 then every element of the ring is equal to 0, hence 0 
is the only element of the ring. 

If A is a ring with unity, there may be elements in A which have a 
multiplicative inverse. Such elements are said to be invertible. Thus, an el­
ement a is invertible in a ring if there is some x in the ring such that 

ax=xa= 1 

For example, in R every nonzero element is invertible: its multiplicative 
inverse is its reciprocal. On the other hand, in Z the only invertible elements 
are 1 and - 1. 

Zero is never an invertible element of a ring except if the ring is trivial; 
for if zero had a multiplicative inverse x, we would have Ox == I, that is, 
o ~ I. 
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If A is a commutative ring with unity in which every nonzero element is 
invertible, A is called a field. Fields are of the utmost importance in math­
ematics; for example, C, R, and C are fields. There are also finite fields, such 
as Zs (it is easy to check that every nonzero element of Zs is invertible). 
Finite fields have beautiful properties and fascinating applications, which 
will be examined later in this book. 

In elementary mathematics we learned the commandment that if the 
product of two numbers is equal to zero, say 

then one of the two factors, either a or b (or bot h) must be equal to zero. 
This is certainly true if the num bers are real (or even complex) numbers, but 
the rule is not inviolable in every ring. For example, in Z6, 

even though the factors 2 and 3 are both nonzero. Such numbers, when 
they exist, are called divisors of zero. 

In any ring, a nonzero element a is called a divisor of zero if there is a 
nonzero element b- in the ring such that the product ab or ba is equal to 
zero. 

(Note ca refully that both facto rs have to be nonzero.) Thus, 2 and 3 are 
divisors of zero in 7..6 ; 4 is also a divisor of ze ro in 7..6 , because 4 . 3 = O. 
For another example, let .,I( 2(1R) designate the set of all 2 x 2 matrices of 
real numbers, with addition and multiplication of matrices as described on 
page 8. The simple task of checking that .,(t 2(1R) satisfies the ri ng axioms is 
assigned as Exercise C at the end of this chapter . ...Il 2(R) is rampant with 
exam ples of divisors of zero. For instance 

hence 

and 

are both divisors of zero in .,I( 2(1R). 
Of course, there are rings which have no divisors of zero at all! For 

example, Z, C, R, and C do not have any divisors of zero. It is important to 
note carefully what it means for a ring to have no divisors of zero: it means 
that if the product of two elements in the ring is equal to zero, af least one of 
tile factors is zero. (Our commandment from elementary mathematics!) 



170 CHAPTER SEVENTEEN 

It is also decreed in elementary algebra that a nonzero number a may 
be canceled in the equation ax = ay to yield x = y. While undeniably true 
in the number systems of mathematics, this rule is not true in every ring. 
For example, in Z6 , 

yet we cannot cancel the common factor 2. A similar example involving 
2 x 2 matrices may be seen on page 9. When cancelation is possible, we 
say the ring has the "cancelation property." 

A ring is said to Irave tire cancelation property if 

ab = ac 0' ba = ca implies b=c 

for any elements a, b, and c in the ring if a '# O. 

There is a surprising and unexpected connection between the cancelation 
property and divisors of zero: 

Theorem 2 A ring Iras tire cancelation property iff;t Iras no divisors of zero. 

The proof is very straightforward. Let A be a ring, and suppose fi rst 
that A has the cancelation property. To prove that A has no divisors of zero 
we begin by letting ab = 0, and show that a or b is equal to O. If a = 0, we 
are done. Otherwise, we have 

ah=O = aO 

so by the cancelation property (canceling a), b = O. 
Conversely, assume A has no divisors of zero. To prove that A has the 

cancelation property, suppose ab = ac where a '# O. Then 

ab - ac = a(b - c) = 0 

Remember, there are no divisors of zero! Since a '# 0, necessarily b - c = 0, 
so b = c. 

An integral domain is defined to be a commutative ring with unity 
having the cancelation property. By Theorem 2, an integral domain may 
also be defined as a commutative ring with unity having no divisors of zero. 
It is easy to see that every field is an integral domain. The converse, how· 
ever, is not true: for example, Z is an integral domain but not a field. We 
will have a lot to say about integral domains in the following chapters. 
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EXERCISES 

A. Examples of Rings 

In each of the following, a set A with operations of addition and multiplication is 
given. Prove that A satisfies a/l the axioms to be a commutative ring with unity. 
Indicate the zero element, the unity, and the negative of an arbitrary a. 

1 A is the set Z of the integers, with the following "addition" ffi and "multi­
plication" 0 : 

a ffi b .. a + b - 1 a 0 b - ab - (a + b) + 2 

2 A is the set Q of the rational numbers, and the operations are ffi and 0 defined 
as follows: 

aOb::=ah+a+h 

3 A is the set 0 x 0 of ordered pairs of rational numbers, and the operations are 
the following addition ffi and multiplication 0 : 

(a, b) $ (c, d)::= (a + c, b + d) 

(0, b) 0 (c, d) = (ac - bd, ad + be) 

4 A ,., {x + y.j2 : x, y e Z} with conventional addition and multiplication. 
5 Prove that the ring in part I is an integral domain. 
6 Prove that the ring in part 2 is a field, and indicate the multiplicative inverse of an 
arbitrary nonzero element. 
7 Do the same for the ring in part 3. 

B. Ring of Real Functions 

I Verify that .ji>(R) satisfies all the axioms for being a commutative ring with unity. 
Indicate the zero and unity, and describe the negative of any f 
2 Describe the divisors of zero in .ji>( R). 

3 Describe the invertible elements in Si"(R). 
4 Explain why .ji>(R) is neither a field nor an integral domain. 

C. Ring of 2 X 2 Matrices 

Let .,I{ 2(R) designate the set of all 2 x 2 matrices 

whose entries are real numbers a, b, c, and d, with the fo llowing addition and 
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multiplication: 

.nd 
(: !) + (; 

(: !) (; s)~(ar+bt 
U cr+dr 

Verify that ..H l(R) satisfies the ring axioms. 
2 Show that ..H 2(R) is commutative and has a unity. 

as + bU) 
cs + du 

3 Explain why..H l(R) is not an integral domain or a field. 

D. Rings of Subsets of a Set 

H D is a set, then the power set of D is the set PD of all the subsets of D. Addition 
and multiplication a re defined as follows: If A and B are elements of PD (that is, 
subsets of D), then 

A + B - (A ~ B) u (B - A) , nd AB ,. A () B 

It was shown in Chapter 3, Exercise C, that Po with addition alone is an abelian 
group. Now prove thelol/owing: 

I Po is a commutative ring with unity. (You may assume n is associative; for the 
distributive law, use the same diagram and approach as was used to prove that 
addition is associative in Chapter 3, Exercise C.) 

2 Describe the divisors of zero in PD' 

3 Describe the invertible elemen ts in PD' 

4 Explain why P D is neither a field nor an integral domain. 
S Give the tables of p ), that is, PD where D = {I, 2, 3}. 

E. Ring of Quaternions 

A qUalernion (in matri x form) is a 2 x 2 matrix of complex numbers of the form 

( 
a+bi C+di) 

CI:= -c+di a-bi 

I Prove that the set of all the quaternions, with the matrix addition and multi­
plication explained on page 8, is a ring with unity. This ring is denoted by the 
symbol ~. Find an example to show that ~ is not commutative. (You may assume 
malrix addition and multiplication are associative and obey the distributive law.) 

2 Let 

I =G ~) . (; 0) . ( 0 ') 
1 = 0 -i J = - I 0 
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Show that the qualernion IX, defined previously, may be written in the form 

IX = at + bi + cj + dk 

(This is the standard notation for quaternions.) 
3 Prove the following formulas: 

i2 = j 2= k 2 =_ 1 

4 The conjugate of IX is 

ij == - ji "" k jk= - kj = i ki= - ik=j 

_ ('-bi 
" ~ c - di 

-, - di) 
a + bi 

The norm of ex is a2 + b2 + c2 + d2
, and is written lIall. Show dire<:t1y (by matrix 

multiplication) Ihal 

aa == aa=(~ ~) where t = lIall 

Conclude Ihat the multiplicative inverse of a is (lfIP. 
5 A skew field is a (nOI necessarily commutative) ring with unity in which every 
nonzero element has a multiplicative inverse. Conclude from parts 1 and 4 that !!1 is 
a skew field. 

F. Ring of ·Endomorphisms 

Let G be an abelian group in additive notation. An endomorphism of G is a homo­
morphism from G to G. Let End(C) denote the set of all the endomorph isms of G, 
and define addition and mUltiplication of endomorphisms as follows: 

(f + g](x) = f(x) + g(x) for every x in G 

(fg] = f <> 9 the composite off and 9 

Prove that End(G) with these operations is a ring with unity. 

2 List the elements of End(Z4), then give the addition and multiplication tables for 
End(Z4). 

REMARK: The endomorphisms of Z4 are easy to find. Any endomorphisms of Z4 
wi ll carry 1 to either 0,1,2, or 3. For example, take the last case: if 

then necessarily 

[ 
1+1 --03 +3 = 2 

1 !. 3 

[ 
1+1+1 _3+3 +3=1 

hencefis completely determined by the fact that 

[ ·1 _ 3 

O!. 0 
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G. Direct Product of Rings 

If A and B are rings, their direct product is a new ring, denOied by A x B, and 
defined as follows: A x B consists of all the ordered pairs (x, y) where x is in A and 
y is in B. Addition in A x B consists of adding corresponding components: 

(Xl>yd+(X1,Y2)=(XI +X2,YI +Yl) 

Multiplication in A x B consists of multiplying corresponding components : 

(XI> YI) ' (Xl, Y2) = (XIXl, YIYl) 

If A and B are rings, verify that A x B is a ring. 
2 If A and B are commutative, show that A x B is commutative. If A and Beach 
has a unity, show that A x B has a unity. 

3 Describe carefully the divisors of ~ro in A x 1>. 

4 Describe the invertible elements in A x B. 

5 Explain why A x B can never be an integral domain or a field. (Assume A x B 
has more than one element.) 

H. Elementary Properties of Rings 

Prove each of the following: 

1 In any ring, a(b - c) = ab - ac and (b - c)a :. ba - ca. 

2 In any ring, if ab '"" -ba, then (a + b)l = (a _ /)2 = a2 + /)2. 

3 In any integral domain, jf a2 
,.. /)2, then a ;o< ±b. 

4 In any integral domain, only I and -I are their own multiplicative inverses. 
(Note that X = X- I iITx2 = I.) 

5 Show that the commutative law for addition need not be assumed in defining a 
ring with unity : it may be proved fro m the other axioms. [HINT: Use the distributive 
law to expand (a + bX I + 1) in two different ways.] 

6 Let A be any ring. Prove that if the additive group of A is cyclic, then A is a 
commutative ring. 
7 In any integral domain, if a~ = 0 for some integer n, then a = O. 

I. Properties of Invertible Elements 

Prove that each ofthefollowing is true in a nontrivial ring with unity. 

I If a is invertible and a/) "" ac, then b "" c. 

2 An element a can have no more than one mUltiplicative inverse. 
3 If a2 

_ 0 then a + I and a - I are invertible. 

4 If a and b are invertible, their product ab is invertible. 



RINGS: OEflNITIONS AND ELEMENTARY PROPERTIES 175 

5 The set S of all the invertible elements in a ring is a multiplica tive group. 
6 By part 5, the set of all the nonzero elements in a field is a mUltiplicative group. 
Now use Lagrange's theorem to prove that in a fini te field with m elements, 
X", - l = 1 for every x #- O. . 

7 If ax = I, x is a right inverse of a; if ya == 1, Y is a left inverse of a. Prove that if a 
has a right inverse x and a left inverse y, then a is invertible, and its inverse is equal 
to x and to y. (First show that yaxa = 1.) 
8 In a commutative ring, if ab is invertible, then a and b are both invertible. 

J. Properties of Divisors of Zero 

Prove thai each of the following is trlle in a nontrivial ring. 

If a 0/ ± I and a1 = I, then a + I and a-I are divisors of zero. 

2 If ab is a divisor of zero, then a or b is a divisor of zero. 
3 In a commutative ring with unity, a divisor of zero cannot be invertible. 

4 Suppose ab 0/ 0 in a commutative ring. If either a or b is a divisor of zero, so is abo 
5 Suppose a is neither 0 nor a divisor of zero. If ab = ac, then b = C. 

6 A x B always has divisors of zero. 

K. Boolean Rings 

A ring A is a boolean ring if a1 = a for every a E A. Prove that each of rheJolfowing 
is true in an arbitrary boolean ring A. 

For every a E A, a = -a. [HINT: Expand (a + a)2.] 

2 Use part I to prove that A is a commutative ring. [HINT: Expand (a + b)l.] 

In parts 3 and 4, assume A has a unity. 

3 Every element except 0 and I is a divisor of zero. [Consider x(x - I).] 

4 I is the only invertible element in A. 

5 Letting a V b = a + b + ab, we have the following in A : 

aVbc =(aV bXaVc) aV(I+a)=1 aVa = a a(aVb) = a 

L. The Binomial Formula 

An important formula in elementary algebra is the binomial expansion formula for 
an expression (a + b)~. The formula is as follows: 

(a + b)~ _ t (n)aft - lbl 
l _ Q . k 
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where the binomial coefficient 

(
") _ n(n -l)(n- 2) ... (n -k + I) 
k k! 

This theorem is true in every commutative ring. (If k is any positive integer and a is 
an element of a ring, ka refers to the sum a + a + ... + a with k terms, as in 
elementary a lgebra.) The proof of the binomial theorem in a commutative ring is no 
different from the proof in elementary algebra. We shall review it here. 

The proof of the bi nomial formula is by induction on the exponent n. The 
formula is tri vially true for n = L In the induction step, we a$$ume the expansion for 
(a + bIn is as above, and we must prove that 

Now, 

(a + br" L _ (a + b)(a + bf 

~ (a + b) i: (")a- -'b' 
~ .. O k 

~ i: (")a-" -'b' + i: ("\---'b" , ~ " O k hO kJ 

Collecting terms, we find that the coefficient of a" " L - ~b~ is 

By direct computation, show that 

It will follow that (a + b)~" L is as claimed, and the proof is complete. 

M. Nilpotent and Unipotent Elements 

An element a of a ring is nilpotent if a" = 0 for some positive integer IL . 

I In a ring with unity, prove that if a is nilpotent, then a + 1 and a -I are both 
invertible. [ HtNT: Use the factorization 

I -a~ =(1 -a)( 1 +a + a2 + ... +a n
-

L) 

for 1 - a, and a similar formula for I + a.] 
2 In a commutative ring, prove that any product xa of a nilpotent element a by any 
elemen t x is nilpotent. 
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3 In a commutative ring, prove that the sum of two nilpotent elements is nilpotent. 
(HINT: You must use the binomial formula ; see Exercise L.) 

An element a of a ring is unipotenl iff 1 - a is nilpotent. 

4 In a commutative ring, prove that the product of two unipotent elements a and b 
is unipotent. [HINT: Use the binomial formula to expand I - ab = 
(1 + a) + a{1 - b) to power i1 + m.] 
5 In a commutative ring, prove that every unipotent element is invertible. (HINT: 

Use the binomial expansion formula.) 



CHAPTER 

EIGHTEEN 
IDEALS AND HOMOMORPHISMS 

We have already seen severa l examples or smaller rings contained within 
larger rings. For example, 7L is a ring inside the larger ring a, and Q itselris 
a ring inside the larger ring R. When a ring 8 is part or a larger ring A. we 
call B a subring of A. The notion of subring is the precise analog ror rings or 
the notion or subgroup ror groups. Here are the relevant definitions : 

Let A be a ring, and B a nonempty subset or A. Ir the sum of any two 
elements or B is again in B, then B is closed with respect to addition. If the 
negative or every element or 8 is in 8 , then 8 is closed with respect to 

negacives. Finally, if the product of any two elements or B is again in B, then 
B is closed with respecc to mulciplicarion. B is c~l1ed a .~ubring or A if B is 
closed with respect to addition, multiplication, and negatives. Why is B then 
called a subring or A ? Quite elementary: 

If a nonempey subset B ~ A is closed with respect to addition, multi­
plicae ion, and negatives, then B with the operations of A is a ring. 

This ract is easy to check: Ir a, b, and c are any three elements or B, then a, 
b, and c are also elements or A because B ~ A. Rut A is a ring, so 

and 

a + (b + c) = (a + b) + c 

a(be) ~ (ab)c 

a(b + c) = ab + ac 

(b + c)a = ba + ca 
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Thus, in B addition and multiplication are associative and the dist~ibutive 
law is satisfied. Now, B was assumed to be nonempty, so there is an element 
hE B; but B is closed with respect to negatives. so -b is also in B. Finally, 
B is closed with respect to addition, hence b + (- b) E B, that is, 0 is in B. 

Thus, B satisfies all the requirements for being a ring. 
For example, {]I is a suhring of R because the sum of two rational 

numbers is rational, the product of two rational numbers is rational, and 
the negative of every rational number is rational. 

By the way, if B is a nonempty subset of A, there is a more compact 
way of checking that B is a subring of A: 

B is a subring of A if and only if B is closed with respect to subtraction 
and multiplication. 

The reason is that B is closed with respect to subtraction iff B is closed with 
respect co both addition and negatives. This last fact is easy to check, and is 
given as an exercise. 

Awhile back, in our study of groups, we singled out certain special 
subgroups called normal subgroups. We will now describe certain special 
subrings called ideals which are the counterpart of normal subgroups: that 
is, ideals are in rings as normal subgroups are in groups. 

Let A be a ring, and B a nonempty subset of A. We will say that B 
absorbs produces in A (or, simply, B absorbs products) if, whenever we multi­

ply an element in B by an element in A (regardless of whether the latter is 
inside B or outside B), their product is always in B. In other words, 

for all h E B and x E A, xb and bx are in B. 

A nonempty subset B of a ring A is called an ideal of A if B is closed with 
respect to addition and negatives, and B absorbs products in A. 

A simple example of an ideal is the set IE of the even integers. E is an 
ideal of 7L because the sum of two even integers is even. the negative of any 
even integer is even, and, finally, the product of an even integer by any 
integer is always even. 

In a commutative ring with unity. the simplest example of an ideal is 
the set of all the multiples of a fixed element a by all the elements in the 
ring; in other words, the set of all the products 

xa 

as a remains fixed and x ranges over all the elements of the ring. This set is 
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obviously an ideal because 

and 

xa + ya = (x + y)a 

- (xa) ~ (-x)a 

y(xa) ~ (yx)a 

This ideal is called the principal ideal generated by a, and is donoted by 

As in the case of subrings, if B is a nonempty subset of A, there is a 
more compact way of checking that B is an ideal of A: 

B is an ideal of A if and only if B is closed with respect to subtraction and 
B absorbs products in A. 

We shall see presently that ideals play an important role in connection 
with homomorphisms. 

Homomorphisms are almost the same for rings as for groups, 

A homomorphism from a ring A to a ring B is a function f,' A _ B 
satisfying the identities 

and 
J(x,x,) ~J(x')J(x,) 

There is a longer but more informative way of writing these two identities: 

(1) Iff(xt) = Yl andf(xz) = Yz, thenf(xl + x z) = YI + Yz 
(2) Iff (xtl = Yl andf(x l ) = Yl, thenf(xlxZ) = YIYZ' 

In other words, iff happens to carry Xl to Yt and Xz to Yz, then, necessarily. 
it must carry XI + Xz to YI + Yz and XtXz to YtYz. Symbolically, 

f f 
If X I - Yl and Xz - Yz, then necessarily 

and 

One can easi ly confirm for oneself that a function f with this property will 
transform the addition and multiplication tables of its domain into the 
addition and multiplication tables of its range. (We may imagine infinite 

rings to have " nonterminating" tables.) Thus, a homomorphism from a ring 
A onto a ring B is a function which transforms A into B. 
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For example, the ring Z6 is transformed into the ring Zl by 

2 3 4 

2 0 ~) 
as we may verify by comparing their tables. The addition tables are com~ 
pared on page 132, and we may do the same with their multiplication 
tables: 

0 2 3 4 5 0 2 0 2 

0 0 0 0 0 0 0 0 0 0 0 0 0 0 
0 1 2 3 4 5 Replace 0 1 2 0 1 2 

2 0 2 4 0 2 4 x by fIx) 2 0 2 0 2 1 
3 0 3 0 3 0 3 0 0 0 0 0 0 0 
4 0 4 2 0 1 2 1 0 2 0 1 2 
5 0 5 4 3 2 1 2 0 2 0 2 

Eliminate duplicate 0 1 2 
information 0 0 0 0 

0 1 2 
(For example, 2 ·2 _ I 2 0 2 
appears four separate 

times in this table.) 

If there is a homomorphism from A onto B, we call B a homomorphic 
image of A. Iff is a homomorphism from a ring A to a ring B, not neces~ 
sarily onto, the range off is a subring of B. (This fact is routine to verify.) 
Thus, the range of a ring homomorphism is a lways a ring. And obviously, 
the range of a homomorphism is a lways a homomorphic image of its 
domain. 

Intuitively. if B is a homomorphic image of A, this means that certain 
features of A are faithfu lly preserved in B while others are deliberately lost. 
This may be illustrated by developing furthe r an example described in 
Chapter 14. The parity ring P consists of two elements, e and 0, with 
addition and mUltiplication given by the tables 

+ e 0 

e e 0 

o 0 e 
and ;f

e 0 

e e e 
o e 0 

We shou·ld think of e as "even" and 0 as "odd," and the tables as describing 
the rules for adding and multiplying odd and even integers. For example, 
even + odd = odd, even times odd = even, and so on. 
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The function J: Z __ P which carries every even integer to e and every 
odd integer to 0 is easily seen to be a homomorphism from Z to P; this is 
made clear on page 134. Thus, P is a homomorphic image of Z. Although 
the ring P is very much smaller that the ring Z, and therefore few of the 
features of Z can be expected to reappear in P, nevertheless one aspect of 
the structure of Z is retained absolutely intact in P, namely the structure of 
odd and even numbers. As we pass from Z to P, the parity of the integers 
(their being even or odd), with its arithmetic, is faithfully preserved while all 
else is lost. Other examples will be given in the exercises. 

If J is a homomorphism from a ring A to a ring B, the kernel of J is the 
set of all the elements of A which are carried by J onto the zero element of 
B. In symbols, the kernel ofJis the set 

K ~ (x E A ; f(x) ~ O} 

It is a very important fact that the kernel oj J is an id€pf oj A. (The simple 
verification of this fact is left as an exercise.) 

If A and B are rings, an isomorphism from A to B is a homomorphism 
which is a one-to-one correspondence from A to B. In other words, it is an 
injective and surjective homomorphism. If there is an isomorphism from A 
to B we say that A is isomorphic to B, and this fact is expressed by writing 

EXERCISES 

A. Examples of Subrings 

Prove rhar each oJrheJolfowing is a subring oJthe indicated ring. 

{x + fiy : x,y€ Z) is a subring of R. 
2 {x + 2LIly + 211lz: x, y, Z € Z} is a subring of lit 

J {x2Y
: X,YEZ} is a subringofR. 

4 Let ~(R) be the set of all the functions from R to R which are continuous on 
(- 00,00 ), and let ~(R) be the set of all the functions from ;;< to R which arc 
differentiable on (- ro, ro). Then W(R) and q (R) are subrings of jO(R). 

5 Let <?t(R) be the set of a ll fu nctions from R to R which are cominuous on the 
imerval [0, 1]. Then <?t(R) is a subring of 9"(R), and ~(R) is a subring of"'(R). 
6 The subset of"'" 2(1R) consisting of all matrices of the form 

is a subring of .,If l(R). 



IDEALS AND HOMOMORPHISMS 183 

B. Examples of Ideals 

I Identify which of the following are ideals of Z x Z, and explain : {(n, n) :n E Z}; 
{(5n, O):n E Z}; {en, m):n + m is even}; {(n, m) :nm is even}; {(2n, 3m) :n, m E Z}. 
2 List a ll the ideals of Z 11 ' 

3 Explain why every subring of Zn is necessarily an idea\. 

4 Explain why the subring of Exercise A6 is not an ideal. 

5 Explain why ro'(R) is not an ideal of §(R). 

6 Prove that each of the following is an ideal of §(R): 

(a) The set orall fwhich a re constant on the interval [0, I]. 
(b) The set or all fs uch thatf(x) = 0 for every rational x . 
(c) The set of allfsuch thatf(O) = O. 

7 List a ll the ideals of P 3' (P 3 is defined in Chapter 17, Exercise D.) 

8 Gi've an example of a subring of P 3 which is not a n ideal. 

9 Give an example of a subring of Z) x ZJ which is not an ideal. 

C. Elementary Properties of Subrings 

Prove each of the following : 

I A nonempty subset B of a ring A is closed with respect to addition and negatives 
iff B is closed with respect to subtraction. 

2 Conclude fr om part 1 that B is a subring of A iff B is closed with respect to 
subtraction and multiplication. 

3 If A is a finite ring and B is a subring of A , then the order of B is a divisor of the 
o rder of A. 

4 If a subring B of an integral domain A contai ns 1, then B is an integral domain. (B 
is then called a subdomain of A.) 

5 Every subring of a field is an integral domain. 
6 If a subring B of a field F is closed with respect to multiplicative inverses, then B 
is a field. (B is then called a sub field of F.) 

7 Find subrings of Zs which illustrate each of the following : 
(i) A is a ring with unity, B is a subring of A, but B is not a ring with unity. 

(ii) A a nd B are rings with unity, B is a subring of A, but the unity of B is not 
the same as the unity of A. 

8 Let A be a ring,! : A_ A a homomorphism, and B = {x E A :f(x) = x }. Then B 
is a subring of A. 

9 The center of a ring A is the set of all the elements a E A such that ax = xa for 
every x E A. Prove. that the center of A is a subring of A. 
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D. Elementary Properties of Ideals 

Let A be a ring and J a nonempty subset of A. 

I Using Exercise C I, explain why J is an ideal of A iff J is closed with respect to 
subtraction and J absorbs products in A. 

1 If A is a ring with unity, prove that J is an ideal of A iff J is closed with respect to 
addition and J absorbs products in A. 

3 Prove that the intersection of any two ideals of A is an ideal of A. 

4 Prove that if J is an ideal of A and I E J , then J = A. 

5 Prove that if J is an ideal of A and J contains an invertible element a of A, then 
J = A. 

6 Explain why a field F can have no nontri vial ideals (that is, no ideals except {O} 
and Fl. 

E. Examples of Homomorphisms 

Prove that each of the following is a homomorphism. Then describe its kernel and its 

range. 

I ¢' §(R) - R gi"n by ,p(f) - flO). 
2 h: R x IR-+ R given by hex, y) = x. 

3 h: R -+..It 1(1R) given by 

h(x) - (~ ~) 
4 h: R x R--..Itz(R) given by 

h(X,y)-(~ ~) 
5 Let A be the set R x R with the usual addition and the following " multi­
plication" : 

(a, b) 0 (c, d) = (ac, be) 

Granting that A is a ring, letf: A -+.,If l(R) be given by 

f(x, y) - (; ~) 
6 h: Pc -- Pc given by h(A) .. A r'I D, where D is a fixed subset of C. 

7 List all the homomorphisms from I I to Z .. ; from Z) to 2 6, 

F. Elementary Properties of Homomorphisms 

Let A and B be rings, andf: A -+ B a homomorphism. Prove each of the following. 

1 f(A) = U(x) : x E A} is a subring of B. 

2 The kernel offis an ideal of A. 



3 f(O) :=: 0, and for every a E A,f( -a) = -f(a). 

4 f is injeclive iff its kernel is equal to {OJ. 
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5 If B is an integral domain, then either f( 1) = 1 or f(l) = O. If f(l) = 0, then 
f(x) = 0 for every x E A. If f(1) :=: 1, the image of every invertible element of A is an 
invertible element of B. 

6 Any homomorphic image of a comm utative ring is a commutative ring. Any 
homomorphic image of a field is a field. 

7 If the domain A of Ihe homomorphismfis a field, and if the range of fhas more 
than one eiemenl, thenfis injective. (HINT: Use Exercise D6.) 

G. Examples of Isomorphisms 

I Lei A be the ring of Exercise A2 in Chapter 17. Show that the fu nct ion 
f(x) = x-I is an isomorphism from Q to A, hence Q ;;:;:: A. 

2 Lei Y be the fo llowing subset of ..It 2(R): 

Prove that the function 

. (a b) f(a+bl)= -b a 

is an isomorphism from C to Y . [REMARK: You must begin by checking thatfis a 
well-defined function; that is, if a + bi _ c + di, then f(a + bi) = ftc + di). To do 
this, note that if a + bi:=: c + di then a - c:=: (d - b)i; this last equation is impos­
sible unless both sides are equal to zero, for otherwise it would assert that a given 
real number is equal to an imaginary number.] 
3 Prove that {(x, xl : x E Z} is a subring of Z x Z, and show {(x, x):x E Z} ;;:;:: l . 

4 Show that the set of all 2 x 2 matrices of the form 

is a subring of ""I 2(R), then prove this subring is isomorphic to IR. 

For any integer k, let kZ designate the subring of Z which consists of all the 
multiples of k. 

5 Prove that Z *- 2Z; then prove that 2Z *- 3Z. Finally. explain why if k +/, then 
kZ "t. fZ . 

H. Furlher Properlies of Ideals 

Let A be a ring, and let J and K be ideals of A. Prove each of the following. (In paris 
3 and 4, assume A is a commutative ring.) 

I If J n K = {OJ, thenjk :=: 0 for every j E J and k E K. 
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2 For any a E A, IQ = {ax + j + k: x E A,j E J, k E K } is an ideal of A. 

3 The radical of J is the set rad j = {a E A; a~ E j for some n E Z}. For any ideal 
J , rad J is an ideal of A. 

4 For any a E A, {x E A : ax = O} is an ideal (called the annihilator of a). Fur­
thermore, {x E A : ax = 0 for every a E A } is an ideal (called the annihilating ideal of 
A). If A is a ring with unity, its annihilating ideal is equal to {OJ. 
S Show that {OJ and A are ideals of A. (They are trivial ideals; every other ideal of 
A is a proper ideal.) A proper ideal J of A is called max imal if it is not strictly 
contained in any strictly larger proper ideal: that is, if J s;: K. where K is an ideal 
containing some element not in J , then necessarily K ... A. Show tha t the following 
is an example of a maximal ideal: In ff(R), the ideal J = {f:f(O) = OJ. [HINT: Use 
0 5. Note that if 9 E K and g{O) f 0 (that is, 9 ¢ J), then the function h(x) = 
g(x) - g(OI is in l , hence h(x ) - g(x) € K. Explain why this last function is an invert­
ible element of ff(R).] 

I. Further Properties of Homomorphisms 

Let A and B be rings. Prove each o/the/ol/owing: 

1 rf/: A _ B is a homomorphism from A onto B with kernel K , and ~ is an ideal of 
A such that K s: l , then /ell is an ideal of B. 

2 If/: A _ B is a homomorphism from A onto B, and B is afield, then the kernel of 
/ is a maximal ideal. (HINT: Use part I, with 06. Maximal ideals are defined in 
Exercise H5.) 

3 There are no nontri vial homomorphisms from Z to Z. [The trivia l homomor­
phisms are/ex) = 0 and /(x) = x. ] 

4. If n is a multiple of m, then Z'" is a homomorphic image of Z~. 
S If n is odd, there is an injective homomorphism from Z2 into Z2. ' 

t J. A Ring of Endomorphisms 

Let A be a commutative ring. Prove each oj thejol/owing : 

I For each element a in A, the function 7r
Q 

defined by 1t
Q
(x ) _ ax satisfies the identity 

njx + y) = n..(x) + nQ(y)' (In other words, 1tQ is an endomorphism of the additive 
group of A.) 

2 7ra is injecti ve iff a is not a divisor of zero. 
3 7ra is surjective iff a is invertible. 
4 Let d denote the set {1t. : a E A } with the two operations 

[ 7ra + 1t~](x ) = 1t.(x) + 1tJx) 

Verify that d is a ring. 

aod 

S If tP : A - d is given by tP(a) = 1ta , then tP is a homomorphism. 
6 If A has a unity, then tP is an isomorphism. Similarly, if A has no divisors of zero 
then tP is an isomorphism. 
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QUOTIENT RINGS 

We continue our journey into the elementary theory of rings, traveling a 
road which runs parallel to the familiar landscape of groups. In our study of 
groups we discovered a way of actually constructing all the homomorphic 
images or any group G. We constructed quotient groups of G, and showed 
that every quotient group of G is a homomorphic image of G. We will now 
imitate this procedure and construct quotient ring.~. 

We begin by defining eosets of rings: 

Let A be a ring, and J an ideal of A. For any element a E A, tile symbol 
J + a denotes fhe set of all sums j + a, as a remains fixed and j ranges 
over J. Tllat is, 

J + a = {j + Q : j E J} 

J + a is called a coset of J in A. 

It is important to note that, if we provisionally ignore multiplication, A 

with addition alone is an abelian group and J is a subgroup of A. Thus, the 
cosets we have just defined are (ir we ignore multiplication) precisely tile 
cosef-~ of the subgroup J in tile group A, with the notation being additive. 
Consequently, everything we already know about group eosets continues to 
apply in the present case-only, care must be taken to translate known 
racts about group cosets into additive 110((/t;011. For example, Property (*) or 
Chapter 13, with Theorem 5 or Chapter 15, reads as rollows in additive 
notation: 

'87 
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a E J + b iff 
J +a= J +b 

J +a= J 

J+ a= J+b 

iff 

iff 

a-be J 

GE l 

(.) 

("'*) 

(***) 

We also know, by the reasoning which leads up to Lagrange's theorem, that 
the family of all the cosets J + a, as a ranges over A, is a partition of A. 

A 
) "' )+0 

Hb 

There is a way of adding and mUltiplying eosets which works as follows: 

(1 + a) + (1 + b) ~ 1 + (a + b) 

(J + aXJ + b) ~ 1 + ab 

In other words, the sum of the coset of a and the coset of b is the coset of 
{/ + h; the product of the coset of a and the coset of b is the cosel of abo 

It is important to know that the sum and product of cosets, defined in 
this fashion, are determined without ambiguity. Remember that J + a may 
be the same coset as J + c [by (*) this happens iff c is an element of J + a], 
and, likewise, J + b may be the same coset as J + d. Therefore, we have the 
equations 

(1 + a) + (1 + b) ~ 1 + (a + b) (1 + aXl + b) ~ 1 + ab 
II II and II II 

(1 + c) + (1 + d) ~ J + (e + d) (1 + eXl + d) ~ 1 + cd 

Obviously we must be absolutely certain that J + (a + b) = J + (c + d) and 
J + ab = J + cd. The next theorem provides us with this important guar­
antee. 

Theorem 1 Let J be an ideal of A. If J + a = J + c and J + b = J + d, then 
(i) 1 + (a + b) ~ 1 + (e + d), and 

(ii) J + ab = J + cd. 
We are given that J + a = J + c and J + b = J + d. hence by (**), 

a -c E J and b-dEJ 

Since J is closed with respect to addition, (a - c) + (b - d) = (a + b) -
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(c + d) is in J. It follows by (**) that ) + (a + b) = ) + (c + d), which 
proves (i). On the other hand, since ) absorbs products in A, 

(a - c)b E J 
~ 

ab - cb 
and 

,c(b ;- d), E J 
cb - cd 

and therefore (ab - cb) + (cb - cd) = ab - cd is in ). It follows by ( .... ) that 
) + ab = } + cd. This proves (ii). 

Now, think of the set which consists of all lhe coselS of} in A. This set 
is conventiona ll y denoted by the symbol AI). For example, if} + a,} + b, 
} + c, . . . are cosets of}, then 

AIJ ~ {J + a, J + b, J + c, ... } 

We have just seen that coset addition and mUltiplication are valid oper­
ations on this set. In fact, 

Theorem 2 AI} with coset addition and multiplicalion is a ring. 

Coset addition and multiplication are associative, and multiplication is 
distributive over addition. (These facts may be routinely checked.) The zero 
element of AI} is. the coset J = } + 0, for if) + a is any coset, 

~ + ~ + ~+~ ~ J+ 0+~~J+a 

Finally. the negative of J + a is J + (- a), because 

(J + a) + (J + (-a» ~ J + (a + (-a» ~J + 0 

The ring AIJ is called the quotient ring of A by J. 
And now, the crucial connection between quotient rings and homomor­

phisms: 

Theorem 3 AIJ is a homomorphic image of A. 

Following the plan already laid out for groups, the nacural homomor­
phism from A onto AIJ is the function f which carries every element to its 
own coset, that is, the functionfgiven by 

fIx) ~ J + x 
This function is very easil y seen to be a homomorphism. 

Thus, when we construct quotient rings of A, we are, in fact, construct­
ing homomorphic images of A. The quotient ring construction is useful 
because it is a way of actually manufacturing homomorphic images of any 
ring A. 
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The quotient ri ng construction is now illustrated wit h an important 
example. Let Z be the ring of the integers, and let (6) be the ideal of Z 
wh ich consists of all the multiples of the number 6. The elements of the 
quotient ring Z/ ( 6) a re all the cosets of the ideal ( 6) , namely : 

(6)+ 0~ { .. . , - 18, - 12, - 6,0,6, 12, 18, ... } ~0 

(6) + I ~ { .. ., -17, - II , -5, I, 7,13, 19, ... } ~ I 

( 6) + 2 ~ { .. . , - 16, - 10, - 4,2, 8,14,20, ... } ~ 2 

( 6) + 3 ~ { .. ., - 15, - 9, - 3,3, 9, 15, 21, .. . } ~ 3 

( 6) + 4 = [ ... , - 14, - 8, - 2,4,10,16, 22, ... } = 4 

(6) + 5 ~ { ... , - 13, -7, - 1,5, I I; 17, 23, .. . } ~ 5 

~e_ wil l represent these eosels by mea ns of the simplified notat ion 0, t , 2, 3, 
4, 5. The rules for adding and multiplying eosets give us the fo~lowing 
tables: 

- - - - - - - - - - - -
+ 0 2 3 4 5 0 I 2 3 4 5 

- - - - - - - - - - - - -
0 0 I 2 3 4 5 0 0 0 0 0 0 0 - -
I I 2 3 4 5 0 I 0 I 2 3 4 5 - - - - - - - - - - - -
2 2 3 4 5 0 I 2 0 2 4 0 2 4 - - - - - - - - - - -
3 3 4 5 0 I 2 3 0 3 0 3 0 3 - - -
4 4 5 0 I 2 3 4 0 4 2 0 4 2 - - - - - - -

5 5 0 2 3 4 5 0 5 4 3 2 

One cannot fail to notice the analogy between the quotient ri ng Z/(6) 
and the ring Z6' In fact , we will regard them as one and the same. More 
generally, for eve ry posit ive integer n, we consider Z" to be the same as 
Z/ <II ) . In pa rticular, th is makes it clea r that Z" is a homomorphic image of 
Z. 

By Theorem 3, any quotient ring A/l is a homomorphic image of A. 
Thcrefore the quotient ring construction is a way of actually prod ucing 
homomorphic images of any ri ng A. In fact, as we will now sec, it is a way 
of produc ing aI/ the homomorphic images of A. 

Theorem 4 Let J: A -~ B be a homomorphismJrom a ring A onto a ring B, 
olld let K he the kernel oj! Then B:;: A/ K. 

To show that A/ K is isomorphic with B, we must look fo r an isomo r. 
phism from A/ K to B. Mimicking the proced ure which worked successfully 
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for groups, we let ¢ be the function from AIK to B which matches each 
coset K + x with the elementJ(x); that is, 

<I>(K + x) ~ f(x) 

Remember that if we ignore multiplication for just a moment, A and Bare 
groups and J is a group homomorphism from A onto B, with kernel K. 
Therefore we may apply Theorem 2 of Chapter 16: ¢ is a well-defined, 
bijecrive functionJrom AIK to B. Finally, 

<I>«K + a) + (K + b)) ~ <I>(K + (a + b)) ~f(a + b) 

~ f(a) + f(b) ~ </>(K + a) + <I>(K + b) 

and <I>«K + aXK + b)) ~ <I>(K + ab) ~ f(ab) 

~ f(a)f(b) ~ <I>(K + a)</>(K + b) 

Thus, ¢ is an isomorphism from AIK onto B. 
Theorem 4 is called the fundamenral homomorphism rheorem for rings. 

Theorems 3 and 4 together assert that every quotient ring of A is a homo­
morphic image of A, and, conversely, every homomorphic image of A is 
isomorphic to a quotient ring of A. Thus, for all practical purposes, quo­
tients and homomorphic images of a ring are the same. 

As in the case of groups, there are many practical instances in which it 
is possible to select an ideal} of A so as to " factor out" unwanted traits of 
A, and obtain a quotient ring AI} with "desirable" features. 

As a simple example, let A be a ring, not necessarily ·commutative, and 
let} be an ideal of A which contains all the differences 

ab - ba 

as a and b range over A. It is quite easy to show that the quotient ring All 
is then commutative. Indeed, to say that All is commutative is to say that 
for any two coselS 1 + a and 1 + b, 

thai is l+ab=l+ba 

By (**), this last equation is true iff ab - ba E}. Thus, if every difference 
ab - ba is in l, then any two cosels commute. 

A number of important quotient ring constructions, similar in principle 
to this one, are given in the exercises. 

An ideal 1 of a commutative ring is said to be a prime ideal if for any 
two elements a and b in the ring, 

If ab E} then aeJ or beJ 
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Whenever J is a prime ideal of a commutative ring with unity A, the 
quotient ring AIJ is an integral domain. (The details are lert as an exercise.) 

An ideal of a ring is called proper if it is not equal to the whole ring. A 
proper idea l J of a ring A is called a maximal ideal if there exists no proper 
ideal K of A such that J £; K with J #- K (i n other words, J is not con­
tained in any strictly larger proper ideal). It is an important fact that if A is 
a commutative ring with unity, then J is a max imal ideal of A iff AIJ is a 

lie/d. 
To prove this assertion, let J be a maximal idea.1 of A. If A is a com­

mutative ring with unity, it is easy to see that AIJ is one also. In fact , it 
should be noted that the unity of AI J is the coset J + I, because if J + a is 
an y cosel, (J + aXJ + I) = J + a1 = J + Q. Thus, to prove that AfJ is a 
field, it remains only to show that if J + a is any nonzero coset, there is a 
coset J + x such that (J + a)(J + x) = J + 1. 

The zero coset is J. Thus, by (***), to say that J + a b not zero, is to 
say that a rj J. Now, let K be the set of all the sums 

xa +) 

as x ranges over A and) ranges over J. It is easy to check that K is an ideal. 
Fu rthermore, K contains a because a = la + 0, and K contains every el­
ement j·e J because j can be wriqen as Oa + j. Thus, K is an ideal which 

co/Jta illS J atld is strictly larger than J (for remember that a e K but a rj J). 
But J is a maximal ideal! Thus, K must be the whole ring A. 

It follows that I E K , so 1 = xa + j for some x E A and j E J . Thus. 
1 -:ow =j E J, so by (**), J + 1 = J + x a = (J + x)(J + a). In the quotient 
ring AI J , J + x is therefore the multiplicative inverse of J + a. 

The converse proof consists, essentially, of " unraveling" the preceding 
argument ; it is left as an entertaining exercise. 

EXERCISES 

A. Examples of Quotient Rings 

In each of the following, A is a ring and J is an ideal of A. List the elements of A/J, 
and then write the addition and multiplication tables of AIJ. 

Example A = Z6,J = (0, 3}. 

The elements of AfJ are the three cosets J = J + ° = to, 3}, J + 1 = {I , 4}, and 
J + 2 = 12, 5}. The tables for A/J are as follows : 
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J J + I J + 2 1 1+1 1 +2 

J J 
1 + 1 J + 1 
J +2 J+ 2 

A =Zlo, J = (0.5}. 

J + I 
J +2 

J 

J +2 
J 

J+I 

} 1 1 1 
1+1 1 1+1 1+2 
J+2} } +2 1+1 

2 A = P J , } = (O, { I}} .(P ) is defined in Chapter 17, Exercise D.) 

3 A = Z2 X Zt, ; J = :(0,0), (0, 2), (0, 4)}. 

B. Examples ofthe Use of the FHT 

In each of the fo llowing, use the FHT (fundamental homomorphism theorem) to 
prove that the two given rings are isomorphic. Then display their tables. 

The following function is a homomorphism from Zt, onto Zz : 

(
012345) 

/ = ° 1 ° I ° I 

(Do no t prove that/is a homomorphism.) 
The kernel of l is to, 2, 4} = (2). Thus: 

It follows by the FHT that Zz 2::: Z6/(2). 

1 Zs and Zio /( 5). 

2 ZJ and Z( 10). 
3 P2 and PJ IK , where K - (~, {3}}. [HINT: See Chapter 18, Exercise E6. Can· 
sider the functio n /(X) = X n {I, 2}.] 

4 ~ a nd Zz x ZlIK , where K = {(O, 0), (0, IlJ. 

C. Quotient Rings and Homomorphic Images in iF (IR) 

1 Let ¢ be the function from !F(R) to R x R defined by ¢(f) = (f(0),f(1)). Prove 
that ¢ is a homomorphism from §(R) ontO R x R, and describe its kernel. 

2 Let} be the subset of !F(R) consisting of all / whose graph passes through the 
points (0, 0) and (I , 0). Referring to . part I, explain why} is an ideal of S"(R), and 
!F(R)/ } .. lR x R. 

3 Let ¢ be the function from .'F(R) to F (O) defined as follows: 

~f) = /Q = the restrictio n of I to 0 
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(NOTE: The domain of JQ is 0 and on this domainJQ is the same function as f) 
Prove that tP is a homomorphism fro m F(R) onto F(O), and describe the kernel of 

f· 
4 Let) be the subset of :F(R) consisting of all /such that/ex) = 0 for every rational 
x. Referring to part 3, explain why) is an ideal of :F(R) and :F(R)!) =: :F(O). 

D. Elementary Applications of the Fundamental 
Homomorphism Theorem 

In each of the following let A be a commutative ring. If a E A and n is a positive 
integer, the notation /la will stand for 

(n terms) 

Suppose 2x = 0 for every x E A. Prove that (x + y)2 :: x2 + yl for all x and y in 
A. Conclude that the fu nction Ir(x) = X l is a homomorphism from A to A. If ) = 

{x E A: Xl = o} and B = {x 2 : x E A}, explain wh y ) is an ideal of A, B is a subring 
of A, and All ;: B. 

2 Suppose 6x = 0 for every x € A. Prove that the function h(x) = 3x is a homomor­
phism from A to A. If} = {x: 3x = o} and B = {3x: x € A }, explain why) is an 
ideal of A, B is a subring of A, and AIJ = B. 
3 If a is an idempotent element of A (that is, al = a), prove that the function 
'ltD(x) = ax is a homomorphism from A into A. Show that the kernel of 'Ita is f a, the 
annihilator of a (defined in Exercise H4 of Chapter 18). Show that the range of 'ltD is 
(a). Conclude by the FHT that Al Ia;: (a). 

4 For each a E A, let 1t". be the function given by 1t"D(X) - ax. Define the fo llowing 
addition and multiplication on A = {n.: a E A}: 

(A is a ring; however, do not prove this.) Show that the function ¢(a) = n. is a 
homomorphism from A onto A. Let I designate the annihilating ideal of A (defined 
in Exercise H4 of Chapter 18). Use th e FHT to show that Al l =: A. 

E. Properties of Quotient Rings AI} 
in Relation to Properties of } 

Let A be a ring and} an ideal of A. Use (*), (Ul, and (U*) of this chapter. Prove 
(,lid, of III(' !(II/owing: 

I Every clement of AI) has a sq uare root iff for every x E A, there is some YE A 
such that.-.: - yl E ). 

2 Every elemen t of AI} is its own negative iff x + x E ) for every x E A. 

3 AI) is a boolean ring iff x 2 
- x E } for every x € A. (S is called a boolean ring iff 

.~2 = s for every S E S.) 

4 If} is the ideal of all the nilpotent elements of a commutative ring A, then AI) 
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has no nilpotent elements (except zero). (Nilpo tent elements are defined in Chapter 
17, Exercise M; by M2 and M3 they form an ideal.) 

5 Every element of AIJ is nilpotent iff J has the following property : for every x E A, 
there is a positive in teger 11 such that x~ E J. 

6 AIJ has a unity clement iff there exists an elemen t a e A such that ax - x e J and 
.'I:U - .'I: e J for every x e A. 

F. Prime and Maximal Ideals 

Let A be a commutat ive ring wi th unity, and J an ideal of A. Prove each oJ Ille 
Jollo\\·ill.'1. 

1 AIJ is a commutative ring with unity. 

2 J is a prime ideal iff AIJ is an integral domai n. 
3 Every maximal ideal of A is a prime ideal. (H tNT: Use the fact , proved in this 
chapter, that if J is a maximal ideal then AIJ is a field . Also, use part 2.) 

4 If AI) is a field, then J is a maximal ideal. (HINT: Use Theorem] of this chapter 
and Exercise 12 of Chapter 18.) 

G. Further Properties of Quotient Rings 
in Relation to their Ideals 

Let A be a ring and) an ideal of A. Prove thefollowillg. (In parts I to 3, assume that 
A is a commutat ive ring with unity.) 

1 AIJ is a field iff for every elemen t a e A, where a II J, there is some bE A such 
thatab-l e J . 

2 Every nonzero element of AIJ is either invertible or a divisor of zero ifT the 
fo llowing property holds, where a, x E A: For every a II J, there is some.'{ f J such 
that either ax e J or ax - 1 E J. 

3 An ideal J of a ring A is called primary iff for all a, be A, if ab e J, then either 
a e J or bn E ) for some posi ti ve integer n. Prove that every zero divisor in A/J is 
nilpotent iff J is primary. 

4 An ideal) of a ring A is called .~emiprime iff it has the fo llowing property : For 
every a E A, if an E J for some positive integer n, then necessarily a E J. Prove that J 
is semi prime iff AI) has no nilpote nt elements (except zero). 
5 Prove that an integral domain can have no nonzero nilpotent elements. Then use 
part 4, together with E2, to prove that every prime ideal is semiprime. 

H. Z,. as a Homomorphic Image of Z 

Recall that the func tion 

J(a) = a 
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is the natural homomorphism from Z onto Z •. If a polynomial equation p = 0 is 
satisfied in Z, necessarily [(pI = [(0) is true in Z • . Let us take a specific example; 
there are integers x and y satisfying Il xl - 8/ + 29 = 0 (we may take x = 3 and 
y = 4). It follows that there must be elements x and y in Z6 which satisfy 
n jl _ Sy2+29::0 in Z6 , that is, 5 x2 - 2: y2 + 5=0. (We take x=3 -and },= 4.) 
The problems which follow are based on this observation. 

I Prove that the equation x 2 - 7y2 - 24 = 0 has no integer solutions. (HINT: If 
there are integers x and y satisfying this equation, what equation will x and y satisfy 
in Z,1) 
2 Prove that x2 + (x + 1)2 + (x + 2)1 = yl has no integer solutions. 

J Prove that x2 + lOy2 = 11 (where 11 is an integer) has no integer solutions if the 
last digit of 11 is 2, 3, 7, or 8. 
4 Prove that the sequence 3, 8, 13, 18, 23 .... does not include the square of any 
integer. (HINT: The image of each number on this list, under the natural homomor­
phism from Z to Zs , is 3.) 

5 Prove that the sequence 2, 10, 18,26, ... does not include the cube of any integer. 

6 Prove that the sequence 3, 11 , 19,27, . . . does not include the sum of two sq uares 
of integers. 

7 Prove that if 11 is a product of two consecutive integers, its units digit must be 0, 2-
or 6. 
8 Prove that if n is the product of three consecutive integers, its units digit must be 
0, 2,4, or 6. 
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INTEGRAL DOMAINS 

Let us recall that an integral domain is a commutative ring with unity 
having the cancelation property, that is, 

if and ab = ac chen b=c (I) 

At the end of Chapter 17 we saw that an integral domain may also be 
defined as a commutative ring with unity having no divisors of zero, which 
is to say that 

if ab = 0 then a=O 0' (2) 

for as we saw, (I) and (2) are equivalent properties in any commutative ring. 
The system Z of the integers is the exemplar and prototype of integral 

domains. In fact, the tenn " integral domain" means a system of algebra 
("domain") having integerlike properties. However, Z is not the only inte­
gral domain: there are a great many integral domains different from Z. 

Our first few comments will apply to rings generall y. To begin with, we 
introduce a convenient notation for multiples. which parallels the exponent 
notation for powers. Additively. the sum 

a+a+"'+a 

of n equal terms is written as n . a. We also define 0 . a to be 0, and let 
( - n) . a = -(n . a) for all posit ive integers n. Then 

m . a + n . a = (m + n) , a and m ' (n ' a) = (mn) , a 
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for every element a of a ring and all integers m and n. These formulas arc 
the translations into additive notation of the laws of exponents given In 

Chapter 10. 
If A is a ring, A with addition alone is a group. Remember that in 

additive notation the order of an element a in A is the least positive integer 
n such that n . a = O. If there is no such positive integer n, then a is said to 
have order infini ty. To emphasize the fact that we are referring to the order 
of a in terms of addition, we will call it the additive order of a. 

In a ring with unity, if I has additive order n, we say the ring has 
"characteristic n." In other words, if A is a ring with unity, 

the characteristic of A is the least positive integer n such that 

1 + 1+ ",+ 1 =0 
\ , 

v 

n times 

If there is no such positive integer n, A has characteristic O. 

These concepts are especially simple in an integral domain. Indeed, 

Theorem I All the nonzero elements in an integral domain have the same 
additive order. 

That is, every a f 0 has the same additive order as the additive order of 
1. The truth of this statement becomes transparently clear as soon as we 
observe that 

n . a = a + a + ... + a = l a + ... + la = (I + ... + I)a = (n.· l)a 

hence n . a = 0 iff n . 1 = O. (Remember that in an integral domain, if the 
product of two factors is equal to 0, at least one factor must be 0.) 

It follows, in particular, that if the characteristic of an integral domain 
is a positive integer n, then 

for every element x in the domain. 
Furthermore, 

Theorem 2 In an integral domain with nonzero characteristic, the character­

istic is a prime number. 

For if the characteristic were a composite number mn, then by the 
distributive law, 
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(m . IXn . I) ~ (I + ... + IXI + ... + I) ~ I + I + ... + I ~ (mn) . I ~ 0 
~~' v ' 

m terms n terms mn terms 

Thus, either m . I = 0 or n . I = 0, which IS impossible because mn was 
chosen to be the least positive integer such that (mn) . I = O. 

A very interesting rule of arithmetic is valid in integral domains whose 
characteristic is not zero. 

Theorem 3 In any integral domain of characteristic p, 

(a + b)P = aP + bP for all elements a and h 

This formula becomes clear when we look at the binomial expansion of 
(a + b)P. Remember that by the binomial formula, 

(a + hlP = aP + (~). ap-1b + ... + (p ~ I)· ab
p

- I + bP 

where the binomial coefficient 

(~) ~ "p("'P_---'-'IX"'P_-_2:;~-:-;-. ·-,(p,,--..::k:...+:...:.!:I) 

It is demonstrated in Exercise L of Chapter 17 that the binomial formula is 
correct in every commutative ring. 

Note that if p is a prime number and 0 < k < p, then 

0:) is a multiple of p 

because every factor of the denominator is less than p, hence p does not 
cancel out. Thus, each term of the binomial expansion above, except for the 
first and last terms, is of the form px, which is equal to 0 because the 
domain has characteristic p. Thus, (a + b)P = aP + bP. 

It is obvious that every field is an integral domain: for if a =1= 0 and 
ax = ay in a field , we can multiply both sides of this equation by the 
multiplicative inverse of a to cancel a. However, not every integral domain 
is a field: for example, Z is not a field. Nevertheless, 

Theorem 4 Everyfinitt! integral domain is afield. 

List the elements of the integral domain in the following manner: 
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In this manner of listing, there are n + 2 elements in the domain. Take any 
ai' and show that it is invertible: to begin with, note that the products 

arc all distinct: for if a i x = a i y, then x = y. Thus, there are n + 2 distinct 

products aix; but there arc exactly n + 2 elements in the domain, so every 
element in the domain is equal to one of these products. In particular, 
1 = (/iX for some x, hence (Ii is invertible. 

OPTIONAL 

The integral domain :l. is not a field because it does not contain the quo­
tient s mi n of integers. However, :l. can be enlarged to a field by adding to it 
all the quotients of integers; the resulting field, of course, is Q the field of 
the rational numbers. Q consists of all quotients of integers, and it contains 
7l.. (or rather, an isomorphic copy of il) when we identify each integer n with 
the quotient n/ 1. We say that ill is thejield of quotients of Z. 

It is a fascinating fact that the method for constructing Q from 7l.. can 
be applied to any integral ~omain. Starting from any integral domain A, it 
is possible to construct a field which contains A: a field of quotients of A. 
This is not merely a mathematical curiosity, but a valuable addition to our 
knowledge. In applications it often happens that a system of algebra we are 
dcaling with lacks a necded property, but is contained in a larger system 
which has that property- and that is almost as good! In the present case, A 

is nOI a field but may be enlarged to one. 
Thus, if A is any integral domain, we will proceed to construct a field 

A* consisting of all the quotients of elements in A; and A* will contain A, 

or ralher an isomorphic copy of A, when we identify each element a of A 
with the quotient a/ I. The construction will be carefully outlined and the 
busy work left as an excrcise. 

Given A, let S denote the set of all ordered pairs (a , b) of elements of A, 

where b f- O. That is, 

S ~ {(a, b): a, b E A and b f O} 

In order to understand the next step, we should think of (a, b) as a/b. [It is 
too early in the proof to introduce fractional notation, but nevertheless each 
ordered pair (a, b) should be thought of as a fraction a/b.] Now, a problem 
of representation arises here, because it is obvious that the quotient xa/xb is 
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eq ual to the quotient alb; to put the same fact differently, the quotients alb 
and cld arc equal whenever ad = be. That is, if ad = be. then alh and cld are 
two different ways of writing the S{lme quotient. Motivated by this obser­
vation, we define (0, b) "'- (c, d) to mean that ad = be, and easily verify that -
is an equivalence relation on the set S. (Equivalence relations are ex.plained 
in Chaptcr 12.) Then we let [lI, b] denote the equivalence class of (a, b), that 
IS, 

[a, b] ~ {(c, d) E S: (c, <I) - (a, b)) 

Intuitively, all the pairs which represent a given quotient are lumped toge­
ther in one equivalcnce class; thus, each quociem is represenced by exacrly 

one eqllivaience class. 

Let us recapitulate the formal details of our construction up to this 
point: Given the set S of ordered pairs of elements ir:t A, we define an 
equivalence relation -- in S by letting (a, b) -- (c, d) iff ad = bc. We let 
[a, b] designate the equivalence class of (a, b), and finally, we fet A II< denote 

the sec of af{ the equivalence classes [a, b]. The elements of A* will be called 
quotients. 

Before going on, observe carefull y that 

[a, b] ~ [r , s] iff (a, b) - (r, s) iff as = br (.) 

As our next step, we define operations of addition and multiplication in A* : 

[a, b] -+- [c, d] ~ [ad + be, bd] 

and [a, b] . [c, d] ~ [ac, bd] 

To understand these definitions, simply remember the formulas 

a c ad + bc - + - ~ ----:-';--" 
b d bd 

and 
a c rlC 

b d bd 

We must make certain these definitions are unambiguous; that is, if 
[1I, b] = [r, sJ and [ c, d] = [t, 1.1], we have the equations 

[a, b] + [c, d] ~ [ad + be, bd] [a, b] . [c, d] ~ [ac, bd] 
II II and II II 

[r, s] + [r, II] = [ru + st, su] [r, s] . [I, a] ~ [rl . sa] 

and we must therefore verify that [ad + bc, bd] = [m + st, Sll] and 
[ac, bd] = Crt, SII]. This is left as an exercise. It is also left fo r the student to 
verify that addition and multiplication are associative and commutative 
and the distributive law is satisfied. 

The zero element is [0, IJ, because [a, b] + [0, 1] = [a, b]. The nega-



202 CHAPTER TWENTY 

live of [a, b) is [-a, b), fo' [a, b) + [-a, b) = [0, b') = [0, I). [The last 
equation is true because of (*).] The unity is [I , I], and the multiplicative 
inverse of [a, b] is [b, a], for [a, b] . [b, a] = [ab, ab] = [ 1, 1]. Thus, A* is 
a field! 

Finally, if A' is the subset of A* which contains every [a, 1], we let q, be 
the function from A to A' defined by tJ>(a) = [a, 1]. This function is injective 
because, by ("'), if [a, I] = [b, 1] then a = b. It is obviously surjective and is 
easily shown to be a homomorphism. Thus, q, is an isomorphism from A to 
A', so A'" contains an isomorphic copy A' of A. 

EXERCISES 

A. Characteristic of an Integral Domain 

Let A be an integral domain. Prove each of/llefollowing. 

I Let a be any nonzero element of A. If n . a = 0, where n "# 0, then n is a multiple 
of the characteristic of A. 

2 If A has characteristic zero, n '* 0, and n . a = 0, then a = O. 

3 If A has characteristic 3, and 5 . a = 0, then a = O. 

4 If there is a nonzero element a in A such that 256 . a = 0, then A has character­
istic 2. 

5 If there are distinct nonzero elements a and b in A such that 125· a = 125 · b, 
then A has characteristic 5. 

6 If there are nonzero elements a and b in A such tha t (a + b)2 = a2 + b 2 then A 
has characteristic 2. 

7 If there are nonzero elements a and b in A such that lOa = 0 and 14b = 0 then A 
has characteristic 2. 

B. Characteristic of a Finite Integral Domain 

Let A be a finite integral domain. Prove each ollhefollowing. 

I If A has characteristic q, then q is a divisor of the order of A. 

2 If the order of A is a prime number p, then the characteristic of A must be equal 
to p. 

3 If the order of A is pm, where p is a prime, the characteristic of A must be equal to 
p. 

4 If A has 81 elements, its characteristic is 3. 

5 If A, with addition alone, is a cyclic group, the order of A is a prime number. 
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C. Finile Rings 

Let A be a fi n,ite commutat ive ring with unity. Prove each o/ the/olfowing. 

I Every nonzero element of A is either a divisor of zero or invertible. (HtNT: Use an 
argument ana logous to the proof of Theorem 4.) 

2 If a '# 0 is not a divisor of zero, then some positive power of a is eq ual to t. 
(H INT: Consider a, aZ

, a3
, •• •• Since A is finit e, there must be positive integers n < m 

such that (In = am.) 

3 Use part 2 to prove: If a is invertible, then a- I is equal to a positive power of a. 

D. Field of Quotients of an Integral Domain 

The following questions refer to the construction of a field of quotients of A, as 
outlined on pages 200 to 202. 

t If [a. bJ = [r, .~] and [c, d] = ( I, II], prove that [a, b] + [e, d] = (r, $] + (I, U]. 
2 If (a , b] = [r, s] and [c, d) = (/, II], prove that (a, b](c, d] = (r, sJ(t , u). 

3 If (a, h) "" (c, d) means ad = he, prove that '"" is an equivalence relation on S. 

4 Prove that addition in A+ is associative and commutative. 

5 Prove that multiplication in A+ is associative and commutative. 

6 Prove the d istri butive law in A ·. 

7 Verify that 1> : A -+ A' is a homomorphism. 

E. Further Properties of the Characteristic 
of an Integral Domain 

Let A be an integral domain. Prove each o/the/ollowing. 

I Let a E A. If A has cha racteristic p, and n . a = 0 where n is not a multiple of p, 
then a = 0 

2 If P is a prime, and there is a nonzero element a E A such that p . a _ 0, then A 
has characteristic p. 

3 If p is a prime, and there is a nonzero element a E A such that pm . a = 0 for some 
integer m, then A has characteristic p. 

4 If A has characteristic p, then the function / tal = aP is a homomorphism from A 
to A. 

5 Let A have order p, where p is a prime. Explai n why 

A - {a. 1.2'1. 3·1 • .. . . (p - I)'/) 

Prove that A :;;:; Zp. 
6 If A has characteristic p, then for any positive integer n, 

tt) (a + b)l'" - aP" + bP"; and (ii) (al + a2 + ... + a,)"" = ar + ... + a~. 
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7 Let A !:= B where A and B are in tegral domains. A has characteristic p iff B ha" 
characteristic p. 

F. Finite Fields 

By Theorem 4, "finite integral domain" and " finite fieid" are the same. Prove the 
following: 

I Every finite field has nonzero characteristic. 
2 If A is a finit e field of characteristic p, the functionf(a) ;0< aP is an automorphism 
of A, that is, an isomorphism from A to A. (HINT: Use Exercise E4 above and 
Exercise F7 of Chapter 18, To show that f is surjective, compare the number of 
elements in the domain and in the range off) 

Thefunctionf(a) = aP is called the Froehenius Qutomorplrism. 

3 Use part 2 10 prove: In a finite field of characteristic p, every element has a p-th 
rOOI. 



CHAPTER 

TWENTY-ONE 
THE INTEGERS 

There are two possible ways of describing the system of the integers. 
On the one hand, we may attempt to describe it concr~tely. 
On the other hand, we may find a list of axioms from which it is 

possible to deduce all the properties of the integers, so the only system 
which has all these properties is the system of the integers. 

The second of these two ways is the way of mathematics. It is elegant, 
economical, and simple. We select as axioms only those particular proper­
ties of the integers which are absolutely necessary in order to prove further 
properties of the integers. And we select a sufficiently complete list or axioms 
so that, using them, one can prove all the properties of the integers needed 
in mathematics. 

We have already seen that the integers are an integral domain. How­
ever, there are numerous examples of integral domains which bear little 
resemblance to the set of the imegers. For example, there are finite integral 
domains such as Zs, fields (remember that every field is an integral domain) 
such as Q and R, and others. Thus, in order to pin down the integers-that 
is. in order to find a list of axioms which applies to the integers and only the 
integers- we must select some additional axioms and add them to the 
axioms of integral· domains. This we will now proceed to do. 

Most of the traditional number systems have two aspects. One aspect is 
their algebraic st ructure: they are integral domains or fields. The other 
aspect- which we have not yet touched upon-is that their elements can be 
ordered. That is, if a and b are distinct elements, we can say that (l is less 
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than b or b is less than a. This second aspect- the ordering of elements­
will now be formalized. 

An orde,'ed integral domain is an integral domain A with a relation, 

symbolized by <,izaving the following properties: 

(I) For allY a and b ill A , exactly one of the following is true: 

a= b a<b 

Fllrlhermore,for any a, b, and c in A, 

(2) If a < band b < c, then a < c. 
(3) Ifu < b, then a + c < b + c. 

or b <a 

(4) If a < b, then (lC < bc on the condition that 0 < c. 

The relation < is called an order relation on A. The four condi tions which 
an order relation must fulfill a re familiar to everyone. (I) and (2) require no 
comment. (3) asserts that we are allowed to add any given c to both sides of 
an inequality. (4) asserts that we may multiply both sides of an inequality 
by any e, on the condition that e is grea ter than zero. 

As usual, a > b has the same meaning as b < a. Furthermore, a :s;; b 

means "a < b or a = b," and b ~ a means the same as a :s; b. 

In an ordered integral domain A, an element a is ca lled positive if a > O. 
If a < 0 we caB a negarive. Note that if a is positive then - a is negative 
(proof: add - a to both sides of the inequality a> 0). Similarly, if a is 
negative, then -a is positive. 

In any ordered integral domain, the sqllare of every nonzero element is 

positive. Indeed, if e is nonzero, then either c > 0 or c < O. If c > 0, then, 
multiplying both sides of the inequality e > 0 bye, 

cc>cO =O 

so c2 > O. On the other hand, if e < 0, then 

(-c) > 0 

hence ( - cX-c»O(- c)=O 

But ( - eX - c) = c2
, so once again, c2 > O. 

In particular, since / == /2, / is always positive. 

From the fact that / > 0, we immediately deduce that / + / > /, 
/ + / + J > / + /, and so on. In general, for any positive integer n, 

(n + I) . I > n . / 

where n . / designates the unity element of the ring A added to itself n 
times. Thus, in any ordered integral domain A, the set of all the 1111l1tiples of 
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1 is ordered as in Z: namely 

... < (-2) . 1 < (- I ) . 1 < 0 < 1 < 2 . 1 < 3 . 1 < ... 

The set of all the positive elements of A is denoted by A 1". An ordered 
integral domain A is called an integral system if every nonempty subset of 
A -+ has a least element ; in other words, if every nonempty set of positive 
elements of A has a least element. This property is called the well-ordering 
property for A -+. 

It is obvious that Z is an integral system, for every nonempty set of 
positive integers contains a least number. For example, the smallest element 
of the set of all the positive even integers is 2. Note that Q and lQ: are not 
integral systems. For although both are ordered integral domains, they 
contain sets of positive numbers, such as {x: 0 < x < I}, which have no 
least element. 

In any integral system, there is no element between 0 and I. For suppose 
A is an integral system in which there are elements x between 0 and 1. Then 
the set {x E A : 0 < x < I} is a nonempty set of positive members of A, so 
by the well-ordering property it has a least element c. That is, 

O<c<1 

and c is the least element of A with this property. But then (multiplying by 
c), 

Thus, c l is between 0 and 1 and is less than c, which is impossible. 
Thus, there is no element of A between 0 and 1, 
Finally, in any integral system, every element is a multiple of 1. If that 

were not the case, we could use the well-ordering principle to pick the least 
positive element of A which is nor a multiple of 1: call it b. Now, b > 0 and 
there are no elements of A between 0 and I, so b > 1. (Remember that b 
cannot be equal to 1 because b is not a multiple of I.) Since b > 1, it follows 
that b - I > O. But b - 1 < band b is the least positive element which is 
not a multiple of I, so b - 1 is a multiple of 1. Say 

b-l=n·J 

But then b = n . 1 + 1 = (n + 1) · 1, which is impossible. 
Thus, in any integral system, all the elements are multiples of I and 

these are ordered exactly as in Z. It is now a mere formality to prove that 
every integral system is isomorphic to Z. This is left as Exercise D at the end 
of this chapter. 
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Since every integral system is isomorphic to Z, any two integral systems 
are isomorphic to each other. Thus Z is, up to isomorphism, the only 
in tegral system. We have therefore succeeded in giving a complete axio­
matic characterization of Z. 

Henceforward we consider Z to be defined by the fact that it is an 
integral system. 

The theorem which follows is the basis of proofs by mathematical 
induction. It is intuitively clear and easy to prove. 

Theorem 1 Let K represent Q set of positive integers. Consider the following 
two conditions: 

(i) 1 is in K. 
(ii) For any positive integer k if k E K , then also k + 1 E K. 

I{" K i.~ any set of positive integers satisfying these two conditions, then K 
consists of all the positive integers. 

Indeed, if K does not contain all the positive integers, then by the 
well-ordering principle, the set of all the posit ive integers which are not in K 
has a [east clement. Call it b; b is the least positive integer not in K. By 
Condition (i), b i- 1, hence b > 1. 

Thus, b - I > 0, and b - 1 E K. But then, by Condition (ii), bE K, 
which is impossible. 

Let the symbol Sn represent any statement about the positive integer n. 
For example, Sn might stand for " n is odd," or "n is a prime," or it might 
represent an equation such as (n - l)(n + 1) = n2 

- 1 or an inequality such 
as n .s n2

. If, let us say, Sn stands for n.s n2
, thenS I asserts that I :s:; 12

, S2 
asserts that 2 .s 22, S3 asserts that 3 .s 32

, and so on. 

Theorem 2: Principle of mathematical induction Consider the following condi­
tions: 

Ii) S, is "'". 
(ii) For any positive integer k, ifSk is true, then a/so Sk+1 is true. 

If Conditions (i) and (ii) are sari.~fied, then Sn is trlle for every positive integer 
n. 

Indeed, if K is the set of all the positive integers k such that Sit. is true, 
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then K complies with the conditions of Theorem I. Thus, K contains all the 
positive integers. This means that Sn is true for every n. 

As a simple illustration of how the principle of mathematical induction 
is applied, let Sn be the statement that 

that is, the sum of the first n positive integers is equal to n(n + 1)12. Then SI 
is simply 

1 . 2 
I ~-

2 

which is clearly true. Suppose, next, that k is any positive integer and that 
Sk is true. In other words, 

k(k + I) 
1 +2+"'+ k~=c:'-:": 

2 

Then, by adding k + 1 to both sides of this equation, we obtain 

k(k + I) 
1 + 2 + ... + k + (k + I) ~ 2 + (k + I) 

that is, 
(k + IKk + 2) 

1 + 2 + .. . + (k + I) ~ "'-'-'2~'-' 

However, this last equation is exactly Sl;+ I ' We have therefore verified that 
whenever Sk is true, Sk + I also is true. Now, the principle of mathematical 
induction allows us to conclude that 

n(n + I) 
I +2+"'+ n==c:'-:": 

2 

for every positive integer n. 
A variant of the principle of mathematical induction, called the prin­

ciple of strong induction, asserts that Sn is true for every positive integer n on 
the conditions that 

(i) S 1 is true, and 
(ii) For any posit ive integer k, if Sj is true for every i < k, then Sk is true. 

The details are outlined in Exercise H at the end of this chapter. 
One of the most important facts about the integers is that any integer 

m may be divided by any positive integer n to yield a quotient q and a 
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positive remainder r. (The remainder is less than the divisor n.) For exam­
ple, 25 may be divided by 8 to give a quotient of 3 and a remainder of 1 : 

25 = 8 x 3 + 1 -m n q r 

This process is known as the division algorithm. It is stated In a precise 
manner as follows: 

Theorem 3: Division algorithm 1f m and n are integers and n is positive, 
(here exist unique integers q and r such thar 

m = nq + r and O.sr<n 

We calf q (he quotient, and r the remainder, in (he division ofm by n. 

We begin by showing a simple fact: 

There exists an integer x such thar xn .s m. (.) 

Remember that n is positive, henee n ~ 1. As for m, since m 1= 0, either 
m > 0 or m < o. We consider these two cases separately: 

Suppose m > O. Then 

Os m hence (O)n S m 

Suppose m < O. We may multiply both sides of n ;:::0: 1 by the positive 
integer - m to get (- m)n ;:::0: - m. Adding mn + m to both sides yields 

mn s: m 
~ 

x 

Thus, rega rdless of whether m is positive or negative, there is some integer x 
such that xn S m. 

Let W be the subset of Z consisting of all the nonnegative integers 
which are expressible in the form m - xn, where x is any integer. By(*), W 

is not empty; hence by the well-ordering property, W contains a least 
integer r. Because r E W, r is nonnegative and is expressible in the fonn 
m - nq for some integer q. Thai is, 

r~O 

and r = m - nq 

Thus, we already have m = nq + rand 0 .s r. It remains only to verify 
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tha t r < n. Suppose not: suppose n ~ r, that is, r - n ;;;>: O. But 

r - n = (m - nq) - n = m - n(q + I) 

and clearly r - n < f. This means that m - n(q + I) is an element of Wiess 
than r, which is impossible because r is the least element of W. We conclude 
that n :0:::;; r is impossible, hence r < n. 

The verification that q and r are unique is left as an exercise. 

EXERCISES 

A. Properties of Order Relations in Integral Domains 

Let A be an ordered integral domain. Prove thefollowing,for al/ a, b, and c ill A. 

I If a :0;; band b:o;; c, then a ~ c. 
2 Ifa sb, {hena+ c:o;;b+c. 

3 If a .:5 band c;;:: 0, then ac S bc. 

4 If a < band c < 0, then bc < ac. 

5 a<b iff -b< - a. 

6 Ifa + c < b + c, then a < b. 

7 Hac < bcand c > 0. then a < b. 

8 If a < band c < d, then a + c < b + d. 

B. Further Properties of Ordered Integral Domains 

Let A be an ordered integral domain. Prove thefollowing,jor al/ a, b, and c in A. 

I a2-2ab+b2~O 

2a2+b2~2ab 

3 a2+b2~ab 

4 a2 + b2 ~ -ab 

5 a2 + b2 + c2 ~ ab + bc + ac 

6 a2 +b2 >ab, if a/-b 

7 a+bsab+ I ,ifa,b ~ I 
8 ab+ac+bc+ 1 <a +b+c+abc, if a,b,c> I 

C. Uses of Induction 

Prove each of the/ollowing, using the principle of mathematical indl/ction 
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I + 3 + 5 + ... + (2n - I) = n1 (The sum of the first n odd integers is n 2
.) 

2 13 + 23 + ... + nJ == (I + 2 + ... + n)2 

n' 
3 12 + 22 + ... + (n _ 1)2 < _ < 12 + 22 + .. . + n1 

3 
n' 

4 13 + 23 + ... + (n _ 1)3 < _ < 13 + 23 + ... + n 3 
4 

5 ]2 + 22 + ... + n1 = in(n + 1)(2n + I) 

61 3 +23 +···+n3 =*n 2(n+1)2 

I 2 n n! - 1 
7 -+-+... = --

2! 3! (n + I)! n! 

8 The Fibollacci .~equence is the sequence of integers F I ' F l' F J , ••. defined as 
follows :F, "" I;F1 = I; Fn + 1 = F~+, + Fn for all positive integers n.(Thatis, every 
number, after the second one, is the sum of the two preceding ones.) Use induction 
to prove that fo r a ll n > 0, 

O. Every Integral System Is Isomorphic to 7L 

Let A be a n integral system. Let h: Z ..... A be defined by: "(n) ... n . l. The purpose 
of this exercise is to prove that h is a n isomorphism, from which it follows that 
A ~ Z. Prove the/allowing: 

I For every positive integer n, n . I > 0. From this, deduce that A has nonzero 
characteristic. 

1 Prove that h is injective and surjective. 

3 Prove that h is an isomorphism. 

E. Absolute Values 

In any o rdered integral domain, define 1 a 1 by 

la l ~ { a 
-a 

UsillY r"i.~ Jetillirioll, prove tlle /o llowiny : 

1 l -a l = la l 
2 a :S: l a l 

3 a ~ - l a l 

4If h > 0,l a l:S: bilT-b S Q:s: b 

if 
if 

a;'O 
a<O 



5Ia +bl~lal+lbl 

6 Ia -bl ~l a l + lbl 

7 I,bl ~ lal'l bl 
8 Ial - lbl"la-bl 
9 1I al - lbll " la - bl 

F. Problems on the Division Algorithm 

Prove (hejol/owing, where k, m, n. q, and r des ignate iTllegers. 
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I Let n > 0 and k > O. If q is the quotient and r is the remainder when m is divided 
by n, then q is the quotient and kr is the remainder when km is divided by kn. 

2 Let n > 0 and k > O. If q is the quotient when m is divided by n, and q 1 is the 
quotient when q is divided by k, then ql is the quotient when m is divided by nk. 

J If n t- 0, there exist q and r such that m - nq + rand 0 ::; r < I n I. (Use Theor­
em 3, and consider the case where n < 0.) 

4 In Theorem 3,supposem = nq l + r1 = nq 2 + r2 whereO ~ T l . r2 < n. Prove that 
r l - r1 = O. [ H INT: Consider the difference(nQI + rd - (nq 2 + (2)'] 

5 Use part 4 to prove that ql - q2 = O. Conclude that the quotient and remainder, 
in the division algorith m, are unique. 
6 If r is the remainder when m is divided by n, then IiI. = r in I n ; and conversely. 

G. Laws of Multiples 

The purpose of this exercise is to give rigorous proofs (using induction) of the basic 
identities involved in the use of exponents or multiples. If A is a ring and a E A, we 
define n . a (where n is any positive integer) by the pair of conditions: 

0) I'a =a, aod (ii) (n + 1) ' a = n . a + a 

Use mathematical induction (with the above definition) to prove that the following 
are true for all positi ve integers n and all clements a, b E A : 

1 n'(a+b) = n ' a +n 'b 

2 (n + m) . a = n . a + m . a 
3 (n . alb = m:,n . b) = n . (ab) 

4 m . (n . a) = (mn) . a 

5 n . a = (n . /)a where J is the unity element of A 

6 (n . a)(m . b) = (nm) . ab (Use parts 3 and 4.) 

H. Principle of Strong Induction 

Prove the / ollowing in I: 
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1 Let K denote a set of positive integers. Consider the following conditions: 

(i)I€K. 
(ii) For any positive integer k, if every positive integer less than k is in K , then 

k € K. 

If K satisfies these two conditions, prove tha t K contains all the positive integers. 
2 Let Sn represent any statement about the positive integer n. Consider th e follow­

ing conditions: 

(i) S I is true. 
Oi) For any positive integer k, if SI is true for every i < k, Sk is true. 

If Conditions (i) and (ii) are satisfied, prove that Sn is true for every positive integer n. 



CHAPTER 

TWENTY-TWO 
FACTORING INTO PRIMES 

It has been said that the two events most decisive in shaping the course of 
man's development we re the in vention of the wheel and the discovery of 
numbers. From the time- ages ago-when man first learned the use of 
numbers for counting, they have been a source of endless fascination for 
him. Alchemists and astrologers extolled the virtues of " mystic" numbers 
and found in them the key to potent magic. Others, more down to earth, 
found delight in observing the many regularities and unexpected properties 
of numbers. The integers have been a seemingly inexhaustible source of 
problems great and small o n which ma thematics has fed and continues to 
draw in our day. 

The properties of prime numbers alone have occupied the energies of 
mat hematicians from the time of Euclid. New questions relating to the 
primes continue to appear, and many continue to resist the best efforts to 
solve them. Most importantly, a large pa rt of number theory starts out 
from a few basic facts about prime numbers. They will be outlined in this 
chapter. 

Modern number theory is the oldest as well as one of the newest parts 
of mathematics. It rests upon some basic data regarding the structure of the 
domai n Z of the integers. An understanding of this structure is a fundamen­
tal part of any mathematical education. 

An important featu re of any ring is the structure of its ideal s. We 
therefore begin by asking: What are the ideals of Z? We have already made 

215 
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use of principal ideals of Z, such as the ideal 

(6) ~ { ... , -18, - 12, -6,0,6, 12,18, ... J 
which consist of all the mUltiples of bne fixed integer. It is natural to inquire 
whether Z has any ideals which are not principal, and what they might look 
like. The answer is far from self-evident. 

Theorem 1 Every itleal ofZ is principal. 

Let J be any ideal of Z. If 0 is the only integer in J, then J = (0), the 
principal ideal generated by O. If there' are nonzero integers in J . then for 
each .'( in J, - .'( is also in J; thus there are positive integers in J. By the 
well-ordering property we may pick the least positive integer in J, and call 
it II. 

We will prove that J = <n), which is to say that every element of J is 

some multiple of n. Well, let m be any element of J. By the division algo­
rithm we may write m = nq + r where 0 :0::::: r < n. Now m was chosen in J, 
and n E J, hence nq is in J. Thus, 

r=m-nqeJ 

Remember that r is either 0 or else positive and less than n. The second case 
is impossible, because n is the least positive integer in J. Thus, r = 0, and 
therefore m = nq, which is a multiple of n. 

We have proved that every element of J is a multiple of n, which is to 
say that J = <n). 

It is useful to note that by the preced ing proof, any ideal J is generated 
by the least positive integer in J. 

If rand s are integers, we say that s is a multiple of r if there is an 
integer k such that 

s = rk 

If this is the case, we also say that r is a factor of s, or r divides s, and we 
symbolize this by writing 

r ls 

Note that I and - 1 divide every integer. On the other hand, an integer 
r divides I iffr is invertible. In Z there are very few invertible elements. As a 
matter of fact, 

Theorem 2 The only invertible elements of Z are I and - I. 
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If s is invertible, this means there is an integer r such that 

rs = 1 

Clearly r *" 0 alld s*" O (otherwise their product would be 0). Furthermore, 
rand s are either both positive or both negative (otherwise their product 
would be negative). 

If rand s are both positive, then r = 1 or r > 1. In case r > 1, we may 
multiply both sides of 1 < r by 5 to get 5 < rs = I ; this is impossible be­
cause 5 cannot be positive and < I. Thus, it must be that r = 1, hence 
I = rs = Is = s, so also $ = l. 

If rand s are both negative, then -r and -s are positive. Thus, 

and by the prece~ing case, -r = -5 = 1. Thus, r = s = -1. 

A pair of integers rand s are called associates if they divide each other, 
that is, if r I 5 and si r. If rand s are associates, this mealls there are integers 
k and I such that r = ks and s = Ir. Thus, r = ks = klr, hence kl = 1. By 
Theorem 2, k and / are ± I, and therefore r = ±s. Thus, we have shown 
that 

If r an4 s are associates in Z, then r = ± s. ('j 

An integer t is called a common divisor of integers rand s if t l rand 11 s. 
A greatest common divisor C!f rand s is an integer l such that 

(i) tlrandtls,and 
(ii) For any integer u, if u I rand u I s, then u I t. 

In other words, l is a greatest common divisor of rand s if t is a common 
divisor of rand s, and every other common divisor of rand s divides t. Note 
that the adjective" greatest" in this definition does not mean primarily that 
{ is greater in magnitude than any other common divisor, but, rather, that it 
is a multiple of any other common divisor. 

The words "greatest common divisor" are familiarly abbreviated by 
gcd. As an example, 2 is a gcd of 8 and 10; but -2 also is a gcd of 8 and to. 
According to the definition, two different ged's must divide each other; 
hence by (*), they differ only in sign. Of the two possible gcd's ± t for rand 
5, we select the positive one, call it the gcd of rand s, and denote it by 

gcd(" sj 

Does every pair r, s of integers have a gcd? Our experience with the 
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integers tells us that the answer is "yes." We can easily prove this, and 
more: 

Theorem 3 Any two nonzero integers rand s have a greatest common divisor 
t. Fllrthermore, f is equal to a "linear combination" of rand s. That is, 

t"",kr+ls 

for .~ome imeyers k and I. 

Let J be the set of all the linear combinations of rand s, that is, the set 
of all w' + vs as II and v range over Z. J is closed with respect to addition 
and negati ves and absorbs products because 

and 

(lIlr + tI[s) + (112 r + v2 s) "'" (II[ + 11 2)r + (v[ + (2)S 

-(lIr + tis) "'" ( -II)r + (-v)s 

w(lIr + vs) = (wII)r + (wv)s 

Thus, J is an ideal of Z. By Theorem 1, J is a principal ideal of Z, say 
J = (t) . (J consists of a ll the multiples of t .) 

Now f is in J, which means that t is a linear combination of rand s: 

t=kr+ls 

Furthermore. r = Ir + Os and s = Or + I s, so rand s are linear combi­
nations of rand s; thus rand s are in J. But a ll the elements of J are 
multiples of t, so r and oS a re multiples of t. That is. 

and tis 

Now, if II is any common di y iso ~ of rand s, this means that r = xu and 
s = yll for some integers x and y. Thus, 

t = kr + Is = kxll + Iyu = u(kx + /y) 

It foll ows th at u I c. This confirms that t is the gcd of rand s. 

A word of warn ing: the fact that an integer m is a linear combination of 
rand s does not necessarily imply that m is the gcd of rand s. For example, 
3 = (1) 15 + (-2)6. a nd 3 is the gcd of 15 and 6. On the other hand, 
27 = (1)15 + (2)6, yet 27 is not a goo of 15 and 6. 

A pair of in tegers rand s are said to be relat ively prime if they have no 
common divisors except ± I. For example. 4 and 15 are relatively prime. If 
rand s are relatively prime. their gcd is equal to I; so by Theorem 3, there 
are integers k. and [ such that kr + Is = I. Actually. the converse of this 
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statement is true too: if some linear combination of rand s is equal to 1 
(that is, if there are integers k and ( such that kr + is = I), then rand s are 
relatively prime. The simple proof of this fact is left as an exercise. 

If m is any integer, it is obvious that ± 1 and ±m are factors of m. We 
ca ll these the trivial factors of m. If m has any other factors , we call them 
proper factors of m. For example, ± 1 and ±6 are the trivial factors of 6, 
whereas ± 2 and ± 3 are proper factors of 6. 

If an integer m has proper factors, m is called cOlllposite. If an integer 
p ", 0, 1 has no proper factors (that is, if all its factors are trivial), then we 
call p a prime. For example, 6 is composite, whereas 7 is a prime. 

Composite number lemma If a posicive integer III is composite, then m = rs 

where 

I <r <m and l <s< 1II 

If 111 is composite, this means that III = rs for integers rand s which are 
not equal either to I or to III. We may take rand s to be positive, hence 
I < r and I < s. Multiplying both sides of I < r by s gives s < rs = m. 
Analogously, we get r < 111. 

What happens when a composite number is divided by a prime? The 
next lemma provides an answer to that question. 

Euclid's lemma Let m and n be integers, and let p be a prime. 

If P I (mn), then either p I In or p J n. 

If pi m we are done. So let us assume that p docs not divide m. What 
integers are common divisors of p and m? 

Well, the only divi sors of pare ± 1 and ± p. Since we assumed that p 

docs not divide m, p and - p are ruled out as common divisors of p and m, 
hence their only common divisors are I and -I. 

It follows that gcd(p, m) = I, so by Theorem 3, 

kp + 1m = 1 

for some integer coefficients k and I. Thus, 

kpn + {mn = n 

But p I (mil), so there is an integer" such that mn = ph. Therefore, 

kpn + Ip" = n 

that is, p(kn + III) = n. Thus, p i n. 
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Corollary I Let m, • ... , m, be integers. and fer p be a prime.l/pl(ml 
fhen pi m,' for one oJtheJactors In; among m" . ..• m,. 

"'m) , ' 

We may write the product m, . .. m, as m,(m1 ... m,). so by Euclid's 
lemma. plm, or plmz ... m, . In the first case we are done, and in the 
second case we may apply Euclid's lemma once again. and repeat this up to 
t times. 

Corollary 2 Let q" ...• q, and p be positive primes. l/pl(q,·· · q,), chen p is 
equol to olle o/lIle/actors q, • .... q,. 

By Corollary 1. p divides one of the factors q" . . .• q" say p I qi' But qi is 
a prime. so its only divi sors are ± I and ±qi; p is positive and not equal to 
I. so if p I q; . necessarily p == q;. 

Theorem 4: Factorization into primes Every integer n > I can be expressed 
(/!O (/ product oj positive primes. That i.~, rhere are one or more primes p" ... , 

p, slIch that 

n = PIPZ .. . p, 

Let K represent the set of all the positive integers greater than I which 
cannot be writlen as a product of one or more primes. We will assume there 
are such integers, and derive a contradiction. 

By the well-ordering principle. K contains a least integer 111; m cannot 
be a prime, because if it were a prime it wou ld not be in K , Thus, m is 
composite; so by the com positive number lemma, 

m = rs 

for positive integers rand s less than m and greater than I; rand s are not 
in K because 1/1 is the least integer in K. This means that rand s cal! be 
expressed as products of primes. hence so can m = rs. This contradiction 
proves that K is empty; hence every I! > I can be expressed as a product of 
primes. 

Theorem 5: Unique factorization Suppose I! cal! be factored infO positive 
primes in two ways, namely 

I! = PI . p, = ql ... q, 

Theil r = t, and tlze Pi are the same numbers as theqj except, possibfy,for the 
order in which they appear. 
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In the equation PI ... P. = ql ... q" let us cancel common factor,s from 
each side, one by one, until we can do no more canceling. If all the fa~tors 
are canceled on both sides, this proves the theorem. Otherwise, we are 'left 
with some factors on each side, say 

Pi '" Pl = qj .. . q", 

Now, Pi is a factor of Pi'" Pt, so Pi Iq)' " q",. Thus, by Corollary 2 to 
Euclid's lemma, Pi is equal to one of the factors qj' ... , q"" which is impos~ 
sible because we assumed we can do no more canceling. 

It follows from Theorems 4 and 5 that every integer m can be factored 
into primes, and that the prime factors of m are unique (except for the order 
in which we happen to list them). 

EXERCISES 

A. Properties of the Relation "a Divides b" 

Prove lhe /ollowing,for any integers a, b, and c. 

1 If alband ble, then ale. 
2 alb ilTal( - b) ilT( -a)lb. 

31I aand( - I) la. 

4 alO. 
S If ela and clb, then el(ax + by) for all x,y E Z. 

6 lf a > 0 and b > Oand alb, then a ~ b. 

7 albifi"aclbc,when c#O. 

8 ffa lb andcld, thenac lbd. 
9 Letp be a prime.ffp la" for some 11 > 0, then pia. 

B. Properties of the gcd 

Prove the/ollowing,for any inlegers a, b, and c. For each of these problems, you will 
need only the definition of the gcd. 

I gcd(a, 0) = a, if a> O. 

2 gcd(a, b) "" gcd(a, b + xa) for any x E Z. 
3 Let P be a prime. Then gcd(a, p) = I or p. (Explain.) 

4 Suppose every common divisor of a and b is a common divisor of e and d, and 
vice versa. Then gcd(a, b) = gcd(c, J). 
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5 If ged(ab, c) = 1, then ged(a, c) = 1 and ged(b, c) = I. 
6 Let ged(a, b) = c. Write a = ca' and b = cb'. Then 

ged(a', b') = gr.:d(a, b') = ged(a', b) = 1. 

C. Properties of Relatively Prime Integers 

Prove Ihe/ollowing,for all imegers a, b, c, d, T, and s. (Theorem 3 will be helpful.) 

1 If there a re integers rand s such that ra + sb = 1, then a and b are relatively 
prime. 

2 If ged(a, c) = I and c lab, then c I b. (Reason as in the proof of Euclid's lemma.) 

3 Hald and cld and ged(a, c) = I,then acid. 

4 If d I ab and d l cb, where ged(a, c) = I , then dl b. 

5 If d = ged(a, b) where a = dr and b = ds, then ged(r, s) = I. 

6 If gcd(a, c) = I and ged(b, c) = I, then gcd(ab, c) = 1. 

D. Further Properties of gcd 's and Relatively Prime Integers 

Prill:!! tile (ol/owiny,for a/l integers u, b, c, d, r, GIld s. 

1 Suppose a I band c I band gcd(a, c) = d. Then ac I bd. 

2 If(lc lh and aellb and gcd(c, eI) = 1, then acdlb. 

3 Let eI = ged(u, b). For any integer x, d I x iff x is a linear combination of a and b. 

4 Suppose that for all integers x, x I a and x I b iff x I c. Then c ... gOO(a, b). 

5 Prove by induction: For all 11 > 0, if ged(a, b) = I, then gcd(a, b~) = I. 

6 Suppose ged(a, b) = I and c I abo Then there exist integers rand s such that c .... rs, 
r I II, S I h, and gcd(r. s) = I. 

E. A Property of the gcd 

Let a and b be integers. Prove the/allowing: 

t Suppose a is odd and b is even, or vice versa. Then ged(a, b) = ged(a + b, a - b). 

2 Suppose a and b are both odd. Then 2ged(a, b) = ged(a + b, a - b). 

3 If u and b are both even, explain why either of the two previous conclusions are 
possible. 

F. Least Common Multiples 

A least common /lwitiple of two integers a and b is a positive integer c such that 
(i) a I c and b I c; (ii) if a I:{ and b I x, then clx. Prove the/allowing : 
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1 The set of all the common multiples of a and b is an ideal of Z. 

2 Every pair of integers a and b has a least common multiple. (HINT; Use part I.) 

The least common multiple of a and b is denoted by Icm(a, b). 

3 a . Icm(b, c) = Icm(ab, ac). 

4 H a "" ale and b = ble where e = gcd(a, b), then Icm(a, b) = albic. 

5 Icm(a, ab) ;:: abo 

6 H gcd(a, b) = 1, then Icm(a, b) = abo 

7 If Icm(a, b) = ab, then gcd(a, b) = I. 

8 Let gcd(a, b) = c. Then lcm(a, b) = ablc. 

9 Let gcd(a, b) = c and lcm (a, b) = d. Then cd "" abo 

G. Ideals in Z 

Prove 1/1f?/ol/owing: 

I ( n ) is a prime ideal iff II is a prime number. 

2 Every prime ideal of Z is a maximal ideal. [HINT: If (p) ~ (a), but (p) oF (a), 
explain why gcd(p, a) = I and co nclude that 1 e (a). ] 

3 For every prime number p, Zp is a field. (H INT ; Remember Z p = Z/( p). Use the 
last page of Chapter 19.) 

4 If e = Icm(a, b), then ( a) fl (b) = (c). 

5 Every homomorphic image of Z is isomorphic to Zn for some II. 

6 Let Gbeagroupand let a, be G. ThenS "" {n e Z: abO =b~a} is an ideal ofZ. 

7 Let G be a group, H a subgroup of G, and a e G. Prove that 

S = {n e Z : a" e H} 

is an ideal of l. 

8 If gcd(a, b) = d, then (a) + (b) = (d). (NOTE: I f) and K are ideals of a ring A, 
then} + K = {x + y: x e } and ye K }.) 

H. The ged and the lem as Operations on 7L. 

For any two integers a and b, let a • b = gcd(a, b) and a <> b = Icm(a, b). Prove the 
following properties of these operations. 

I • and <> are associative. 
2 There is an identity element for 0, but not for •. 

3 Which integers have inverses with respect to <> ? 

4 a • (b <> c) = (a • b) 0 (a • c). 
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TWENTY-THREE 
ELEMENTS OF NUMBER THEORY 

Almost as soon as chi ldren are able to count, they learn to distinguish 
between even numbers and odd numbers. The distinction between even and 
odd is the most elemental of all concepts relating to numbers. It is also the 
starting point of the modern science of number theory. 

From a sophisticated standpoint, a number is even if the remainder, 
after dividing the number by 2, is O. The number is odd if that remainder is 
1 . . 

This notion may be generalized in an obvious way. Let n be any posi­
tive integer: a number is said to be congruent to 0, modulo n if the re­
mainder, when the number is divided by n, is 0. The number is said to be 

congruent to 1, modulo n if the remainder, when the number is divided by n, 
is 1. Similarly, thc number is congruent to 2, modulo n if the remainder after 
division by n is 2; and so on. This is the natural way of generalizing the 
distinction bctwcen odd and even. 

Note that "even" is the same as "congruent to 0, modulo 2"; and "odd" 
is the same as "congruent to I, modulo 2." 

In short, the distinction between odd and even is only one special case 
of a more general notion. We shall now define this notion formally: 

224 
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Modulo 2 

Modulo 3 

Modulo 4 

-I~ -II _10 -<) 

etc. 

Let II be any positive integer. If a and b are any two integers. we shall 
say that a is congrllelll to b, modulo n if a and b, when they are divided by n, 
leave thesame remainder r. That is, if we use the di vision algorithm to 
divide a and b by n, then 

a:=nqj+ r and b := nq2 + r 
where the remainder r is the same in both equations. 

Subtracting these two equat ions, we see that 

a - b = (nq j + r) - (nq2 + r) == n(qj - q2) 

Therefore we get the following important fact: 

a is congruent to b, modulo n iff n divides a - b (1 ) 

If a is congruent to h, modulo n, we express this fact in symbols by 
wri ting 

a=, b (mod n) 

which should be read " a is congruent to b, modulo n." We refer to this 
relation as congruence modulo II . 

By using (I), it is easily verified that congruence modulo II is a reflexive, 
symmetric, and transi tive relation on Z. It is also easy to check that for any 
n > 0 and any integers a, b, and c, 
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and 

Q == b (mod n) 

Q =: b (mod n) 

implies 

implies 

u + c =: b + c (mod n) 

ac =: be (mod n) 

(The proofs, which a re exceedingly easy, are assigned as Exercise C at the 
end of this chapter.) 

Recall that 

(n) = { ...• - 3n, - 2n, -n, 0, n, 2n, 3n, ... } 

is the ideal of Z whieh consists of all the multiples of n. The quotient ring 
Z/(n) is usually denoted by Zn' and its elements are denoted by 0, I, 2 •... , 
n - I . These elements are eosets: 

ii~<n>+O~{ .. , -2n, - n,O, n,2n, .. . } 

1 = ( n) + 1 = { ..• - 2n + 1. - n + 1, I, n + I, 2n + 1, ... } 

2= (n) + 2 = { ... , - 2n + 2, -n + 2, 2, n + 2, 2n + 2, .. } 

and so on 

It is clear by inspection that different integers are in the same coset iff they 
differ from each other by a multiple of n. That is, 

u and b are in the same coset iff n (li vides a - b 

iff u =: b (mod n) [by (1)] (2) 

If a is any integer, the coset (in Z~) which contains a will be denoted by 
a. For example, in 7.. 6 , 

2 = 8 = -4 = 14 = ... etc. 

In particular, a = b means that a and b a re in the same coset. It follows by 
(2) that 

in Z~ iff a=: b (mod n) (l) 

On account of thi s fundamental connection between congruence 
modulo n and equality in Z~, most facts about congruence can be dis­
covered by examining the rings Zn. These rings have very simple properties, 
which a rc presented next. From these properties we will then be able to 
deduce all we need to know about congruences. 

Let n be a positive integer. It is an important fact that for any integer a, 

a is invertible in Z~ iff a and n are relatively prime. (4) 
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Indeed, if a and n are relatively prime, their gcd is equal to I. Therefore, by 
Theorem 3 of Chapter 22, there are integers s and t such that sa + tn = I. It 
follows that 

1 - sa = tn E (n) 

so by (**) on page 188, 1 and sa belong to the same coset in Z /(n). This is 
the same as saying that T = sa = sa, hence.~ is the multiplicative inverse of 
a in Zn ' The converse is proved by reversing the steps of this argument. 

It follows from (4) that if n is a prime num ber, every nonzero element of 
Z~ is inverti ble! Thus, 

Zp is afield,for every prime number p. (5) 

In any field, the set of all the nonzero elements, with multiplication as 
the only operation (ignore addition), is a group. Indeed, the product of any 
two nonze ro elements in nonzero, and the multiplicative inverse of any 
nonzero element is nonzero. Thus, in Zp, the set 

z: ~ i i , 2, ... , p - I} 

with multiplication as its only operation, is a group of order p - I. 
Remember that if G is a group whose order is, let us say, m, then x'" = e 

for every x in G. (This is true by Theorem 5 of Chapter 13.) Now, Z: has 
order p - 1 and its identity clement is T, so iiP - I = i fO ll:every ii =fo 0 in Zp. 
If we use (3) to transla te this equality into a congruence, we get a classical 
result of number theory: 

Little theorem of Fermat Let p be a prime. Then, 

aP -
1 == I (mod p) for every a" 0 (mod p) 

Corollary aP == a (mod p)for every integer a. 

Actually, a version of this theorem is true in I n even where n is not a 
prime number. In this case, let v.. denote the set of all tire invertible elements 
in Zn. Clearly, v.. is a group with respect to multiplication. (Reason: The 
product of two i~vertible elements is inve rtible, and, if a is invertible, so is 
its inverse.) For any positive integer n, let q,(n) denote the number of positive 
integers, less than n, which are relatively prime to n. For example, 1, 3,5, and 
7 are relatively prime to 8, henee q,(8 ) = 4. q, is called Euler's phi-function. 

It fo ll ows immediately from (4) that the number of elements in Vn is 
¢(n). 
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Thus, V" is a group of order cP(n), and its identity elements is L Conse­
quently, for any a in v,., ii"'(~) = 1. If we use (3) to translate this equation 
into a.congruence, we get: 

Euler 's theorem If a and n are relatively prime, a4>(,1) =: I (mod n). 

OPTIONAL 

Congruences are more important in number theory than we might expect. 
This is because a vast range of problems in number theory- problems 
which have nothing to do with congruences at first sight-can be trans­
rormed into problems involving congruences, and are most easily solved in 
that form. An example is given next: 

A Diophanf ine equation is any polynomial equation (in one or more 
unknowns) whose coefficients are integers. To solve a Diophantine equation 
is to find infeger values or the unknowns which satisry the equation. We 
might be inclined to think that the restriction to integer values makes it 
easier to solve equations ; in fact , the very opposite is true. For instance, 
even in the case of an equation as simple as 4x + 2y = 5, it is not obvious 
whether we can find an integer solution consisting of x and y in Z. (As a 
matter of fact, there is no integer solution ; try to explain why not.) 

Solving Diophantine equations is one of the oldest and most important 
problems in number theory. Even the problem of solving Diophantine 
linear equations is difficult and has many applications. Therefore, it is a 
very important fact that solving linear Diophantine equations is equivalent to 

solving linear congruences. Indeed, 

ax + by = c iff by = c - ax iff ax =: c (mod b) 

Thus, any solution of ax =: C (mod b) yields a solution in integers of 
ax + by = c. 

Finding solut ions of linear congruences is therefore an important 
matter, and we will turn our attention to it now. 

A congruence such as ax =: b (mod n) may look very easy to solve, but 
appearances can be deceptive. In fact, many such congruences have no 
solutions al all! For example, 4x =: 5 (mod 2) cannot have a solution, be­
cause 4x is always even [hence, congruent to 0 (mod 2)], whereas 5 is odd 
[hence congruent to I (mod 2)]. Our first item of business, therefore, is to 
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find a way of recognizing whether or not a linear congruence has a sol­
ution: 

Theorem 1 The congruence ax == b (mod n) "as a solution iff gcd(a, n) I b. 

Indeed, 

ax == b (mod n) iff nl(ax - bj iff ax-b=yn 

iff ax-yn=b 

Next, by the proof of Theorem 3 in Chapter 22, if J is the ideal of all the 
linear combinations of a and n, then gcd(a, n) is the least positive integer in 
J . Furthermore, every integer in J is a multiple of gcd(a, n). Thus, b is a 
linear combination of a and n iff b E J iff b is a multiple of gcd(a, n). This 
completes the proof of our theorem. 

Now that we are able to recognize when a congruence has a solution, 
let us see what such a solution looks like. 

Consider the congruence ax == b (mod n), Bya solution modulo n of this 
congruence, we mean a congruence 

x == c (mod n) 

such that any integer x satisfies x == c (mod n) iff it satisfies ax == b (mod n). 
[That is, the solutions of ax == b (mod n) are all the integers congruent to c, 

modulo n,] Does every congruence ax == b (mod n) (supposing that it has a 
solution) have a solution modulo n? Unfortunately not! Nevertheless, as a 
starter, we have the following: 

Lemma Ifgcd(a, n) = I, then ax == b (mod n) has a solution modulo 11, 

Indeed, by (3), ax == b (mod n) is equivalent to the equality ax = [j In 

Zn' But by (4), a has a multiplicative inverse in Z", hence from ax = [j we 
get x = a- l[j, Settinga - l[j = C, we get x = cin Zn, that is, x ==c(mod n). 

Thus, if a and n are relatively prime, ax == b (mod n) has a solution 
modulo n, If a and n are not relativel y prime, we have no solution modulo 
n; nevertheless, we have a very nice result: 

Theorem 2 If the congruence ax == b (mod n) "as a solution, then it "as a 
solution modulo til, where 

n 
111 = --;:-----: 

gcd(a, nj 
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This means that the solution of ax ;:;;:; b (mod n) is of the form x;:;;:; c 
(mod m); it consists of a ll the integers which are congruent to c, modulo m. 

To prove this, let gcd(a, n) = d, and note the following: 

ax == b (mod n) 

ilT 

ilT " I(ax - b) 

a b" - x--=-y 
d d d 

ilT ax - b = ny 

ilT a b " d x "d (mod d) (.) 

But aid and nld are relatively prime (because we are dividing a and n by d, 
which is their gcd); hence by the lemma, 

a b " d X" d (mod d) 

has a solution x mod nld. By ("'), this is also a solution of ax ;:;;:; b (mod n). 

As an example, let us solve 6x == 4 (mod 10). Gcd(6, 10) = 2 and 21 4, so 
by Theorem I , this congruence has a solution. By ("') in the proof of Theor­
em 2, this solution is the same as the solution of 

6 4 IO 
- X " - (mod -) 
2 2 2 

that is lx" 2 (mod 5) 

This is equivalent to the equation 3x = 2 in Z~, and its solution is x = 4. 
So finally, the solution of 6x;:;;:; 4 (mod 10) is x == 4 (mod 5). 

How do we go about solving several linear congruences simul­
taneously? Well, suppose we are given k congrue nces, 

... , 

If cach of these congruences has a solution, wc solve each one individually 
by means of Theorem 2. This gives us 

x == Cl (mod ml), ... , x == Ck (mod mk) 

Wc arc left with the problem of solving this last set of congruences simul­
ta neously. 

Is there any integer x which satisfies all k of these congruences? The 
answer for two simultaneous congruences is as follows: 

Theorem 3 Consider x == a (mod n) and x == iT (mod m). There is an integer 
.\" satiifyillg both simultaneously iff a == b (mod d), where d = gcd(m, n). 

If .\" is a simultaneous solution. then n 1 (x - a) and III 1 (x - b). Thus. 

and x - b = mql 
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Subtracting the first equation from the second gives 

a - b = mq2 - nql 

Butd lmand dln,so d l(a - b); thus; a == b(mod d). 
Conversely, if a == b (mod d), then d I (a - b), so a - b = dq. By The­

orem 3 of Chapter 22, if = rn + tm for some integers rand t. Thus, 
a - b = rqn + tqm. From thi s equation, we get 

a - rqn=b+tqm 

Set x=a - rqn = b+tqm; then x -a= -rqn and x - b=tqm, hence 
nl(x - a) and ml(x - b), so 

x == a (mod n) and x == b (mod m) 

Now that we are able to determine whether or not a pair of congru­
ences has a simultaneous solution, let us see what such a solution looks like. 

Theorem 4 If a pair of congruences x == a (mod n) and x == b (mod m) has a 
simultaneous solution, then it has a simultaneous solution of the form 

x == c (mod t) 

where t is the least common multiple ofm and n. 
Before proving the theorem, let us observe that the least common 

multiple (lcm) of any two integers m and n has the following property: let t 

be the least common multiple of III and n. Every common multiple of m and n 
is a mulfiple oft, and conversely. That is, for all integers x, 

mix and nix iff t I x 

(See Exercise F at the end of Chapter 22.) In particular, 

ml(x - C) and n l (x - c) iff tl(x - c) 

hcnce 

x == c (mod 111) and x == c (mod n) iff x = c (mod t) (6) 

Returning to our theorem, let c be any solution of the given pair of 
congruences (remember, we are assuming there is a simultaneous solut ion). 
Then c == a (mod n) and c == b (mod m). Any other integer x is a sim­
ultaneous solution iff x == c (mod n) and x == c (mod m). But by (6), this is 
true iff x == c (mod t). The proof is complete. 

A special case of Theorems 3 and 4 is very important in practice: it 
is the case where m and n are relatively prime. No te that, in this case, 
gcd(m, n) = I and lcm(m, n) = IIIn. Thus, by Theorems 3 and 4, 
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(7) lIm and n are relatively prime, the pair of congruences x =: a (mod n) 
and x == b (mod m) always has a solution. This solution is oj the form 
x=: c (mod mn). 

(7) can easily be extended to the case of more than two linear congru­
ences. The result is known as the 

Chinese remainder theorem Let mI. m2 •••• , mk be pairwise relatively prime. 
Theil till! system of simultaneous linear congruences 

"', 

always has a solurion, wllich is oftheform x == c (mod "' 11»2'" mk)' 

Usc Theorem 4 to solve x == CI (mod md and x -= C2 (mod "'2) simul­
taneously. The solution is of the form x=: d (mod m1m2 ). Solve the latter 
simultaneously with x == cJ (mod m3), to get a solut ion mod m 1m1 m3 . 

Repeat this process k times. 

EXERCISES 

A. Solving Single Congruences 

I For each of the following congruences, find m such that the congruence has a 
unique solution modulo m. If there is no solution, write "none." 

(1I) 60:0: == 12 (mod 24) (b) 42x E 24 (mod 30) (e) 49x == 30 (mod 25) 
(eI) 39x == 14 (mod 52) (e) 147x == 47 (mod 98) (f) 39x:= 26 (mod 52) 

2 Solve the following linear congruences: 
(a) 12:.: = 7 (mod 25) (b) 35x = 8 (mod 12) 
(II) 42x == 12 (mod 30) (e) 147x := 49 (mod 98) 

(e) 15x == 9 (mod 6) 
(f) 39x == 26 (mod 52) 

3 (a) Explain why lxl == 8 (mod 10) has the same solutions as x 2 =: 4 (mod 5). 
(h) Explain why x:= 2 (mod 5) and x=:3 (mod 5) are all the solutions or2xl "" 8 

(mod 10). 

4 Solve the following quadratic congruences (if there is no soluti on, write "'none"): 
(al 6x2 =: 9 (mod IS) (h) 6Ox 2 := 18 (mod 24) (e) 30Xl =: 18 (mod 24) 
(II) 4(x + 1)2 =: 14 (mod 10) (e) 4Xl - 2x + 2 == 0 (mod 6) 

(f) 3x 2 
- 6x + 6 =: 0 (mod 15) 

5 Solve the following congruences: 
(a) x' =: 4 (mod 6) (b) 2(x - I)' =: 0 (mod 8) 
(C)x3 + 3Xl + 3x + I ""O(mod 8) 
(d) x' + 2Xl + I ==4(mod 5) 

6 Solve the following Diophantine equations (if there is no solution, write" none"): 
(a)14x + 15y=!1 (b) 4x+5y = ! (c).2Ix+lOy=9 
(d) 30Xl + 24y = 18 



ELEMFNTS OF NUMBER THEORY 233 

B. Solving Sets of Congruences 

Example Solve lite pair ofsimullaneous congruences x:::: 5 (mod 6), x"" 7 (mod 10). 

By Theorems 3 and 4, this pair of congruences has a solution modulo 30. From 
x=:5 (mod 6), we get x = 6q + 5. Introducing this into x "" 7 (mod I 0) yields 
6q + 5 =: 7 (mod 10). Thus, successively: 6q "" 2 (mod 10), 3q "" 1 (mod 5), 
q "" 2 (mod 5), q = 5r + 2. Introducing this into x "" 6q + 5 gives 
x "" 6(5r + 2) + 5 = 30r + 17. Thus, x == 17 (mod 30). This is ou r solu tion. 

Solve each of the following pairs of simultaneous congruences: 
(a) x == 7 (mod 8); x "" II (mod 12) (b) x "" 12 (mod 18); x"" 30 (mod 45) 
(c) x == 8 (mod 15) ; x == II (mod 14) 

:z Solve each of the following pairs of simulta neous congruences : 
(a) lOx =: 2 (mod 12); 6x == 14 (mod 20) (b) 4x =: 2 (mod 6); 9x .. 3 (mod 12) 
(c) 6x E 2 (mod 8); lOx !!!! 2 (mod 12) 

3 Use Theorem 3 to prove the following: Suppose we are given k congruences 

There is an x satisfying all k co ngruences simultaneously iff for a ll i,j E {I, ... , k}, 
Cj == cJ (mod di), where djj = gcd(mj , mj) 

4 Use Theorem 4 to prove the fo llowing: If the system of congruences Xl Eel (mod 
mil, ... , x~ :::: e~ (mod m~) has a simultaneous solution, then it has a simultaneous 
solution of the form x == e (mod t), where t - icm(m u m2 , "', m~). 
5 Solve each of the following systems of simulta neous linear congruences; if there is 
no solution, write ~ none." 

(a) x == 2 (mod 3) ; x:: 3 (mod 4); x == I (mod 5); x=:4 (mod 7) 
(b) 6x == 4 (mod 8); l Ox -= 4 (mod 12); 3x "" 8 (mod 10) 
(c) 5x "" 3 (mod 6) ; 4x:::: 2 (mod 6); 6x =: 6 (mod 8) 

6 Solve the following systems of simultaneous Diophantine equations: 
(a) 4x + 6y = 2; 9x + 12y = 3 (b) 3x + 4y:=: 2; 5x + 6y:=: 2; 3x + lOy = 8 

C. Elementary Properties of Congruence 

Prove thefollolliingfor all integers a, b, e, d and all positive integers m and II. 

I If a"" b (mod II) and b ~ c (mod II), then a -= c (mod II). 

2 If a:::: b (mod II), then a + e :::: b + e (mod /I). 

3 If a"" b (mod II), then ae "" be (mod II). 

4 a=: b(mod 1). 

5 Ir ab "" 0 (mod p), where p is a prime, then a :::: 0 (mod p) or b "" 0 (mod pl. 

6 If ol =: b1 (mod p), where p is a prime. then a == ±b (mod pl. 

7 If a -= b (mod m), then 0 + km == b (mod m), for any integer k. In panicular, 
a + km == a (mod m). 



234 CHAPTER TWENTY-THREE 

8 If ac == be (mod n) and ged(c, n) = I, then a == b (mod n). 
9 If a == b (mod n), then a == b (mod m) for any m which is a facto r of n. 

D. Further Properties of Congruence 

Prove Ihe/ollolliing/or al/ integers a, b, c and all posilive integers m and n. 

I If /Ie '" he (mod II), and gcd(c, n) = d, then a == b (mod nld). 
2 If /I '" h (mod II), then gcd(a, II) = ged(b, II). 

3 If {I == b (mod p) fo r every prime p, thcn a = b. 

4 If II '" b (mod II), then am '" b'" (mod II) for every positive integer m. 
5 If II E h (mod III) and lI ;;; b (mod II) where ged(m, II) = I, then a == b (mod mil). 

Ii If lib == I (mod c), lie ;;; ] (mod b) and be ;;; I (mod a), then ab + be + ae == I (mod 
abc). (Assume a, b, e > 0.) 

7 If III E I (mod 2), then (/1 ::::;: I (mod 4). 

8 If II E h (mod II), then a1 + b2 ;;; 2ab (mod 111); and conversely. 

9 If II E ] (mod m), then a and m are relatively prime; and conversely. 

E. Consequences of Fermat's Theorem 

Prol1
(, '''(' rolioll'in~J. 

I If p is a prime, find rjJ(p). Use this to deduce Fermat's theorem from Euler's 
theorem. 

2 If p > 2 is a prime and a =!= 0 (mod pI, then 

a!l' - Ull == ± I (mod p) 

3 (lI) Let p be a prime > 2. If P :: 3 (mod 4), then (p - 1)/2 is odd. 
(b) Let p> 2 be a prime such that p == 3 (mod 4). Then there is no solution to 

the congruence Xl + ] ;;; 0 (mod pl. (HINT: Raise both sides of x 2 := - I (mod p) to 
the power (p - I )/2, and use Fermat's little theorem.] 
4 Let p and II be distinct primes. Then pq_1 + qP - ! == I (mod pq). 

5 Let p be a prime. 
(lI) If III I(p - I), then am ;;; I (mod p) provided that p ,ra. 
(h) If II! I (p - ]), then a ...... 1 =: a (mod p) for all integers a. 

6 Let p and l/ be distinct primes. 
(a) If III I (p - I) and m I (q - I), then a'" == I (mod pql for any a such that p,ra 

and ",rll. 
(b) Ifml(p - I)and m l (l/ - I), then am"'! == a (mod pq) for all integers Q. 

7 General ize the result of part 6 to /I distinct primes, P1 •. .. , Pn . (State your result. 
but do not prove it.) 
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8 Usc part 6 to explain why the following are true: 
(i) a l9 == I (mod 133) 

Iii) a lo == I (mod 66), provided a is not a mulliple of 2,3, or 11. 
(iii) a lJ == a (mod 105) 
(iv) a49 == a (mod (547) (HINT : 1547 = 7 x 13 x 17.) 

9 Find the following integers x: 
(a) x == 8 J8 (mod 210) (b) x ;;;: 7S7 (mod 133) (a) x == 573 (mod 66) 

F. Consequences of Euler's Theorem 

Prove each of the following ." 

1 If gcd (a, n) = 1, the solution modulo n of ax == b (mod n) is x == a'~(~) - I b (mod n). 

2 H gcd (a, II) = I , then a,"~I~I;;;: I (mod n) for all values of m. 

3 If gcd (m, II) = gcd (a, mn) = 1, then a~,"I~~ 1 == I (mod mn). 

4 If p is a prime, ¢{P"l = p~ - p~- ( = p"-I(p - I). (HINT: For any integer a, a andp" 
have a common divisor =F ± I iff a is a mUltiple of p. There are exactly p~ - I multi­
ples of p between I and p~.) 

5 For every a ~ 0 (mod pI, aP"lp-1) == 1 (mod pW+ I), where p is a prime. 

6 Under the conditions of part 3, if t is a common multiple of ¢(m) and ~(n), then 
d == I (mod 11111). Generalize to three integers /, m, and II. 

7 Use parts 4 and 6to explain why the fo llowing are Irue : 
(i) a 12

;;;: I (mod 180) for every a such that gcd(a, 180) - 1. 
(ii) a42 

!!:!' 1 (mod 1764) if gcd (a, 1764) = 1. (REMARK: 1764 = 4 x 9 x 49.) 
(iii) a20 == 1 (mod 18(0) if ged (a, 18(0) = 1. 

8 If gcd (m, II) = 1, then II ~"') + m~I~1 == 1 (mod mn). 

9 H /, m, II are relatively prime in pairs, then (mll)~I) + (l1l)~,"1 + (lm)~~ 1 == I (mod 
11111). 

G. Wilson's Theorem, and Some Consequences 

In any integral domain, if x 2 = I, then x 2 
- 1 = (x + l)(x - 1) = 0, hence x = ± 1. 

Thus, an element x f. ± 1 cannot be its own multiplicative inverse. As a conse­
qucnce, in Zp the integers 2, j, ... , p - 2 may be arranged in pai rs, each one being 
paired ofT with its multiplicative inverse. Prove thefollowing: 

I In Z",2 ' 3 ... p -2= 1. 
2 (p - 2) ! == 1 (mod p) for any prime number p. 

3 (p - I)! + 1 := 0 (mod p) for any prime number p. This is known as Wilson 's 
Theorem. 

4 For any composite number n f. 4, (n - I)! == 0 (mod n). [HINT: If p is any prime 
factor of n, then p is a factor of (n - I)! Why?] 
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Before going on to the remaining exercises, we make the following observations: 
Let p > 2 be a prime. Then 

Consequently, 

(p _ I)! :=(_1)(1'-1)/2 (I' 2 ... p; Iy (mod p) 

R EASON: p -I ==: -I (mod pl, p-2==: -2 (mod pl, " (p+ Il/2 ==: - (p -I)/2 
(mod pl. 

With this resull, prove the/ollollling: 

5 [(p - 1)/ 2] !2 E (- I )~"+ 1)/2 (mod pl, for any prime p> 2. (HINT: Use Wilson's 
theorem.) 

p + I. 
6 If p :;::: 1 (mod 4), then -2- IS odd. (Why?) Conclude that 

(p; I)!I == _I (mod p) 

p+ I. 
7 If P := 3 (mod 4), then -2- IS even. (Why ?) Conclude that 

(p; 1)! 2 == 1 (mod p) 
8 When p > 2 is a prime, the congruence x2 + I ==:0 (mod p) has a solution if p EO 1 
(mod 4). (H INT: Use pait 6.) 

9 For any prime p> 2, x 2 ~ - 1 (mod p) has a solution iII p 'f. 3 (mod 4 ). (HINT: 
Use part 8 and E3.) 

H. Quadratic Residues 

An integer a is called a quadratic residue modulo m if there is an integer x such thai 
.'( 2 == a (mod mi. This is the same as saying that i.i is a square in Zoo ' If a is nOI a 
quadratic residue modulo m. then a is called a quadratic nonresidlle mooulo m. 
Quadratic residues are important for solving quadratic congruences, for studying 
sums of squares, etc. Here, we will exam ine quadratic residues modulo an arbitrary 
prime p > 2. 

Let h: Z/ ...... z,* be defined by h(a) = .12
. Prove : 

II is a homomorphism. Its kernel is {± I}. 
2 The range of h has (p - 1)/2 eiemenls. If ran h = R, R is a subgroup orl p • having 
two cosets. One contains all the residues, the other all the nonresidues. 
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The ugendre symbol is defined as follows: 

+ I if p,fa and a is a residue mod p. 

W= -I if p,fa and a is a nonresidue mod p. 

o if pia. 

3 Referring to part 2, let the two cosets of R called 1 and -1. Then Z,*/R = 
{ I, -I}. Explain why 

for every integer a which is not a multiple of p. 

4 hal""" (22)_ (-'-)- (-'-)- (~)- (~)_ 23 . 29 ' II . 13' 23 

5 Prove : if Q::: b (m od pI, then~) = (;). In particular, (Q: kP);>< (~). 

6 Pmve Iii mG) -(~) 
(
-') { lif P =- I (mOd 4) 7 - = (HINT: Use Exercises G6 and 7.) 
p -I ifp::: 3 (mod 4) 

The most important rule for computing 

is the /all' l!f quadratic reciprocity, which asserts that for distinct primes p. 'I > 2, 

(~) = -w if p, q are both == 3 (mod 4) 

q (~) • otherwise 

(The proof may be found in any textbook on number theory, for example, 
Fundamel/tals of Number TI,eory, by W. J. LeVeque.) 

8 Use parts 5 to 7 and the law of quadratic reciprocity to find: 

G:} 
Is 14 a quadratic residue. modulo 59? 
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9 Which of the following congruences is solva ble? 
(a) -;2 :=: 30 (mod 10 1) (b) x2 =:: 6 (mod 103) (e) 2Xl:=: 70 (mod 106) 

[ NOTE : Xl :=: a (mod p) is solvable iff a is a quadratic residue modu lo p iff 

I. Primitive Roots 

Rec<lll that Vn is the multiplicative group of all the invertible elements in Z~ . If V. 
happens to be cyclic, say V~ = ( m>, then any integer a ;;;: m (mod II) is called a 
primi/i l'" mo/ of II . Pl"l)v(' / /Ii!JollowillY' 

I 11 is a primitive root of n iff the order of a in VR is ¢(II). 

2 Every prime number p has a primitive root. (HINT: For every prime p, Zp· is a 
cyclic grou p. The simple proof of thi s fact is given as Theorem I in Chapter 33.) 

3 Find primitive roots of the following integers (if there are none, say so): 6, 10, 11, 
14, 15. 

4 Su ppose 11 is a primitive rool of m. If b is any integer which is relat ively prime to 
m. then h:;;:; fI~ (mod /II) for some k ~ I. 

5 Suppose 111 has a pri mitive rool, and let n be relatively prime to ¢(m). (Suppose 
II > 0.) Prove that if 11 is relatively prime to 111, then xn :=: a (mod m) has a solution. 

6 Let p > 2 be a prime. Every primitive root of p is a quadratic nonresidue , modulo 
p. (H ll'T: Suppose a primitive root a is a residue; then every power of a is it residue.) 

7 A primc p of thc for m p = 2'" + 1 is called a Fermal prime. Lei p be a Fermat 
prime. Every quad rat ic nonresid ue mod p is a primi tive root of p. (HINT: Ho w many 
primitive roots are there ? How ma ny residues ? Compare.) 



CHAPTER 

TWENTY-FOUR 
RINGS OF POLYNOMIALS 

In elementary algebra an important role is played by polynomials in an 
unknown x. These are expressions such as 

2x3 
- tx 2 + 3 

whose terms are grouped in powers of x. The exponents, of course, are 
positive integers and the coefficients are real or complex numbers. 

Polynomials are involved in countless applications- applications of 
every kind and description. For example, polynomial functions are the 
easiest functions to compute, and therefore one commonly attempts to 
approximate arbitrary functions by polynomial functions. A great deal of 
effort has been expended by mathematicians to find ways of achieving this. 

Aside from their uses in science and computation, polynomials come up 
very naturally in the general study of rings, as the following example will 
show: 

Suppose we wish to enlarge the ring Ii by adding to it the number n. It 
is easy to see that we will ha ve to adjoin to Ii other new numbers besides 
just n; for the enlarged ring (containing n as well as all the integers) will 
also contain such things as -1(,n + 7, 6n 2 - II , and so on. 

As a matter of fact, any ring which contains Ii as a sub ring and which 
also contains the number 1( will have to contain every number of the form 

ann + bn,, - I + ... + kn + I 

239 
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where lI. b, .... k, I arc integers. In other words, it will contain all the 
polYlTomial expre.~sions iI/It with integer coefficients. 

But the set of all the polynomial ex pressions in n with integer coeffi­
cients is a ring. (It is a subring of R because it is obvious that the sum and 
product of any two polynomials in n is again a polynomial in n.) This ring 
contains 7L because every integer a is a polynol1?-ial with a constant term 
only, and it also conta ins n. 

Thus, if we wish to enlarge the ring 7L by adjoining to it the new 
number n, it turns oUlthat the " next largest" ring after 7L which contains 7L 
as a subring and includes n, is exactly the ring of all the polynomials in 1t 

with coefficients in 7L. 
As this example shows, aside from their practical applications, poly­

nomials play an important role in the scheme of ring theory because they 
are precisely what we need when we wish to enlarge a ri ng by adding new 
elements to it. 

In elementary algebra one considers polynomials whose coefficients are 
real numbers, or in some cases, complex numbers. As a matter of fact, the 
properties of polynomials are pretty much independent of the exact nature 
of their coefficients . All we need to know is that the coefficients a re con­
tained in some ring. For convenience, we will assume this ring is a com­
mutative ring with unity. 

Let A be a commutative ring with unity. Up to now we have used 
letters to denote elements or sets, but now we will use the letter x in a 
different way. In a poly~omial expression such as ax 2 + bx + c, where a, b, 
c E A, we do not consider x to be an element of A, but rather x is a symbol 
which we use in an entirely formal way. Later we will allow the substitution 
of other things for x, but at present x is simply a placeholder. 

Notationally, the terms of a polynomial may be listed in either ascend­
ing or descending order. For example, 4x 3 

- 3xl + X + 1 and 1 + x -
3.,\:2 + 4xJ denote the same polynomial. In elementary algebra descending 
order is preferred, but for our purposes ascending order is more convenient. 

Let A be a commutative ring with unity, and x an arbitrary symbol. Every 
expression o/tlie/orm 

is called a polynomial in x with coefficients in A, or more simply, Q 

polynomial in x oller A. The expressions Qkx!<, for k E {I, .'" n}, are 
called the terms of the polynomial. 

Polynomials in x are designated by symbols such as a(x), b(x), q(x), and 
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so on. If a(x) = ao + atx + ... + a"x" is any polynomial and ak.X< is any 
one of its terms, a* is called the coefficient of x*. By the degree of a poly­
nomial a(x) we mean the greatest n such tlial lhe coefficient ofx" is nor zero. 
In other words, if a(x) has degree n, this means that a" =F 0 but am = 0 for 
every In > n. The degree of a(x) is symbolized by 

deg a(x) 

For example, I + 2x - 3x2 + x 3 is a polynomial degree 3. 
The polynomial 0 + Ox + Ox 2 + .. . all of whose coefficients are equal 

to zero is called the zero polynomial, and is symbolized by O. It is the only 
polynomial whose degree is not defined (because it has no nonzero coeffi­
cient). 

If a nonzero polynomial a(x) = ao + alx + ... + a"x" has degree n, 
then a" is called its leading coefficient: it is the last nonzero coefficient of 
a(x). The term a" x" is then called its leading term, while ao is called its 
constant term. 

If a polynomial a(x) has degree zero, this means that its constant term 
ao is its only nonzero term: a(x) is a constant polynomial. Beware of confus­
ing a polynomial of degree zero with the zero polynomial. 

Two polynomials a(x) and b(x) are equal if they have the same degree 
and corresponding coefficients are equal. Thus, if a(x) = ao + ... + a"x" is 
of degree n, and b(x) = bo + ... + bmx'" is of degree m, then a(x) = b(x) iff 
n = m and at = bl< for each k from 0 to n. 

The familiar sigma notation for sums is useful for polynomials. Thus, 

" 
a(x) - aO + alx +·· · +a"x"= L akxl< ,., 

with the understanding that XO = I. 
Addition and multiplication of polynomials is familiar from elementary 

algebra. We will now define these operations formally. Throughout these 
definitions we let a(x) and b(x) stand for the following polynomials: 

b(x) = bo + b1x + .. . + b"x" 

Here we do not assume that a(x) and b{x) have the same degree, but allow 
ourselves to insert zero coefficients if necessary to achieve uniformity of 
appearance. 

We add polynomials by adding corresponding coefficients. Thus, 

a(x) + h(x) = (ao + bol + (a l + bl}x + .. . + (an + b,,)x" 
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Note that the degree of a(x) + h(x) is less than or equal to the higher of the 
two degrees, deg a(x) and deg b(x). 

Multiplication is more difficult, but quite familiar: 

a(x)b{x) 

= ao bo + (ao b l + boatlx + (aOh2 + alb l + a2 bO}x l + .. . + a~b"x2~ 

In other words, the product of a(x) and b(x) is the polynomial 

c(x) = Co + c ,x + .. . + C2"Xl~ 

whose kth coeffient (for any k from 0 to 2n) is 

Ck = L a;bj 
i+jo:=l 

This is the sum of all the a,hj for which i + j = k. Note that deg [a(x)b(x)] 

::;; deg a(x) + deg b(x). 

If A is any ring, the symbol 

A[x] 

designates the set of all the polynomials in x whose coefficients are in A, 

with addition and multiplication of polynomials as we have just defined 
them. 

Theorem I Let A be a commutative ring with tlnity. Then A[x] is a com­
mutative ring with unity. 

To prove this theorem, we must show systematically that A[x] satisfies 
all the axioms of a commutative ring with unity. Throughout the proof, let 
a(x), b(x), and c{x) stand for the following polynomials : 

b(x) = bo + hlx + ... + b"x" 

and c(x) = Co + c,x + ... + c"x'" 

The axioms which involve only addition are easy to check: for example, 
addition is commutative because 

a(x) + b(x) = (ao + bo) + (a, + b.)x + ... + ((/~ + b~)xn 

~ (bo + ao) + (b, + a,)x + ... + (b" + a")x" ~ b{x) + a(x) 

The associative law of addition is proved similarly, and is left as an exercise. 
The zero polynomial has already been described, and t~e negative of a(x) is 
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-a(x) = (-aO) + (-adx + ... + (-(l~)x~ 

To prove that multiplication is associa tive requires some care. Let 
b(x)c(x) = d(x), where d(x) = do + d1x + ... + d 2~x2~. By the definition of 
polynomial multiplication, the kth coefficient of b(x)c(x) is 

dk = L b;cj 
j+j=k 

Then a(x)[b(x)c(x)] = a(x)d(x) = e(x), where e(x) = eo + e,x + ... + eJ~xJ~. 
Now, the fth coefficient of a(x)d(x) is 

e, = L a,d, = L a,( L b,C,) 
h +. _ 1 It + k _ 1 i +j • • 

It is easy to see that the sum on the right consists of all the terms ahbjCj 

such that h + i + j = I. Thus, 

e, = L altbiCj 
h+i+J = 1 

For each I from 0 to 3n, e, is the Ith coefficient of a(x)[b(x)c(x)]. 

If we repeat this process to find the lth coefficient of [a(x)b(x)]c(x ), we 
discover that it, too, is e, . Thus, 

a(x)[b(x)c(x )] = [a(x)b(x)] c(x) 

To prove the distributive law, let a(x)[b(x) + c(x)] = d(x) where 
.d(x) = do + dtx + ... + dhX2~. By the definitions of polynomial addition 
and multiplication, the kth coefficient a(x)[b(x) + c(x)] is 

tfk = L a~bJ + cJ) = L (a/b) + a/c) 

But Li+i - k aibj is exactly the kth coefficient of a(x )b(x ), and Li +i - k aiei is 
the kth coefficient of a(x)c(x), hence dk is equal to the kth coefficient of 
a(x)b(x) + a(x)c(x). This proves that 

a(x)[b(x) + c(x)] = a(x)b(x) + a(x)c(x) 

The commutative law of multiplication is simple to verify and is left to 
the student. Finally, the unity polynomial is the constant polynomial I. 

Theorem 2 If A is an integral domain, chen A[x ] is (In integral domain. 

If a(x) and b(x) are nonzero polynomials, we must show that their 
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product a(x)b(x) is not zero. Let a~ be the leading coefficient of a(x), and 
bm the leading coefficient of b(x). By definition, a~ +- 0, and b", -:f O. Thus 
lin bm 1= 0 because A is an integral domain. It fo llows that a(x)b(x) has a 
nonzero coefficient (namely anb",), so it is not the zero polynomial. 

If A is an integral domain, we refer to A[x] as a domain of polynomials, 

because A[x] is an integral domain. Note that by the preceding proof, if an 
and h", are the leading coefficients of a(x) and b(x), then an b", is the leading 
coefficient of a(x)b(x). Thus, deg a(x)b(x) = n + III: In a domain of poly­

nomials A[x], where A is an integral domain, 

dcg[a(x) . b{x)] = dcg (I(x) + deg hex) 

In the remainder of this chapter we will look at a property of poly­
nomials which is of special interest when all the coefficients lie in a field. 
Thus, from this point forward, let F be a field, and let us consider poly­
nomials belonging to F[x]. 

It would be tempting to believe that if F is a field then F[x] also is a 
field. However, this is not so, for one can easily see that the multiplicative 
inverse of a polynomial is not generally a polynomial. Nevertheless, by 
Theorem 2, F[x] is an (ntegral domain. 

Domains of polynomials over afield do, however, have a very special 
property : any polynomial a(x) may be divided by any nonzero polynomial 
b(x) to yield a quotient q(x) and a remainder r(x). The remainder is either 0, 
or if not, its degree is less than the degree of the divisor b(x). For example, 
x 2 may be divided by x - 2 to give a quotient of x + 2 and a remainder of 
4; 

x' 

a(x) 

~ (x-2)(x+2) + 
~~ 

b(x) q(x) 

4 

r(x) 

This kind of polynomial division is familiar to every student of elementary 
algebra. It is customarily set up as follows: 

x + 2 -Quotient q (x) 
Oivisor_ x - 2)x' _Oividcndb(x) 
a(x) xl _ 2x 

2, 
2x - 4 

4 _Remainderr(x) 

The process of polynomial division is formalized in the next theorem. 

Theorem 3: Division algorilhm for polynomials If a(x) and b(x) are poly­

nomials over a fieM F, and b(x) +- 0, there exist polynomials q(x) and r(x) over 
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F such that 

a(x) ~ b(x)q(x) + r(x) 

and or deg r(x) < deg b(x) 

Let b(x) remain fixed, and let us show that every polynomial a(x) sat~ 

isfies the following condition: 

(.) There exisl polynomials q(x) and r(x) over F such lhac 

a(x) ~ b(x)q(x) + r(x), and ",x) ~ 0 M deg r(x) < deg b(x). 

We will assume there are polynomials a(x) which do noC fulfill Condition(·) 
and from this assumption we will derive a contradiction._ Let a(x) be a 
polynomial of loweSI degree which fails to satisfy (.). Note that a(x) cannot 
be zero, because we can express 0 as 0 = b(x) . 0 + 0, whereby a(x) would 
satisfy (.). Furthermore, deg a(x) ~ deg b(x), for if deg a(x) < deg b(x) then 
we could write a(x) = b(x) . 0 + a(x), so again a(x) would satisfy (.). 

Let a(x) = ao + ... + a~ x" and b(x) = bo + ... + bm x
m, Define a new 

polynomial 

a. 
A(x) ~ a(x) - - x·-·b(x) 

b. 

a~x~ 

This expression is the difference of two polynomials both of degree nand 
both having the same leading term a"x". Becil:use a"xn cancels,in the sub~ 
traction, A(x) has degree less than n. 

Remember that a(x) is a polynomial of least degree which fails to satisfy 
(.), hence A(x) does satisfy (.). This means there are polynomials p(x) and 
r(x) such that 

A(x) ~ b(x)p(x) + r(x) 

where r(x) = 0 or deg r(x) < deg b(x). But then 

a. 
a(x) ~ A(x) + - x·-·b(x) 

b. 

a. 
~ b(x)p(x) + r(x) + - x· - Ob(x) 

b. 

~ b(X{ PIx) + :: x.-.) + r(x) 
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If we let p(x) + (a,jbm)x,, - m be renamed q(x), then a(x) = b(x)q(x) + r(x), so 

a(x) fulfi lls Condition (*). This is a contrad iction, as required. 

EXERCISES 

A. Elementary Computation in Domains of Polynomials 

REMARK ON NOTATION : In some of the problems which follow, we consider poly­
nomials with coefficients in Z" for various n. To simplify notation, we denote the 
elemen ts of Z" by 1,2, ... , n - I rather than the more correct i, i, ... , n - I. 

I Let a(x) = 2X2 + 3x + I and b(x) = x 3 + 5x 2 + x . Compute a(x) + b(x). 
a(x) - b{x) and a{x)b(x) in Z[x], Z~ [x], 26 [ x], and Z1 [ x]. 

2 Find the quotient and remainder when Xl + x 2 + X + I is divided by Xl + 3x + 2 
in Z[x] and in Z~ [x]. 

3 Find the quotient and remainder when x 3 + 2 is divided by 2Xl + 3x + 4 in Z [ x], 
in Z3 [ x] , and in 2, [ x]. 

We caJ1 b(.x) a jaclOr of a(x) if a(x) = b(x)q(x) for some q(x), that is, if the 
remainder when a{x) is divided by b(x) is equal to zero. 

4 Show that the following is true in A[x] fo r any ring A: For any odd n, 
(a) .x + I is a factor of x" + 1 
(b) x + lisa factor of x" + x" - L + ... +x + 1 

5 Prove the following: In Z3[X], x + 2 is a factor of x'" + 2, for all m. In 2 ,,[ x] , 
x + (11 - J) is a factor of x'" + (n - 1), for all m and n. 

6 Prove that there is no inle{Jer m such that 3Xl + 4x + m is a facto r of6x" + 50 in 
Z[xJ-

7 For what values of n is Xl + 1 a facto r of X S + 5x + 6 in Z,,[x]? 

B. Problems Involving Concepts and Definitions 

1 Is X8 + I = Xl + I in Z, [ x]? Explain your answer. 

2 Is there any ring A such that in A[x], some polynomial of degree 2 is equal to a 
poly nomial of degree 4? Explain. 

3 Write all the quadratic polynomials in Zs [xJ- How many a re there? How many 
cubic poly nomials are there in Z5[X]? More generally, how many polynomials of 
degrcc n are there in Z,,[x] ? 

4 LeI A be an integral domain ; prove the following: 
If {x + 1)1 = xl + I in A[x] , then A must have characteristic 2. 
Iftx + 1)4 :::.'\:4 + I in A[x], then A must have characteristic 2. 
Iffx + 1)1> =.'(6 + 2xl + 1 in A[x], then A must have characteristic 3. 
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5 Find an example of each of the following in Zs[X]: a di visor of zero, an invertible 
element, an idempotent element 
6 Explain why x cannot be invertible in any A[x], hence no domain of polynomials 
can ever be a field. 

7 There are rings such as P3 in which every elemen t "* 0, 1 is a divisor of zero. 
Explain why this cannot happen in any ring of polynomials A[ x], even when A is 
1101 an in tegral domain. 
8 Show that in every A[x), there are elements "* 0, 1 wh ich are not idempotent, 
and elements "* 0, I which are not nilpotent 
9 Prove that if A[x) has an invertible element, so does A. 

C. Rings Alxl where A Is Not an Integral Domain 

1 If A is not an integral domain, neither is A [x]. Prove this by showing that if A has 
divisors of zero, so does A[x]. 

2 Give examples of divisors of zero, of degrees 0, I, and 2, in Z4[X ]. 
3 In Z IO[X) , (2x + 2)(2x + 2) = (2x + 2)(5x3 + 2x + 2), yet (2x + 2) cannot be can­
celed in this eq uation. Explain why this is possible in Z IO[X), but not in Z~[x]. 

4 Give examples in Z 4[X] , in Z 6[X] , and in Z9[X) of polynomials a(x) and b{x) such 
that deg a(x)b(x) < deg a(x) + deg b(x). 

5 If A is an integral domai n, we have seen that in A[x). 

deg a(x)b(x) "" deg a(x) + deg b(x) 

Show that if A is nol an integral domain, we can always find polynomials a(x) and 
.h(x) such that deg a(x)b(x) < deg a(x) + deg b(x). 

6 Show that if A is an integral domain, the only invertible elements in A[x] are the 
constant polynomials ± 1. Then show that in Z4[X) there are invertible polynomials 
of a ll degrees. 
7 Give all the ways of factoring ."(1 in Z9[X]; in Z5[X]. Explain the di ffere nce in 
behavior. 

8 Find all the square rOOIS of Xl + X + 4 in Zs[x]. Show thai in Zs[x]. there are 
infinitely many sq uare rools of 1. 

D. Domains Alxl where A Has Finite Characteristic 

In each of the fo llowi ng, let A be an integral domain. 

I Prove that if A has characteristic p, then A[x] has characteristic p. 

2 Use pa rt 1 to give an example of an infinite integral domain with fin ite character­
istic. 

3 Prove: If A has characteristic 3, then x + 2 is a factor of x'" + 2 for all m. More 
generally, if A has characteristic p, then x + (p - 1) is a fac tor of x" + (p - 1) for all 
m. 



248 CHAPTER TWENTY-FOUR 

4 Prove that if A has characteristic p. then in A [x], (x + c)P :::: x P + cPo (You may 
use essentially the same argument as in the proof of the binomial lheorem.) 

5 Explain why the following "proof" of part 4 is not valid: (x + c)P = xP + cP in 
A [ Y] because (a + c)" :::: aP + cP for all a, c € A . (No te the fo llowing example: in Zz, 
a1 + I = a4 + I for every a, yet x 2 + I 0; X4 + I in Z 2[X).) 

6 Use the same argument as in part 4 to prove that if A has characteristic p. then 
(ex' + dxJ)P = cPx'1' + dPxip• Use this to prove: 

E. Subrings and Ideals in Alxl 

I Show that if B is a subring of A, then B[x ] is a subring of A[x). 
2 If B is an ideal of A, B[x] is not necessarily an ideal of A [x). Give an example to 
prove this contention. 

3 Let S be the set of alJ'the polynomials a(x) in A[x] for which every coefficie nt al 
for odd i is equal to zero. Show that S is a subring of A [x ). Why is the same not true 
when "odd " is replaced by "even ".? 

4 Let J consist of all the elements in A[x] whose constant coefficient is equal to 
zero. Prove that J is an ideal of A[x]. 
5 Let J consist of a ll the polynomia ls ao + UlX + .. . + unxn in A[x] s uch that 
ao + a l + ... + a~ = O. Prove that J is an ideal of A[x). 

6 Prove that the ideals in both parts 4 and 5 are prime ideals. 

F. Homomorphisms of Domains of Polynomials 

Let A be an integral domain. 

I Let II: A[x] -+ A map every polynomial to its constant coefficieht; that is, 

lI(ao + UtX + .. . + anx~) - ao 

Prove that II is a homomorp~ism from A[x] onto A, and describe its kernel. 

2 Explain why the kernel of h in part 1 consists of all the products xa(x), for all 
a(x) E A[x). Why is this the same as the principal ideal <x) in A[x ] ? 

3 Using parts I and 2, expla in why A[x]/< x) ~ A. 

4 Lei g: A [x ] -+ A send every polynomial to the sum of its coefficients. Prove that 
9 is a surjective homomorphism, and describe its kernel. 

5 If c E A, let h: A[x] -+ A [x] be defined by h(a(x)) = a(cx), that is, 

h(ao + alx + ... + a~ x~) = ao + al ex + U2C2X2 + ... + anc"x" 

Prove that h is a homomorphism and describe its kernel. 

6 If h is the homomorphism of part 5, prove that h is an automorphism (isomor­
ph ism from A[x ] to itself) iff c is invertible. 
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G. Homomorphisms of Polynomial Domains 
Induced by a Homomorphism of the Ring of Coefficients 

Let A and B be rings and let h: A -+ B be a homomorphism with kernel K. Define 
n, A[x] _ B[x] by, 

h(ao + QlX + ... + Qnxn) = h(Qo) + h(Q\)x + ... + h(Q~)x~ 

(We say that Ii is induced by h.) 

1 Prove that Ii is a homomorphism from A[x] to B[xJ. 

2 Describe the kernel K of Ii. 
3 Prove tha~ Ii is surjective iff h is surjective. 
4 Prove that Ii is injective iff h is injective. 

5 Prove that if a(x) is a factor. of b(x), then h(a(x» is a factor of Ii(b(x». 

6 If h: Z ..... Z~ is the natural homomorphism, let ii: Z[x] -+ Zn[x] be the homo­
morphism induce~ by h. Prove that h(a(x» = 0 iff n divides every coefficient of a(x). 

7 Let h be as in part 6: and let n be a prime. Prove that if a(x)b(x) E ker Ii, then 
either a(x) or b(x) is in ker Ii. (HINT : Use Exercise F2 of Chapter 19.) 

H. P.olynom~als in Several Variables 

A [x J , Xl] denotes the ring of all the polynomials in /IVO lellers Xl and Xl with 
coefficients in A. For example, Xl - 2xy + yl + X - 5 is a quadratic polynomial in 

O[ x, yJ. More generally, A[xl> ... , x"] is the ring of a ll the polynomials in n letters 
XI' . . . , Xn wiih coeffi cie nts in A. Formally it is defined as fo llows: let A[xa be 
denoted by AI ; then A I[Xl] is A[xl> Xl ]. Contin uing in this fashion, we may adjoin 
one new letter Xi at a time, to get A[xl' ... , x~]. 

1 Prove that if A is an inte$ral domain, then A[xJ> ... , xn] is an integral domain. 

2 Give a reasonable definition of the degree of any polynomial p(x, y) in A[x, y] 
and then list a ll the polynomials of degree $ 3 in Z3[x, yJ. 

Let us denote an a rbitrary polynomia l p(x, y) in A[x, y] by L QIJ Xiy where L 
ranges over .~ome pairs i, j of nonnegative integers. 

3 Imitating the definitions of sum and product of polynomials in A[x ] , give a 
definit ion of sum and product of polynomials in A[x, yJ. 

4 Prove that deg a(x, y )b(x, y) :::: deg ll(X, y) + deg b(x, y) if A is an integral domain. 

I. Fields of Polynomial Quotients 

Let A be an integra l domain. By the closing part of Cha pter 20, every integral 
domain can be extended to a "field of quotients." Thus, A [x ] can be ex tended to a 
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field of polynomial quotients. which is denoted by A(x). Note that A(x) consists of 
all the fractions a(x)/ h(x) for a(x) and b(x) '" 0 in A[x], and these frac1 ions a re 
added. subtracted, multiplied, and divided in the customary way. 

I Show that A(x) has the same characteristic as A. 

2 Using part I, explain why there is an infinite field of characteristic p, for every 
prime p. 

3 If A and B are integral domains and h: A -> B is an isomorph ism, prove that h 
determi nes an isomorphism h: A(x) -> B(x). 

J . Diyision Algorithm: Uniqueness of Quotient and Remainder 

In the division algorithm, prove that q(x) and r(x) are uniquely determined . [HINT : 
Suppose a(x) = h(X}tII(X) + rl(x) = b(X)q2(X) + r2(x), and subtract these two ex­
pressions, which are both equal to a(x).] 
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FACTORING POLYNOMIALS 

Just as every integer can be factored into primes, so every polynomial can 
be fact ored into "irreducible" polynomials which cannot be factored fur­
ther. As a matter of fact, polynomials behave very much like integers when 
it comes to factoring them. This is especially true when the polynomials 
have all their coefficients in afield. 

Throughout this chapter, we let F represent some field and we consider 
polynomials over F. It will be found that F[x] has a considerable number 
of properties in common with Z. To begin with, all the ideals of F[x] are 
principal ideals, which was also the case for the ideals of Z. 

Note carefully that in F[x], the principal ideal generated by a poly­
nomial a(x) consists of a ll the products ll(X)S(X) as a(x) remains fixed and 
s{x) ranges over all the members of F[x]. 

Theorem 1 Every ideal of F[x] is principal. 

Let J be any ideal of F[x]. If J contains nOlhing but the zero poly­
nomial, J is the principal ideal generated by O. If there are nonzero poly­
nomials in J, let b(x) be any polynomial of lowesl degree in J. We will show 
that J = (b(x», which is to say that every element of J is a polynomial 
mUltiple b(x)q(x) of b(x). 

Indeed, if a(x) is any element of J, we may use the division algorithm to 
write a(x) = b(x)q(x) + r(x), where r(x) = 0 or deg r(x) < deg b{x). Now, 

25' 
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I'(x) = a(xl - b(x)q(x); but a(x) was chosen in J, and b(x) E J, hence 
b(x)q(x) E J. It follows that r(x) is in J. 

If r(x) -+ 0, its degree is less than the degree of b(x). But this is impos­
sible because b(x) is a polynomial of lowest degree in J. Therefore, of 
necessity, rex) = O. 

Thus,.finally, a(x) = b(x)q(x); so every member of J is a multiple of b(x), 

as claimed. 
It follows that every ideal J of F[x] is principal. In fact, as the proof 

above indicates. J is generated by anyone of its members of lowest degree. 
Throughout the discussion which follows, remember that we are con­

sidering polynomials in a fixed domain F[x] where F is afield. 
Let a(x) and b(x) be in F[x). We say that b(x) is a multiple of a(x) if 

h(x) ~ a(x)s(x) 

for some polynomial s(x) in F[x). If b(x) is a multiple of a(x), we also say 
that a(x) is a/actor of b(x), or that a(x) divides b(x). In symbols, we write 

a(x) I b(x) 

Every nonzero constant polynomial divides every polynomial. For if 
c "* 0 is constant and a(x) = ao + .. . + all XR, then 

hence c I a(x). A polynomial a(x) is invertible iff it is a divisor of the unity 
polynomial 1. But if a(x)b(x) = I, this means that a(x) and b(x) both have 
degree 0, that is, are constant polynomials: a(x) = a, b(x) = b, and ab = 1. 
Thus, 

the invertible elements ofF[x] are aI/the nonzero constant polynomials. 

A pair of nonzero polynomials a(x) and b(x) are called associates if they 
divide one another: a(x) I b(x) and b(x) I a(x). That is to say, 

a(x) ~ b(x)c(x) and b(x) ~ a(x)d(x) 

for some c(x) and d(x). If this happens to be the case, then 

a(x) ~ b(x)c(x) ~ a(x)d(x)c(x) 

hence d(x)c(x) = 1 because F[x] is an integral domain. But then c(x) and 
d(x) are constant polynomials, and therefore a(x) and b(x) are constant 
multiples of each other. Thus, in F[x], 

a(x) and b{x) are associares iff they are constant multiples 0/ each other. 
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If a(x) = ao + ... + a~ x~, the associates of a(x) are all its nonzero con­
stant multiples. Among these multiples is the polynomial 

which is equal to (I/a~)a(x), and which has I as its leading coefficient. Any 
polynomial whose leading coefficient is equal to 1 is called monic. Thus, 
every nonzero polynomial a(x) has a unique monic associate. For example, the 
monic associate of 3 + 4x + 2x 3 is i + 2x + x 3

• 

A polynomial d(x) is called a greatest common divisor of a(x) and b(x) if 
d(x) diyides a(x) and b(x), and is a multiple of any other common divisor of 
a(x) and b(x); in other words, 
(i) d(x) I a(x) and d(x) I b(x), and 

(ii) For any u(x) in F[x], if !lex) I a(x) and u(x) 1 b(x), then !lex) 1 d(x). 
According to this definition, two different gcd's of a(x) and b(x) divide 

each other, that is, are associates. Of a ll the possible gcd's of a(x) and b(x), 
we select the monic one, call it the gcd of a(x) and b(x), and denote it by 
gcd[a(x), b(x)]. 

It is important to know that any pair of polynomials always has a 
greatest common divisor. 

Theorem 2 Any two nonzero polynomial.~ a(x) and b(x) in F[x] have a gcd 
d(x). Furthermore, d(x) can be expressed as a "linear combination" 

d(x) ~ .jx)a(x) + .~x)b(x) 

where r(x) and s(x) are in F[x]. 

The proof is analogous to the proof of the corresponding theorem for 
integers. If J is the set of all the linear combinations 

u(x)a(x) + ",x)b(x) 

as 11.(.\') and tJ(x) range over F[x], then J is an ideal of F[x], say the ideal 
<d(x) generated by d(x). Now a(x) ~ la(x) + Ob(x) and 
hex) = Oa(x) + Ib(x), so u(x) and b(x) are in J. But every element of J is a 
multiple of d(x), so 

d(x) I a(x) and d(x) I b(x) 

If k(x) is any common divisor of a(x) and b(x), this means there are 
polynomials f(x) and g(x) such that a(x) = k(x)f(x) and b(x) = k(x)g(x). 
Now, d(x) E J, so d(x) can be written as a linear combination 
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d(x) ~ "x)a(x) + s(x)b(x) 

~ "x)k(x)f(x) + s(x)k(x)g(x) 

~ k(x)(.-(x)f(x) + s(x)g(x)] 

hence k(x) I d(x). This confirms that d(x) is the gcd of a(x) and b(x). 

Polynomials a(x) and b(x) in F[x] are said to be relatively prime if their 
gcd is equal to I. (This is equivalent to saying that their only common 
factors arc constants in F.) 

A polynomial a(x) of positive degree is said to be reducible over F if 
there are polynomials b(x) and c(x) in F[x], both of positive degree, such 
that 

a(x) ~ b(x)c(x) 

Because hex) and c(x) both have positive degrees, and the sum of their 
degrees is deg a(x), each has degree less chan deg a(x). 

A polynomial p(x) of positive degree in F[x] is said to be irreducible 
OI:e,. F if it cannot be ex pressed as the product of two polynomials of 
positive degree in F[x]. Thus, p(x) is irreducible iffit is not reducible. 

When we say that a polynomial p(x) is irreducible, it is important that 
we specify irreducible over I/lefield F. A polynomial may be irreducible over 
F, yet reducible over a larger field E. For example, p(x) = x2 + I is irreduc­
ible over R; but over C it has factors (x + i)(x - i). 

Wc ncxt state the analogs for polynomials of Euclid's lemma and its 
corollaries. The proofs are almost identical to their counterparts in Z; 
therefore they are left as exercises. 

Euclid's lemma for polynomials Lel p(x) be irreducible. If p(x) I ll(x)b(x), then 

p(x) I a(x) m· p(x) I b(x). 

Corollary 1 Lee p(x) be irreducible. If p(x) I a l(x)t12(X) ... a,,(x), ellen 

p(x) I aj(x)for one of tile factors a,{x) among U l(X), ... , a,,(x). 

Corollary 2 Let ql(X), ... , q,(x) and p(x) be monic irreducible polynomials. If 
P(X)lql(X) ... qr(x).ehen p(x) is equal to one ofthefactors ql(X) • ...• q.(x). 

Theorem 3: Factorization into irreducible polynomials Every polynomial a(x) 
o{posifive deyree in F[x] can be written as a produce 

a(x) ~ kp,(x)p,(x) ... p,(x) 

where k is a constant in F and Pl(X), . . ', p,(x) are monic irreducible poly-
110mials q{ F[x]. 



FACTORING POLYNOMIALS 2SS 

If this were not true, we could choose a polynomial a(x) of lowest degree 
among those which cannot be factored into irreducibles. Then a(x) is re­
ducible. so a(x) = b(x)c(x) where b(x) and c(x) have lower degree than a(x). 

But this means that b(x) and c(x) can be factored into irreducibles, and 
therefore a(x) can also. 

Theorem 4: Unique factorization If a(x) elm be written in two ways as a 
product of irreducibles, say 

a(x) ~ kp,(x) ... p,(x) ~ iq,(x) . .. q,(x) 

tllen k = I, r = s, and each p,{x) is equal to a qix). 

The proof is the same, in all major respects, as the corresponding proof 
for il ; it is left as an exercise. 

In the next chapter we will be a ble to improve somewhat on the last 
two results in the special cases of R[x] and C[x]. Also, we will learn more 
about facto ring polynomials into irredueibles. 

EXERCISES 

A. Examples of Factoring into Irreducible Factors 

Factor X4 - 4 into irreducible factors over 0, over n, and over C. 
2 Factor x~ - 16 into irreducible factors over 0, over n , and over C. 

3 Find all the irreducible polynomials of degree ~ 4 in Zl [X). 

4 Show that Xl + 2 is irreducible in Z~[xJ. Then factor X4 - 4 into irreducible 
factors in Z~ [x). (By Theorem 3, it is sufficient to search for monic factors.) 
5 Factor 2x) + 4x + 1 in Zs[x). (Factor it as in Theorem 3.) 
6 In Z6[X], factor each of the following into two polynomials of degree I : x, x + 2, 
x + 3. Why is this possible? 

B. Short Questions Relating to Irreducible Polynomials 

Let F be a field. Explain why each o/the/allowing is true in F[x]. 

I Every polynomial of degree 1 is irreducible. 
2 If a(x) and b(x) are distinct monic polynomials, they cannot be associates. 
3 Any two distinct irreducible polynomials are relatively prime. 
4 If a(x) is irreducible, any associate of a(x) is irreducible. 
5 If a(x) of 0, a(x) cannot be an associale of O. 
6 In Z p[x], every polynomial has exactly p - 1 associates. 
7 Xl + I is reducible in Zlx] iff p ;oE a + b where ab ,., I (mod p). 
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C. Number of Irreducible Quadratics over a Finite Field 

I Without finding them, determine how many red ucible monic quadratics there are 
in Z~(x]. (HINT: Every reducible monic quadra tic can be uniquely factored as 
(x + a)(x + b).] 

2 How many reducible quad ratics are there in Z~(x]? How many irreducible quad­
ratics? 
3 General ize : How many irreducible qu adratics are there over a finite field of n 
elements? 
4 How many irreducible cubics are there over a fie ld of n elements? 

D. Ideals in Domains of Polynomials 

Let F be a field , and let J designate any ideal of F(x]. Prove the/ollowing: 

I Any two generators or J are associates. 
2 j bas a unique monic generator m(x ). An arbilrary polynomial a(x) E F[x ] is in j 

ifTm(x)la(x). 
3 j is a prime ideal iff it has an irreducible generator. 

4 If p(x) is irreducible, then p(x) is a maximal ideal of F[x]. (See Cha pter 18, 
Exercise H5.) 
5 Let S be the set of all polynomials ao + a1x + ... + a~x~ in F(x] which satisfy 
ao + a[ + ... + an = O. 11 has been shown (Chapter 24, Exercise E5) that S is an 
ideal of F(x). Prove that x- I € S, and explai n why it follows that S = <x - I). 

6 Co ncl ude from parts 4 and 5 that F(x ]/<x - I) ~ F. (See Chapter 24, Exercise 
F4.) 

7 Let F[x, y] denote the domain of all the polynomials L aiJxiy' in two letters x 
and y, with coefficients in F. Let j be the ideal of F[x, y] which contains all the 
polynomials whose constant coefficient is zero. Prove that j is not a principal ideal. 
Conclude Ihat Theorem I is not true in F(x, y]. 

E. Proof of the Unique Factorization Theorem 

I Prove Euclid's lemma for polynomials. 

2 Prove the two corollaries to Euclid's lemma. 
3 Prove the unique factorization theorem for pol ynomials. 

F. A Method for Computing the gcd 

Let a(x) and b(x) be polynomials of positive degree. By the division algorithm, we 
may divide a(x) by b(x): 
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1 Prove that every common divisor of a(x) and hex) is a common divisor of b(x) and 
rl'()· 

It follows from part I that the gcd of a(x) and b(x) is the same as the ged of b(x) 
and '[(x). This procedure can now be repeated on b(x) and 'leX); divide b(xl by r\(xl: 

b(xl = rl(x)ql(X) + rl(X) 

Nellt. 

Finally. '~_l(X) = rix)q~.l(X) + 0 

In other words, we continue to divide each remainder by the succeeding remainder. 
Since the remainders conti nually decrease in degree. there must ultimately be a zero 
remainder. But we have seen that 

gcd[a(x), h(x)] = gcd[h(x). rl(x)] = . .. = gcd[r~ _ l(x), r~(x)] 

Since "n\."() is a divisor of r~_[(x), it must be the gcd ofrix) and r~_I(x). Thus, 

'.Ix) - gcd[alx), bix)] 

This method is called the euclidean algorilhm for finding the ged. 

2 Find the gcd of X3 + I and x· + x3 + 2Xl + x- I. Express this ged as a linear 
combination of the two polynomials. 
3 Do the same for Xl. - I and Xl ~ - I. 

4 Find the gcd of."(3 + Xl + X + I and x· + x3 + 2xl + 2x in Z3[X]. 

G. An Automorphism of Flxl 

Let II: F[x] - . F[x] be defined by: 

lI(ao +alx + ... + a.x~) = a. + a. _ IX + ... +aox~ 

Prove Ihe/olloll'in.q: 

I h is a homomorphism. 

2 II is injective and surjective, hence an automorphism of F[x]. 

3 Go + alx + ... + aRx" is irreducible iffa. +a~_lx + ... + aox" is irreducible. 

4 Let ao + alx + ... + a.x" - (ho + ... + h .. x"')(co + ... + cqXq). Factor 

5 Let a(x) = aO +a1x + "'+an x" and a(x)=a.+an _ 1x+· · ·+aox". If cEF, 
prove that arc) = 0 iff u( l /c) = o. 
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SUBSTITUTION IN POLYNOMIALS 

Up to now we have treated polynomials as formal expressions. If a(x) is a 
polynomial over a field F, say 

a(x) = 1I0 + £lIX + ... + a~ x~ 

this means that the coefficients Go, a b . . . , alt -are elements of the field F, 
while the lette r x is a placeholder which plays no other role than to occupy 
a given position. 

When we dealt with polynomials in elementary algebra, it was quite 
different. The letter x was called an unknown and was allowed to assume 
numerical values. This made (j(x) imo a function havin g x as its indepen· 
dent variable. Such a function is called a pofynomialjunclion. 

This chapter is devoted to the study of polynomial functions. We begin 
with a few careful definitions. 

Let a(x) = ao + a,x + ... + anxw be a polynomial over F. If c is any 
element of F, then 

is also an element of F, obtained by substituting e for x in the polynomial 
(I(x). This element is denoted by ate). Thus, 

Since we may subst itute any clement of F for x, we may regard a(x) as a 
.Iimctionfrom F fO F. As such, it is called a polynomialfullccion 011 F. 

258 
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The difference between a polynomial and a polynomial function is 
mainl y a difference of viewpoint. Given a(x) with coefficients in F : if x is 
rega rded merely as a placeholder, then a(x) is a polynomial ; if x is allowed 
to assume values in F, then a(x) is a polynomial function. The difference is a 
small one, and we will nOI make an issue of it. 

If a(x) is a polynomial with coefficients in F, and c is an element of F 
such Ihal 

arc) ~ 0 

then we call c a root of a(x). For example, 2 is a root of the polynomial 
3x 2 + x - 14 e R [x ], because 3.22 + 2 - 14 = 0. 

There is an absolutely fundamenta l connection between roots of a poly­
nomial and factors of that polynomial. This connection is explored in the 
following pages, beginning with the next theorem: 

Let a(x) be a polynomial over a field F. 

Theorem I c is a root of a(x) iff x - c is afactor of a(x). 

If x - c is a factor of a(x ), this means that a(x) = (x - c)q(x) for some 
q(x). Thus, a(c) = (c - c)q(c) = 0, so c is a root of a(x). Conversely, if c is a 
root of a(x), we may use the division algorithm to divide a(x) by x - c: 
a(x) = (x - c)q(x) + r(x). The remainder r(x) is either 0 or a polynomial of 
lower degree than x - c; but lower degree than x - c means that r(x) is a 
constant polynomial: r(x) = r ~ 0. Then 

° = a(c) = (c - c)q(e) + r = ° + r = r 

Thus, r = 0, and therefore x - c is a factor of a(x). 

Theorem 1 tells us that if c is a root of a(x), then x - c is afactor of a(x) 
(and vice versa). This is easily extended : if c, and e2 are two roots of a(x), 
then x - c , and x - C2 are two factors of a(x). Similarly, three roots give 
rise to three factors, four roots to four factors, and so on. This is stated 
concisely in the next theorem. 

Theorem 2 If a(x) has distinct roots Cl> .•. , cm in F, then (x - c ,Xx - e2) ... 
(x - e",) is afaetor of a(x). 

To prove this, let us first make a simple observation: if a polynomial 
a(x) can be factored, any root of a(x) must be a root of one of its factors. 
Indeed, jf a(x) = s(x)t(x) and a(c) = 0, then s(c) t(e) = 0, and therefore either 
s(c) ~ 0 or /(e) ~ O. 
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Let C I' ... , cm be distinct roots of a(x). By Theorem 1, 

a(x) = (x - cdql(x) 

By our observation in the preceding paragraph, C2 must be a root of x - C 1 

or of q\(x). It cannot be a root ofx - c1 becausec2 - c\ of:- 0; sOC2 is a root 
of q\(x). Thus, ql(x) = (x - C2 )q2(X), and therefore 

a(x) = (x - cd (x - C2)q2(X) 

Repeating this argument for each of the remaining roots gives us our result. 
An immediate consequence is the following important fact: 

Theorem 3 If a(x) has degree n, it has at most n roots. 

If a(x) had n + I roots Ch .. . , cN + 1> then by Theorem 2, (x - cd . .. 
(x - c" + d would be a factor of a(x), and the degree of a(x) would therefore 
be at least n + 1. 

It was stated earlier in this chapter that the difference between poly­
nomials and polynomial functions is mainly a difference of viewpoint. 
Mainly, but not entirely! Remember that two polynomials a(x) and b{x) are 
equal iff corresponding coefficients are equal, whereas two Junctions a(x) 
and b{x) are equal iff a(x) = b(x) for every x in their domain. These two 
notions of equality do not always coincide! 

For example, consider the following two polynomials in IE!. [x]: 

a(x) = x!. + 1 

b(x)~x-4 

You may check that a(O) ~ b(O), all) ~ btl), ... , a(4) ~ b(4), hence a(x) and 
h(x) are equal functions from IE!! to Z!!. But as polynomials, a(x) and b(x) 
are quite distinct! (They do not even have the same degree.) 

It is reassuring to know that this cannot happen when the field F is 
infinite. Suppose a(x) and b(x) are polynomials over a field F which has 
infinitely many elements. If a(x) and b(x) are equal as functions, this means 
that ate) = b(c) for every e E F. Define the polynomial d(x) to be the differ­
ence of a(x) and b(x) : d(x) = a(x) - b(x). Then d(c) = 0 for every C E F. Now, 
if d(x) were not the zero polynomial, it would be a polynomial (with some 
finite degree n) having infin itely many roots, and by Theorem 3 this is 
impossible! Thus, d(x) is the zero polynomial (all its coefficients are equal to 
zero). and therefore a(x) is the same polynomial as b(x). (They have the 
same coefficients.) 
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This tells us that if F is a field with infinitely many elements (such as 0, 
R, or C). there is no need to distinguish between polynomials and poly­
nomial functions. The difference is, indeed, just a difference of viewpoint. 

POLYNOMIALS OYER Z AND Q 

In scien tific computation a great many functions can be approximated 
by polynomials, usuall y polynomials whose coefficients are integers or 
rational numbers. Such polynomials are therefore of great practical interest. 
It is easy to find the rational roots of such polynomials. and to determine if 
a polynomial over Q is irreducible over Q. We will do these things next. 

First, let us make an important observation: 
Let a(x) be a polynomial with rational coefficients, say 

ko kl kft 
a(x) = - + - x + ... + - x ft 

10 II I" 

We may factor out the constant 1/10 II ... I" and get 

b(xj 

The polynomial b(x) has integer coefficients; and since it differs from a(x) 
only by a constant factor, it has the same roots as a(x). Thus, for every 
polynomial with rational coefficients, there is a polynomial with integer coef­

.ficients having the same roots. Therefore, for the present we will confine our 
attention to polynomials with integer coefficients. The next theorem makes 
it easy to fi nd all the rational roots of such polynomials : 

Let sit be a rational number in simplest form (that is, the intege rs sand 
t do not have a common factor greater than 1). Let a(x) = ao + ... + aftxft 

be a polynomial with integer coefficients, 

Theorem 4 If sit is a root of a(x ). then s I ao and 'I a" , 

If si t is a root of a(x), this means that 

ao + Q,(slt) + ". + an(sftl tn) = 0 

Multiplying both sides of this equation by t" we get 

ao c ~ + a,srft -' + .. , + a"s" = 0 ('j 
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We may now factor out s from all but the first term to get: 

- aot" = s(0,1" - ' + ... + o"s" - ') 

Thus, s I (/ot"; and since sand t have no common factors, s I ao. Similarly, in 
(.), we may factor out t from all but the last term to get 

l(ao e" - l + ... + a" _ ,1' - 1) = -a"s~ 

Thus, f i ll" .~"; and since sand l have no common factors, t I a". 
As an example of the way Theorem 4 may be used, let us find the 

rational roots of a(x) = 2X4 + 7xJ + 5x 2 + 7x + 3. Any rational root must 
be a fraction sir where s is a factor of 3 and t is a fac tor of 2. The possible 
roots arc therefore ± 1, ±2, ±! and ±t. Testing each of these numbers by 
direct substitution into the equation a(x) = 0, we find that -1 and -3 are 
roots are therefore ± 1, ± 3, ±! and ±i. Testing each of these numbers by 
(x + {-Xx + 3XXl + 1). 

Before goi ng the next step in our discussion, we note a simple but fa irly 
surprising facl. Let a(x) = b(x)c(x), where a(x), b{x). and c(x) have integer 
coefficien ts. 

Lemma IJ a prime number p divides every coefficient oj a(x), ie either divides 
every coefficient of b(x) or every coefficient of c(x). 

If this is not the case, let b, be the first coefficient of b(x) not divisible by 
p. and let c, be the first coefficient of c(x) not divisible by p. Now, 
a(x) = b{x)c(x), so 

ar+1 = hocr+ , + ... + brei + ... + hr +,co 

Each term on the right, except brc" is a product bicj where either i > r or 
j> t. By our choice of br and c" if i > r then pi bi> and if j > 1 then pi Cj. 

Thus, p is a factor of every term on the right with the possible exception of 
b, c,. but p is also a factor of a, +,. Thus, p must be a factor of breI> hence of 
either br or c,' and this is impossible. 

We saw (in the discussion immediately preceding Theorem 4) that any 
polynomial a(x) with rational coefficients has a constant multiple ka(x), wi(h 
imeyer coefficien(s, which has the same roots as a(x). We can go one better ; 
lell/(x) E Z[x]: 

Theorem 5. Suppose a(x) ean be factored as a(x) = b(x)c(x). where b(x) and 
c(x) have rational coefficients. Then there are polynomials B(x) and C(x) wieh 
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integer coefficients, which are constant multiples of b(x) and c(x), respectively, 
such Ihar a(x) = B(x)C(x). 

Let k and I be integers such that kb(x) and /c(x) have integer coeffi­
cients. Then kla(x) = [kb(x)][fc(x»). By the lemma, each prime factor of kl 
may now be canceled with a factor of either kb(x) or Ic(x). 

Remember that a polynomial a(x) of positive degree is said to be re­
dllcible over F if there are polynomials b(x) and c(x) in F[x ]. both of 
positive degree, such that a(x) = b(x)c(x). If there are no such polynomials, 
then a(x.) is irreducible over F. 

If we use this terminology, Theorem 5 states that any polynomial with 
in/eger coefficiems which is reducible over ill is reducible already over Z. 

In Chapter 25 we saw that every polynomial can be factored into 
irreducible polynomials. In order to factor a polynomial completely (that is, 
into irreducibles), we must be able to recognize an irreducible polynomial 
when we see one! This is not always an easy matter. But there is a method 
which works remarkably well for recognizing when a polynomial is irreduc­

ible over Q: 

Theorem 6: Eisenstein's irreducibility criterion Let 

a(x) = ao + a1x + ... + anx" 

be a polynomial with integer coefficients. Suppose chere is a prime number p 
which divides every coefficient of a(x) except the leading coefficiem an; sup­
pose p does not divide all and p2 does not divide ao. Then a(x) is irreducible 
over Q. 

If a(x) can be factored over 0 as a(x) = b(x)c(x), then by Theorem 5 we 
may assume b(x) and c(x) have integer coefficients: say 

and C(x)=Co+···+C",xm 

Now, ao = boco; p divides ao but p2 does not, so only one of bo , Co is 
divisible by p. Say p I Co and p -t bo . Next, a" = b. em and p -t a", so p -rcm • 

Let s be the smallest integer such that p -t c~. We have 

as = bocs + bIC. _ 1 + ... + b. co 

and by our choice of c~; every term on the right except bo c~ is divisible by p. 

But a~ also is divisible by p, and therefore bo c. must be divisible by p. This 
is impossible because p .( bo and p.( c3 • Thus, a(x) cannot be factored. 

For example, x J + 2X2 + 4x'+ 2 is irreducible over 0 because p = 2 
satisfies the conditions of Eisenstein's criterion. 
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POLYNOMIALS OVER ~ AND C 

One of the most far-reaching theorems of classical mathematics concerns 
polynomials with complex coefficients. It is so important in the framework 
of traditional algebra that it is called the Jundamental theorem oj algebra. It 
states the following: 

Every nonconstant polynomial with complex coefficients has a complex 

rOOl. 

(The proof of this theorem is based upon techniques of calculus and can 
be found in most books on complex analysis. It is omitted here.) 

It follows immediately that the irreducible polynomials in C[xJ are exact­

ly the polynomials oj degree 1. For if a(x) is a polynomial of degree greater 
than t in C[xJ, then by the funda!1lental theorem of algebra it has a root c 
and therefore a factor x -c. 

Now. every polynomial in C[x] can be factored into irreducibles. Since 
the irreducible polynomials are all of degree I, it follows that if a(x) is a 
polynomial of degree n over C, it can be factored into 

a(x) = k(x - ClXX - Cl) .. . (x - Cft) 

In particular, if a(x) has degree n it has n (not necessarily distinct) complex 

rootsc h ···• cft· 
Since every real number a is a complex number (a = a + 01), what has 

just been stated applies equally to polynomials with real coefficients. 
Specifically, if a(x) is a polynomial of degree n with real coefficients, it can 
be factored into a(x) = k(x - cJ)'" (x - CN)' where C I, •.. , CII are complex 
numbers (some of which may be real). 

For our closing comments, we need the following lemma: 

Lemma. SJlppose a(x) E R [xl IJ a + bi is a root oj a(x), so is a - bi. 

Remember that a - bi is called the conjugate of a + bi. If r is any 
complex numbcr, we write;: for its conjugate. It is easy to see that the 
function J(r) = ;: is a homomorphism from C to C (in fact, it is an isomor­
phism). For eve ry real number a,J(a) = a. Thus, if a(x) has real coefficients. 
then f( ao + (fl' + ... + a/) = ao + ali + ... + a~;:". Sinee 1(0) = 0, it fol­
lows that if r is a root of a(x), so is i. 

Now let a(x) be any polynomial with real coefficients, and let r = a + bi 
be a complex root of a(x). Then i is also a root of a(x), so 

(x - r)(x - i) = Xl - 2ax + (a Z + b2
) 
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and this is a quadratic polynomial with real coefficients 1 We have thus 
shown tha t any polynomial with real coefficients can be factored into poly­
nomials of degree 1 or 2 in R [x]. In particular, the irreduci ble polynomials 
of IR: [x] are the linea r polynomials and the irreducible quadratics (that is, 
the ax 2 + bx + c where b2 

- 4ac < 0). 

EXERCISES 

A. Finding Roots of Polynomials over Finite Fields 

In order 10 find a root of a(x) in a finile field F, the simplest method (if F is small) is 
10 lest every clement of F by substit utio n into the eq uation a(x) = O. 

I Find all the roots of the following polynom ials in Z,[x], and fac tor the poly+ 
nomials: 

x' + I ; 

2 Use Fermat '$ theorem to find all the rools of the following polynomials in Z,[x]: 

3 Using Fermal 's Iheorem, find polynomials of degree .s 6 which determi ne Ihe 
same functions as Ihe following polynomials in Z7[X]: 

3X'5 _ 5X,4 + 2x iJ _ x 2 ; 4x'08 + 6X'O' _ 2x6l; 3x10J _ x 73 + 3x" _ X l5 

4 Explain why every polynomial in Zp[x] has the same roots as a polynomial of 
degree < p. 

B. Finding Roots of Polynomials over Q 

1 Find all the rational roots of the fo llowing polynomials, and facto r them into 
irreducible polynomials in (l[x]: 

4x3 - 3Xl - 8x + 6; 

2 Faclor each of the preceding polynomials in R[x] and in C[x). 
3 Find associates wi th integer coefficients for each of the following polynomials: 

x3 + ~ x2 _ ~ X _ ~. ! x3 _ ! Xl _! X +!. fixJ + _1_ x2 _ j3x _ _ I_ 
. ,. 9 · 3' ,. 4 · , . 4' .fi . .fi 

4 Find a ll the rational roots of the polynomials in part 3 and factor them over IR. 

S Does 2X4 + 3x2 
- 2 have any rational roots? Can it be factored into IWO poly­

nomials of lower degree in {lex] ? Explain. 
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C. Short Questions Relating to Roots 

Let F bc a field. Prove that each oft helol/owi"!1 is/rue in F[x). 

1 Th e remainder of p(x), when divided by x - e, is p(c). 

2 C'\ - d I (P(.'.:) - p(c)) 

3 Every polynomial has the same roots as any of its associates. 

4 If (/t.'.:) and 11(.'.:) h1,lve the same roots in F, a re they necessarily associa tes? Explain. 

S if CI('\) I h(.'.:), then a(c")Ih(c) for any c E F. 

6 If I/(x ) is a monic polynomial of degree II, and a(x) has n rootse!> . .. ,ew E F, then 
a{"l;) = ( , - cd ' " (x - ('w)' 

7 Suppose ,,(x) and h(x ) have degree < 11. H ale) - bee) fo r 11 values of c, then 
u(s) = h('l 
8 There are infinitely many irreducible polynomia ls in Z ~[x). 

9 How many roots does Xl - x have in I lo? In I ll? Explain the difference. 

D. Irreducible Polynomials in Q Ixl by Eisenstein's Criterion 
(and Variations on the Theme) 

Show that each of the following polynomials is irreducible over 0: 

2 1 I _ X S + _ X4 _ 2Xl + _ . 
) 2 2 . 

I I 2 
_ X 4 __ X 3 __ x+ I' 
S 3 3 ' 

2 It often happens that a polynomial aCYl , as it stands, does not satisfy the condi­
tions of Eisenstein's criterion, but with a simple cha nge of variable y "" x + e, it 
does. It is important to note that if a(x) can be factored in to p(x)q(x), then certainly 
a(x + e) can be factored into p(x + c)q(x + c). Thus, the irreducibility of a(x + c) 

implies the irreducibility of a(x). 
(a) Use the change of variable y - x + I to show thatx4 + 4x + I is irreducible 

in Q[x). [In ot her words, test (x + 1)4 + 4(x + I) + I by Eisenstei n's criterion.) 
(b) Find an appropriate change or· variable to prove that the following are 

irreducible in O [ x): 

x 3 _3x + l ; X4 + I ; 

3 Prove that for any prime P. X, - I + XP- l + ... + x + I is irreducible in Q[x]. 
[ HI NT; By elementary a lgebra, 

hence 

(x- I)(x,- I + X, - 2 + .. . + x + I) = x'- I 

x P - 1 
X, - I + X, - 2 + .. . + x + 1 = - -­

x -I 

Use the change of variable y = x + I. and expand by the binomia l theorem. 
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4 By Exercise G4 of Chapter 25, the function 

is an isomorphism of lEx] onto Z[x]. In particular, h matches irreducible poly­
nomials with irreducible polynomials. Use this fact to state a dual version of Eisen­
stein's irreducibility criterion. 

5 Use part 4 to show that each of the following polynomials is irreducible in O[x]: 

4 1 1 3 4 
x --x +-X - -' 

2 2 3 ' 
3 I 2 3 6 

x +-x -- x+-
2 2 , 

E. Irreducibility of Polynomials of Degree S 4 

I Let F be any field. Explain why, if a(x) is a quadratic or cubic polynomial in F(x], 
a(x) is irreducible in F(x] iff a(x) has no roots in F. 

2 Prove thallhe following polynomials are irreducible in Q[x): 

I 3 -xl+2x __ ' 
2 2 • 

3 I I 
3Xl _ 2x _ 4' x 3 + Xl + _ X + _. x 3 + - . 

. 2 2' 2 • 
,5 3 

x -~ x+-
2 2 

3 Suppose a monic polynomial a(x) of degree 4 in F(x) has no roots in F. Then a(x) 
is reducible iff it is a pr6duci of two quadratics x 2 + ax + band x 2 + ex + d, that is, 
iff 

a(x) = X4 + (a + e)xl + (ae + b + d)x 1 + (be + ad)x + bd 

If the coefficients of a(x) cannot be so expressed (in terms of any a, b, c, d E F) then 
a(x) muSI be irreducible. 

Exa mple a(x)=x4 +2x3 +x+ I ; chen bd= I, so b=d= ±I; chus, 
k + ad = ± (a + c), but a + c = 2 and be + ad = I, which is impossible. 

Prove thai the following polynomials are irreducible in Q[x) (use Theorem 5, 
searching only for integer values of a, h, c, d): 

4 Prove that the fo llowing polynomials are irreducible in l! [x]: 

F. Mapping onto Zn to Determine Irreducibility over OJ 

H II: l -+ Z. is the natural homomorphism,let Ii :Z(x) -+ Z,,(x] be defined by 

Ii(ao + alx + ... + a"x")", h(ao) + h(a1)x + .. . + h(a,,)x· 
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In Chapter 24, Exercise G. it is proved that Ii is a homomorphism. Assume this/act 
/0 pml'(' /III! j()/IowiIJg.' 

I If ii(alx) is irreducible in Z.[x), then a(x) is irreducible in Z[x). 
2 Prove that X4 + 10.\3 + 7 is irreducible in O[x) by using the natural homomor+ 
phism from Z to Zs' 
3 Prove that the following are irreducible in O[x) (find the right value of n and use 
the natural homomorphism from Z to Z.): 

.,A + 1.\3 + l4x~ + 3; 

G. Roots and Factors in Alxl when A [s an Integral Domain 

[\ is a useful fact that Theorems [,2, and 3 are still true in A[x) when A is not a 
field. but merely an integral domain. The proof of Theorem 1 must be alte red a bit 
to avoid using the division algorithm. We proceed as follows : 
If II{X) = " 0 + a 1'\' + '" + a"x~ and c is a root of a(x), consider 

(((x) - lI(e) = al(x - c) + al(x2 - (.2) + ... + aix" - c~) 

Prove that for k = I, "', II: 

al(xk _(.k) = al,< _ e)(xk- I + .-I' - 2e + , .. +Ck- I) 

2 Conclude from part I that a(x) - n(c) = (x - c)q(x) for some q(x). 

3 Complete the proof of Theorem t, explaining why this particular proof is valid 
when A is an integral domain, not necessarily a field. 

4 Check that Theorems 2 and 3 are true in A[x) when A is an integral domain. 

H. Polynomial Functions over a Finite Field 

Find three polynomials in Z~[x) which determine the same function as 

.\2 _ X + I 

2 Prove that x P - x has p roots in Z,[:'() , for any prime p. Draw the conclusion that 
in Z p[x), x P - x can be factored as: 

x P - x = x(x - I)(x - 2) . • . [x - (p - I)] 

3 Prove that if a(x) and h(x) determine the same function in Zp[x] , then 

(xP - x) I (a(x) - h(x» 

Ill//l(' IIt'Xf lilllr proh/ems, let F he lilly finite field. Prove the/ol/owing: 

4 LeI a(x) and h(x) be in F[x). If a(x) and h(x) determine the same function , and if 
the number of elemen ts in F exceeds the degree of a(x) as well as the degree of b(x), 
then (/(x ) "" h(x). 
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5 The sct of all a(x) which determine the zero funclion is an ideal of F[xl- What is 
its generator? 
6 Let ,:F(F) be the ring of all functions from F to F, defined in the same way as 
.:T( R). Lei II: F [ x] ..... .7"(F) send every polynomial a(x) to the polynomial function 
which it determines. Show that" is a homomorphism from F[x] onto 9'(F). 

7 Let F = k,,"', c.l and pIx) = (x - c l ) ••• (x - c. ). Prove that 

F[xl/(p(x» '" FIF) 

I. Polynomial Interpolation 

One of the most important applications of polynomials is to problems where we are 
given several values of x (say x = ao, ai' ... , a.) and corresponding values of y (say 
y = bo , b l •... , b~), and we need to find a function y =f(x) such thatf(ao) = bo , 
flat) = bl> ... ,f(a~) ;o< b •. The simplest and most useful kind of function for this 
purpose is a polynomial function of the lowest possible degree. 

We now consider a commonly used lechnique for cooslrucling a polynomial 
p(x) of degree 11 which assumes given values bo , bl, ... , b~ at given points ao, ai, 
... , a •. That is, 

P(ao) = bo , P(al) = bl> ... , p(a~) = b~ 

First, for each j = 0, I, ...• n. let 

q~x) = (x - ao) ... (x - ai _ t)(x - ai+t)'" (x - a~) 

Let q~a;) - c; , and define pIx) as follows: 

~ bl bo b. 
p(x) = L.. - qt,x) = - qo(x) + ... + - q,.{x) 

i - O Ci Co C. 

(This is called the Lagrange interpolalionformula.) 

2 Explain why p(ao) "" bo , p(ad = b l •... , p(a.) = b~. 

3 Prove that there is one and only one polynomial pIx) of degree :0:::: n such thai 
P(ao) = bo, . . . , p(a.) = b~. 

4 Usc the Lagrange interpolation formula 10 prove that if F is a finite field, every 
function from F to F is equal to a polynomial function. (In fact, the degree of this 
polynomial is less than the number of elements in F.) 

5 If /(x) is any polynomial in F[x]. and Go • ... , an E F, the unique polynomial p(x) 
of degree s: n such that P(ao) = t(ao), .•. , p(a~) _ t(a~) is called the Lagrange inter­
polator for I(X) and Qo, . .. , a •. Prove that the remainder, when t(x) is divided by 
(x - ao)(x - a l )'" (x - a.), is the Lagrange interpolator. 



CHAPTER 

TWENTY -SEVEN 
EXTENSIONS OF FIELDS 

In the first 26 chapters of this book we introduced the cast and sel the scene 
on a vast and complex stage. Now it is time for the action to begin. We will 
be surprised to discover that none of our effort has been wasted; for every 
notion which was defined with such meticulous care, every subtlety, every 
fine distinction, will have its use and play its prescribed role in the story 
which is about to unfold. 

We will see modern algebra reaching ou( and merging wit h other dis­
ciplines of mathematics; we will see its machinery put to use for solving a 
wide ra nge of problems which, on the surface •. have nothing whatever to do 
wit h modern algebra. Some of these problems- ancient problems of geom­
etry, riddles about numbers, questions concerning the solutions of 
equations- reach back to the very beginnings of mathematics. Great mas­
ters of the art of mathematics puzzled over them in every age and left them 
unsolved, for the machinery to solve them was not there. Now, with a light 
touch modern algebra uncovers the answers. 

Modern algebra was not built in an ivory tower but was created part 
and parcel with the rest of mathematics- tied to it , drawi ng from it, and 
offcring it solutions. Clearly it did not develop as methodically as it has 
been presented here. It wou ld be pointless, in a first course in abst ract 
algebra, to replicate all the currents and crosscurrents, all the hits and 
misses and false starts. Instead, we are provided with a finished product in 
which the agonies and efforts that went into creating it cannot be discerned. 

270 
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There is a disadvantage to this: without knowing the Orlgm of a given 
concept, without knowing the specific problems which gave it birth, the 
student often wonders what it means and why it was ever invented. 

We hope, beginning now, to shed light on that kind of question, to 

justify what we have already done, and to demonstrate that the concepts 
introduced in earlier chapters arc correctly designed for their intended pur­
poses. 

Most of classica l mathematics is sct in a framework consisting of fields, 
especially Q, JR, and C. The theory of equations deals with polynomials over 
Rand C, calculus is concerned with functions over R, and plane geometry is 
set in R x IR. It is not surprising, therefore, that modern efforts to generalize 
and unify these subjects should also center around the study of fields. It 
turns out that a great variety of problems, ranging from geometry to practi­
cal computation, can be translated into the language of fields and formu­
lated entirely in terms of the theory of fields. The study of fields will there­
fore be our central concern in the remaining chapters, though we will see 
other themes merging and flowing into it like the tributaries of a great river. 

If F is a field , then a sub field of F is any nonempty subset of F which is 
closed with respect to addition and subtraction, multiplication and division. 
(It would be equivalent to say: closed with respect to addition and nega­
tives, multiplication and multiplicative inverses.) As we already know, if K 

is a subfield of F, then K is a field in its own right. 
If K is a subfield of F, we say also that F is an extension field of K . 

When it is clear in context that both F and K are fields, we say simply that 
F is an extension of K. 

Given a field F, we may look inward from F at all the subfields of F. On 
the other hand, we may look outward from F at all the extensions of F. Just 
as there are relationships between F and its subfields, there are also interest­
ing relationships between F and its extensions. One of these relationships, 
as we shall see later, is highly reminiscent of Lagrange's theorem-an 
inside-out version of it. 

Why should we be interested in looking at the extensions of fields? 
There are several reasons, but one is very special. If F is an arbitrary field, 
there are, in general, polynomials over F which have no roots in F. For 
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example, x 2 + 1 has no roots in I!it This situation is unfortunate but, it 
turns out, not hopeless. For, as we shall soon see, every polynomial over 
any field F, has roocs. If these roots are not already in F; they are in a 
suitable extension of F. For example, x 2 + 1 = 0 has soluti ons in C. 

In the matter of factoring polynomials and extracting their roots, C is 
utopia ! In C every polynomial a(x) of degree n has exactly n roots ej , ... , eft 

and can therefore be factored as a(x) = k(x - ed(x - e2) ... (x - eft)' This 
ideal situation is not enjoyed by all fields-far from it ! In an arbitrary field 
F, a polynomial of degree n may have any number of roots, from no roots 
to n roots, and there may be irreducible polynomials of any degree what­
ever. This is a messy situation, which does not hold the promise of an 
elegant theory of solutions to polynomial equations. However, it turns out 
that F always has a suitable extension E such that any polynomial a(x) of 
degree n over F has exactly n solutions in E. Therefore, a(x) can be factored 
in E[x] as 

Thus, paradise is regained by the expedient of enlarging the field F. This is 
one of the strongest reasons for our interest in field extensions. They will 
give us a trim and elegant theory of solutions to polynomial equations. 

Now, let us get to work! Let E be a field, Fa subfield of E, and c any 

E 

• , 

element of E. We define the substitution function fTc as follows: 
For every polynomial a(x) in F[x ] , 

fTc(a(x)) = a(c) 

Thus, fTc is the function " substitute c for x." It is a function from F[x] into 
E. In fact, fTc is a homomorphism. This is true because 

and 

u,(a(x) + b(x)) ~ u,(a(x)) + u,(b(x)) 
~ '---.-' '-v-' 

ate) + bee) ate) bee) 

u,(a(x)b(x)) ~ u,(a(x)) u,(b(x» 
'--v--' '-v-' '---.-' 

a(e)b(e) ate) bee) 
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The kernel of the homomorphism a, is the set of all the polynomials 
a(x} such that a(c) = O'C<{j(x» = O. That is, the kernel of 0', consists of all the 
polynomials a(x) in F[x ] such that c is a root of a(x). 

Let J, denote the kernel of a, ; since the kernel of any homomorphism 
is an ideal, J , is an ideal of F[x]. 

An element c in E is called algebraic over F if it is the root of some 
nonzero polynomial a(x) in F[xJ. Otherwise, c is called transcendental over 
F. Obviously c is algebraic over F iff J , contains nonzero polynomials, and 
transcendental over F iff J , = to}. 

We will confine our attention now to the case where c is algebraic. The 
transcendental case will be examined in Exercise G at the end of this 
chapter. 

Thus, let c be algebraic over F, and let J , be the kernal of a, (where 0', 

is the function "substitute c for x"). Remember that in F[x] every ideal is a 
principal ideal, hence J , = ( p(x» = the set of all the multiples of p(x), for 
some polynomial p(x). Since every polynomial in J, is a multiple of p(x). 
p(x) is a polynomial of lowest (legree among all tile nonzero polynomials in 

J,. It is easy to see that p(x) is irreducible; otherwise we could factor 
it into polynomials of lower degree, say p(x) = f(x)g(x). But then 
o = p(c) = f(c)g(c), so f(c) = 0 or g(c) = 0, and therefore either f(x) or g(x ) is 
in J,. This is impossible, because we have just seen that p(x) has the lowest 

degree among all the polynomials in J" whereas f(x) and g(x) both have 
lower degree than p(x). 

Since every constant multiple of p(x) is in J " we may take p(x) to be 
monic, that is, to have leading coefficient 1. Then p(x) is the unique monic 
polynomial of lowest degree in J,. (Also, it is the only monic irreducible 
polynomial in J,.) This polynomial p(x) is called the minimum polynomial of 
cover F, and will be of considerable importance in our discussions in a 
later chapter. 

Let us look at an example : R is an extension field of Q, and IR contains 
the irrational number fi. The function 0',/ 2 is the function "substitute .)2 
for x"; for example an (x4 - 3x2 + I) = j24 - 3.)22 + 1 = - 1. By our 
discussion above, a../I: Q[x] _ R is a homomorphism and its kernel con­
sists of all the polynomials in Q[x] which have .)2 as one of their roots. 
The monic polynomial of least degree in Q[x] having J2. as a root is 
p(x) = x 2 - 2; hence x2 - 2 is the minimum polynomial of fi over Q. 

Now, let us turn our attention to the range of a~. Since a, is a homo­
morphism, its range is obviously closed with respect to addition, multi­
plication, and negatives, but it is not obviously closed with respect to 
multiplicative inverses. Not obviously, but in fact it is closed fOl" multi­
plicative inverses, which is far from self-evident, and quite a remarkable 
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fact. In order to prove this, letf(c) be any nonzero element in the range of 
t1~ . Sincef(c) 4= O,f(x) is not in the kernel of t1<. Thus,f(x) is not a multiple 
of p(x), and since p(x) is irreducible, it follows that f(x) and p(x) are rela­
tively prime. Therefore there are polynomials s(x) and t(x) such that 
s(x)f(x) + c(x)p(x) ~ I. But then 

s(e)f(e) + c(e)p(e) ~ I 

. 0 

and therefore s(c) is the multiplicative inverse ofJ(c). 
We have just shown that the range oj t1< is a sub field oj £. Now, the 

range of (1< is the set of all the elements a(c), for all a(x) in F[x]: 

Range a, ~ {a(e): a(x) E F[xl } 

We have just seen that range (1< is a field. In fact , it is the smallest field 
containing F and c: indeed, any other field containing F and c wou ld 
inevitably contai n every element of the form 

(ao, ... , a~ E F) 

in other words, would contain every element in the range of t1, • 

By the smallest field containing F and c we mean the field which con­
tains F and c and is contained in any other field containing F and c. It is 
called the field generated by F and c, and is denoted by the important 
symbol 

F(e) 

Now, here is what we have, in a nutshell: t1~ is a homomorphism with 
domain F[x ] , range F(c), and kernel J, = (p(x). Thus, by the fundamental 
homomorphism theorem, 

I F(e) '" F[xl / (p(x» 

Finally, here is an interesting sidelight : if c and d are both roots of p(x), 
then, by what we have just proved, F(c) and F(tf) are both isomorphic to 
F[x ] / (p(x), and therefore isomorphic to each other: 

(*) If c and d are roots of the same irreducible polynomial p(x) in F [x], 

then F(c) '" F(d). 

In particular, thi s shows that, given F and c, F(c) is unique up to isomor­
phism. 

It is time now to recall our main objective : if a(x) is a polynomial in 
F[x] which has no roots in F, we wish to enlarge F to a field E which 
contains a root of lI(x). How can we manage this? 
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An observation is in order: finding extensions of F is not as easy as 
finding subfields of F. A subfield of F is a subset of an existing set: it is 

there! But an extension of F is nor yet there. We must somehow build it 
around F. 

Let p(x) be an irreducible polynomial in F[x). We have just seen that if 
F can be enlarged to a field E containing a root c of p(x), then F(c) is 
already what we are looking for: it is an extension of F containing a root of 
p(x). Furthermore, F(c) is isomorphic to F[x] j (p(x» . Thus, the field exten­

sion we are searching for is precisely F[x] j(p(x». Our result is summarized 
in the next theorem. 

Basic theorem of Held extensions Let F be a field and a(x) a nonconstant 

polynomial in F[x). There exists an exrensionfieJd E oj F and an element c in 
E such Ihat c is a rOOI of l/(x). 

To begin with, a(x) can be factored into irreducible polynomials in 
F[x). If p(x) is any nonconstant irreducible factor of a(x), it is clearly 
sufficient to find an extension of F containing a root of p(x), since it will 
also be a root of a(x). 

In Exercise D4 of Chapter 25, the reader was asked to supply the 
simple proof that, if p(x) is irreducible in F[x], then (p(x» is a maximal 
ideal of F[x). Furthermore, by the argument at the end of Chapter 19, if 
(p(x» is a maximal ideal of F[x], then the quotient ring F[x ]/(p(x» is a 
field. 

It remains only to prove that F[x] j(p(x» is the desired field extension 
of F. When we write 1 = (p(x», let us remember that every element of 
F[x] /l is a coset of 1. We will prove that F[x ] /l is an extension of F by 
identifying each element a in F with its cosel 1 + a. 

To be precise, define h: F _ F[x]fJ by h(a) = 1 + a. Note that h is the 
function which matches every a in F with its coset J + a in F[x] j l . We will 
now show that h is an isomorphism. _ 

By the familiar rules of coset addition and multiplication, h is a homo­
morphism. Now, every homomorphism between fields is injective. (This is 
true because the kernel of a homomorphism is an ideal, and a field has no 
nontrivial ideals.) Thus, h is an isomorphism between its domain and its 
range. 

What is the range of h? It consists of a ll the cosets 1 + a where a E F, 
that is, all the cosets of constant polynomials. (If a is in F, then a is a 
constant polynomial.) Thus, F is isomorphic to the sub field of F[x] jJ 

containing all the coselS of constant polynomials. This subfield is therefore an 
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isomorphic copy of F, which may be identified with F. so F[xJ/J is an 
extension of F. 

Finally, if p(x) = ao + aJx + ... + a~ x~, let us show that the coset 
J + x is a root of p(x) in F[xJ/J . Of course, in F[x]jJ, the coefficients are 
not actually ao, ah ... ,a~, but their cosets J+ao. J+ ah ...• J+a~. 

Writing 

J + ao = Qo. ,.,. J + a~ = Q~ and 

we must prove that 

Well, 

Qo + QJX + ... + ii~x~ = (J + ao) + (J + atXJ + x) + ... + (J + a~XJ + xf 

= (J + ao) + (J + aJx) + ... + (J + a"x") 

~ J + p(x) 

~ J [because pIx) E J] 

This completes the proof of the basic theorem of field extensions. Ob­
serve that we may use this theorem several times in succession to get the 
following: 

Let a(x) be a polynomial of degree n in F[xJ. There is an extensionjield 
E of F which contains all n roots of a(x). 

EXERCISES 

A. Recognizing Algebraic Elements 

Example T o show that JI + J2 is algebraic over Q, one mlL~t find a polynomial 

p(x) e Q[x] such that J I + ::j2 is 0 root of p(x). 

l et a = J I + J2; then 0 2 "" I + J2. a2 - I "" .j2, and fi nally, (a 1 - 1)2 = 2. 
Th us, a satisfies p(x) = X4 - 2X2 - I - O. 

Prove that each of the following numbers is algebraic over 0: 

(al i (.Ifi ('12 +3i (diJI +ft 
('I Ji - .jI If) fi + fi (gl fi + ,y4 

2 Prove that each of the following numbers is algebraic over the given field: 
(a) In over Q(x) (b) In over Q(x2

) (c) x 2 
- lover O(n3

) 
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NOTE: Recognizing a transcendental element is much more difficult. since it 
requires proving that the element cannot be a root of any polynomial over the given 
fie ld. In recent times it has been proved, using sophisticated mathematical machi­
nery, that 1r and e are transcendental over Q. 

B. Finding the Minimum Polynomial 

I Find the minimum polynomial of each of the following numbers over O. (Where 
appropriate. use the methods of Chapter 26, Exercises D, E, and F to ensure that 
your polynomial is irreducible.) 

(a) ! + 2i (v) ! + ../2 (,) ! + ../2i 

(<I) j2 + 13 (e).fi + fi (f) .;;+:Ji 
2 Show that the minimum polynomial of fi + i is: 

(a) Xl - 2J2x + 3 over R (b) X4 - 2Xl + 9 over 0 (e) Xl - 2ix - 3 over O(i) 

3 Find the minimum polynomial of the following numbers over the indicated fields: 

.J3 + i over R; over Q: over O(i); over Q(.J3) 
Ji + .j2 over R; over OU); over 0(j2); over Q 

4 For each of the fo llowing polynomials p(x), find a number a such that p(x) is the 
minimum polynomial of a over 0 : 

(a) Xl + 2x - 7 (b) X4 + h 2 - I (e) x" - IOx 2 + I 

5 Find a monic irreducible polynomial p(x) such that O [ x ] /( p(x» is isomorphic to: 
(a) (1(../2) (v) (1(1 +../2) (,) (I(j! +.fl.) 

C. The Struc,ure of Fields Flxl/(P(x» 

Let p(x) be an irreducible polynomial of degree n over F. Let c denote a root of p(x) 
in some extension of F (as in the basic theorem on field extensions). Prove: 

1 Every element in F(c) can be written as r(c), for some r(x) of degree <n in F[x ]. 
[HINT: Given any element I(C) E F(c), use the division algorithm to divide leX) by 
p(x).] 

2 If s(c) = I(C) in F(c), where s{x) and rex) have degree <n, then s{x) = leX). 

3 Conclude from parts I and 2 that every element in F(e) can be written uniquely as 
r(e), with deg r(x) < II. 

4 Using part 3, ex plain why there are exactly four elements in l2[X]/( x 1 + x + I ). 
List these four elements, and give their addition and multiplication tables. [ HINT: 

Identify lz [x]/(x 2 + x + I) with Z2(e), where c is a root of x2 + x + t. Write the 
elements of l2(e) as in part 3. When computing the multiplication table, use the fact 
that c l + c + I = 0.] 
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5 Describe Zl[x] / (x 1 + x + I ), as in part 4. 

6 Describe Z3[ x ] / (x3 + x 2 + 2), as in part 4. 

D. Short Questions Relating to Field Extensions 

Let F be any field. Prove each ofthefollowing: 

1 If e is algebraic over F, so are e + 1 and ke (where kEF). 

2 If cd is algebraic over F, then c is algebraic over F(d). If c + d is algebraic over F, 
then c is algebraic over F(d). 

3 If the minimum polynomial of a over F is of degree 1, then a E F, and conversely. 
4 Suppose F ~ K and ae K. If p(x) is a monic irreducible polynomial in F[x], and 
p(a) = 0, then p(x) is the minimum polynomial of a over F. 

5 Name a field ( f R or C) which contains a root of XS + 2Xl + 4x z + 6. 

6 0 (1 + il '" 0(1 - il. Howe"" 0(j21 "" O(JjI. 
7 If p(x) has degree 2, then O[x] / (p(x) contains both roots of p(x). 

E. Simple Extensions 

Recall the definition of F(a). It is a field such that (i) F £: F(a); (ii) a E F(u); (iii) any 
field containing F and a contains F(a). Use this definition to prove each of the 
following, where F £: K, c E F, and a E K: 

I F(a) = F(a + c) and F(a) = F(ca). 

2 F(a l
) £: F(a) and F(a + b) 0;;: F(a, b). [F(a, b) is the field containing F, a, and b, and 

contained in any other field containing F, a, and b.] Why are the reverse inclusions 
not necessarily true ? 

3 a + c is a root of p(x) ifT a is a root of p(x + c); ca is a root of p(x) iff a is a root of 
p(cx). 

4 Let a be a root of p(x + c). Then F[x]/ (p(x + c» ;:;;: F(a) and 

F[x]/(p(x» ;:::::; F(a + c) 

Conclude that F[x]/ (p(x + c» ;:::::; F[x]/ (p(x». 

5 Let a be a root of p(cx). Then F[x] /(p(cx»;:::::; F(a) and F[x ] / (p(x);:::::; F(cal. 
Conclude that F[x] /(p(cx» ;:::::; F[x]/ (p(x» . 

6 Use parts 4 and 5 to prove the following: 
(a) ZIl [x] / (x1 + I );:::::; ZII [ x ] /(x l + X + 4). 
(b) If a is a root of x 2 - 2 and b is a root of Xl - 4x + 2, then O(a);:::::; O(b). 
(el Ifais a root 0£X2 - 2 and bis a root of Xl -t, then Q(a):;:; Q(b). 
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t F. Quadratic Extensions 

If the minimum polynomial of a over F has degree 2, we call F(a) a quadratic 
extension of F. Prove the following, where F is any field whose characteristic is "* 2. 

I Any quadratic ex tension of F is of the form F(Ja), for some a e F. (HINT: 
Complele Ihe square, and use Exercise E4.) 

Let F be a finite field, and F* the multiplicative group of nonzero elements of 
F. Obviously H = {Xl: X e F-} is a subgroup of P; since every square x 2 in F- is 
the square of only two different elements, namely ±x, exactly half the elements of 
F· are in H. Thus, H has exactly two coselS: H itself, containing all the squares, and 
aH (where a 0$ H), containing all the nonsquares. If a and bare nonsquares, then by 
Chapter 15, Theorem Sa, 

Thus: if a and bare nonsquares, al b is a square. Use these remarks in the/allowing: 

2 Let F be a finit e field. If a, b E F, lei p(x) = x 2 
- a and q(x) = x 2 

- b be irreduc­
ible in F[x], and let Ja and.jb denote rools of p(x) and q(x) in an extension of F. 
Explain why al b is a square, say al b = c2 for some c E F. Prove that jb is a rool of 
p(cx). 

3 Use part 2 to prove that F(x)/<p(cx» ~ F(jb) ; then use Exercise E5 to conclude 
that F(Ja) '" F(.,fi). 
4 Use pan 3 to prove: Any two quadrat ic extensions of a finite field are isomorphic. 

5 If a and bare nonsquares in R, alb is a square (why?). Use the same argument as 
in part 4 to prove that any two simple extensions of R are isomorphic (hence 
isomorphic 10 C). 

G_ Questions Relating to Transcendental Elements 

Let F be a field, and let c be transcendental over F. Prove the/ollowing: 

I {a(c): a(x) E F[x] } is an integral domain isomorphic to F[x]. 

2 F(c) is the field of quolients of {a(c): a(x) E F[x]} , and is isomorphic to F(x), the 
field of quotients of F[x]. 

3 If c is transcendental over F, so are c + I, kc (where kEF), and c1. 

4 If c is transcendental over F, every element in F(c) but nOI in F is transcendental 
over F. 
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t H. Common Factors of Two Polynomials: 
Over F and over Extensions of F 

Let F be a fie ld, a nd let a(x), b(x) EO F[x]. Prove the following : 

I If a(x) and b(x) have a common root c in some extension of F, they have a 
common factor in F(x]. [Use the fact that a(x), b{x) EO ker 17 •• ] 

2 If a(x) and b(x) a re relatively prime in F[x], they a re relatively prime in K [x], for 
any extension K of F. 

3 Let K s;: L be fields containing the coeffici ents of a(x) a nd b(x). Then a(x) and b(x) 

are relatively prime in K(x] iff they are relatively prime in L[x]. 

t I. Derivatives and Their Properties 

Let a(x) = ao + a1x + ... + a. x· E F(x]. The derivative of a(x) is the fo llowing 
polynomial a'(x) E F[x]: 

a'(x) = al + 2alX + ... + na.x·- I 

(This is the same as the deri vative of a polynomial in calculus.) We now prove the 
analogs of the fo rmal rules of differentiation, familiar from calculus. 

Let a(x), b(x) E F(x], a nd let kEF. Prove thefol/owing: 

I [a(x) + b(x)J = a'(x) + b'(x) 

2 [a(x)b(x)]' = a'(x)b(x) + a(x)b'(x ) 

3 (ka(x)]' = ka'(x) 

4 If F has characterislic ° a nd o'(x) ,.. 0, then a(x) is a consta nt po lynomial. Why is 
this conclusion not necessarily true if F has characteristic p of 01 
5 Find the derivative of the fo llowing polynomials in Z3[X] : 

6 H F has characteristic p of 0, and a'(x ) = 0, prove that the only nonzero terms of 
a(x) are of the fo rm a""x"'P for some m. [That is, a(x) is a po lynomial in powers of 
xP.] 

t J. Multiple Roots 

Suppose a(x) E F[x], and K is an extension of F. An element c € K is called a 
multiple root of a(x ) if(x - c)"'lo(x) fo r some m > I. It is often important to know if 
all the roots of a polynomial are different, o r not. We now consider a method for 
determini ng whether an arbitrary polynomial a(x) E F[x] has multiple roots in any 
ex tension of F. 

Let K be any field containing all the roots of a(x). Suppose a(x) has a multiple 
root c. 



1 Prove that a(x) ,.. (x - c)~q(x) for some q(x) E K[x). 

2 Compute a'(x), using part I. 
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3 Show that x - c is a common factor of a(x) and ~'(x). Use Exercise HI to con­
clude that a(x) and a'(x) have a common factor of degree> I in F[x). 

Thus, if a(x) has a multiple root, then a(x) and a'(x) have a common factor in 
F[x). To prove t~e converse, suppose a(x) has no multiple roots. Then a(x) can be 
factored as a(x) = (x - cd' .. (x - c~) where c 1> ••• , c~ are all different. 

4 Explain why a'(x) is a su m of terms of the form 

(x - cd' " (x - c,_ .)(x - c;+ d'" (x - c~). 

5 Using part 4, explain why none of the roots c •• ... , Cn of a{x) are roots of d(x). 

6 Conclude that a(x) and a'(x) have no common factor of degree> 1 in F[x). 

This imporlant result is stated as follows: A polynomial a(x) in F[x) has a 
multiple root iff a(x) alld a'(x) have a commolljacror oj degree> I in F[x). 

7 Show that each of the fo llowing polynomials has no multiple roots in any exten­
sion of its fi eld of coefficients: 

x 2 + X + 1 E Z~[x) 

The preceding example is mosl interesting: it shows that there are 100 different 
hundredth roots of l over 2 1 , (The roots ± I a re in 2 1 , wh ile the rema ining 98 
roots are in extensions of Z1') Corresponding results hold for most other fie lds. 



CHAPTER 

TWENTY -EIGHT 
VECTOR SPACES 

Many physical quantities, such as length, area, weight, and temperature, are 
complctely described by a single real number. On the other hand, many 
other quantities arising in scientific measurement and everyday reckoning 
are best described by a combination of several numbers. For example, a 
point in space is specified by giving its three coordinates with respect to an 
xyz coordinate system. 

Here is an example of a different kind: A store handles 100 items; its 
monthly inventory is a sequence of 100 numbers (a" az, ... , aIOO) speci­
fying the quantities of each of the 100 items currently in stock. Such a 
sequencc of numbers is usually called a vector. When the store is restocked, 
a vector is added to the current inventory vector. At the end of a good 
mOnlh of sales, a vector is subtracted. 

As thi s example shows, it is natural to add vectors by adding corrc­
sponding components, and subtract vectors by subtracting corresponding 
components. If the store manager in the preceding example decided to 
double inventory, each componenl of the inventory vector would be multi­
plied by 2. This shows that a natural way of multiplying a vector by a real 
number k is to multiply each component by k. This kind of multiplication is 
commonly called scalar multiplication. 

Historically, as the use of vectors became widespread and they .;:ame to 
be an indispensable tool of science, vector algebra grew to be one of the 
major branches of mathematics. Today it forms the basis for much of 
advanced calculus, the theory and practice of differential equations, statis-
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tics, and vast areas of applied mathematics. Scientific computation is enor­
mously simplified by vector methods; for example, 3, or 300, or 3000 indi­
vidual readings of scientific instruments can be expressed as a single vector. 

In any branch of mathematics it is elegant and desirable (but not 
always possible) to find a simple list of axioms from which all the required 
theorems may be proved. In the specific case of vector algebra, we wish to 
select as axioms only those particular properties of vectors which are abso­
lutely necessary for proving further properties of vectors. And we must 
select a sufficiently complete list of axioms so that, by using them and them 
alone, we can prove all the properties of vectors needed in mathematics. 

A delightfully simple list of axioms is available for vector algebra. The 
remarkable fact about this axiom system is that, although we conceive of 
vectors as finite sequences (a 1, a2 , ••• , an) of numbers, nothing in the axioms 
actually requires them to be such sequences! Instead, vectors are treated 
simply as elements in a set, satisfying certain equations. Here is our basic 
definition: 

A vector space over a field F is a set V , with two operations + and· 
called vector addition and scalar multiplication, such that 

1. V with vector addition is an abelian group. 
2. For any kEF and a E V, the scalar product ka is an element of V, 

subject to the following conditions: for all k, I E F and a, b E V, 

(a) k(a + b) ~ ka + kb, 
(b) (k + na ~ ka + la, 
(c) k(la) ~ (kna, 
(d) la ~ a. 

The elements of V are called veclors and the elements of the field Fare 
called scalars. 

In the following exposition the field F will not be specifically referred to 
unless the context requires it. For notational clarity, vectors will be written 
in bold type and scalars in italics. 

The traditional example of a vector space is the set Oil" of all n-tuples of 
real numbers, (at> a2, ... • an), with the operations 

and 

(at> a2 , • •• • an) + (b l • b2 , ••• , b") = (al + hI> ai + b2 • ' ' ' ' an + bIt) 

k(a" a2 • . ". an) =(ka h ka 2 , ". , kan) 

For example, Dil2 is the set of all two-dimensional vectors (a, b), while 1R3 IS 

the set of all vectors (a, b. c) in euclidean space. 
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(a. b) (a. b. c) 

However, these are not the only vector spaces! Our definition of vector 
space is so very simple that many other things, quite different in appearance 
from the traditional vector spaces, satisfy the conditions of our definition 
and are therefore,legitimately, vector spaces. 

For example, F(II!), you may recall, is the set of all functions from II! to 
R. We define the sumf + g of two functions by the rule 

[f + gJ(x) ~ f(x) + g(x) 

and we define the product af, of a real number a and a functionf, by 

[afl(x) ~ af(x) 

It is very easy to verify that Y(R), with these operations, satisfies all the 
conditions needed in order to be a vector space over the field II!. 

As another example, let fP( denote the set of all polynomials with real 
coefficients. Polynomials are added as usual, and scalar multiplication is 
defined by 

k(ao + a,x + ... + an x") = (kao) + (kal)x + ... + (ka,,)x" 

Again, it is not hard to see that fY'( is a vector space over Dl. 
Let V be a vector space. Since V with addition alone is an abelian 

group, there is a zero element in V called the zero vector, written as O. Every 
vector a in V has a negative, written as -a. Finally. since V with vector 
addition is an abelian group, it satisfies the following conditions which are 
true in all abelian groups: 

a+b=a+c implies 

implies 

-(a + b) ~ (-a) + (- b) 

b=c 

a = -b 

and 

and b = - a 

(.) 

(**) 

( ..... ) 
There are simple, obvious rules for multiplication by zero and by nega­

tive scalars. They are contained in the next theorem. 

Theorem I If V is a vector space, then: 
(a) Oa = O,]or every a E V. 



(b) kO = O,for every scalar k. 
(c) If ka = 0, then k = 0 or a = O. 
(d) (- I)a = - afar every a E V. 

To prove Rule (a), we observe that 

Oa=(O+O)a=Oa+Oa 

hence 0 + Oa = Oa + Oa. It follows by (*) that 0 = Oa. 
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Rule (b) is proved similarly. As for Rule (c), if k = 0, we are done. If 
k '# 0, we may multiply ka = 0 by Ilk to get a = O. Finally. for Rule (J). we 
have: 

• + ( - I). ~ I. +(-1). ~ (I + ( - I)). ~ 0. ~ 0 

so by (**), (-I)a = -a. 
Let V be a vector space. and Us; V. We say that U is closed with 

respect to scalar multiplication if ka E U for every scalar k and every a E U. 
We call U a subspace of V if U is closed with respect to addition and scalar 
multiplication. It is easy to see that if V is a vector space over the field F, 
and U is a subspace of V. then U is a vector space over the same field F. 

Ifa l. a2 • ... , aft are in Vand kl,k2' ... , k"arescaiars, then the vector 

kla! + k2a2 + ... + kftan 

is called a linear combination of a" a2, ... , a" . The set of all the linear 
combinations of al> a2, .... a" is a subspace of V. (This fact is exceedingly 
easy to verify.) 

If U is the subspace consisting of all the linear combinations of a l> 
a2, .... a". we call U the subspace spanned by a1> 8 2, ... , aft . An equivalent 
way of saying the same thing is as follows: a space (or subspace) U is 
spanned by a,. a2 •... ' a" iff every vector in U is a linear combination ofa l • 

a2 , •••• a" . 
IfU is spanned byal' a2 • . '" aft. we also say that a!> a2 , .'" a" span U. 
Let S = {a i, a2, ... , a,,} be a set of distinct vectors in a vector space V. 

Then S is said to be linearly dependent if there are scalarsk j •• '" kIf, not all 
zero, such that 

(I) 

Obviously this is the same as saying that at least one of the vectors in S is a 
linear combination of the remaining ones. [Solve for any vector 3i in (I) 
having a nonzero coefficient.] 

If S = {at. 8 2 , . • . , aft} is not linearlY dependent, then it is linearly jnde~ 
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pendent. That is, S is linearly independent iff 

implies k, = k2 = '" = kif = 0 

This is the same as saying that no vector in S is equal to a linear combi­
nation of the other vectors in S. 

It is obvious from these definitions that any set of vectors containing 
the zero vector is linearly dependent. Furthermore. the set {a}, containing a 
si ngle nonzero vector a, is linearly independent. 

The next two lemmas, although very easy and at first glance rather 
trile, arc uscd to prove the most fundamental theorems of this subject. 

Lemma t If {a i, a2, ... , a,,} is linearly dependent, then some a; is a linear 

combination oItlle preceding ones, a" a2,"" ai _ I' 

Indeed, if {al> a2, .... aN} is linea rl y dependent, then k,al + ... + 
kIf a" = 0 for coefficients k" k2 , •••• kIf which are not all zero. If k; is the last 
nonzero coefficient among them, then kia, + ... + k;a; = O. and this equa-
tion can be used to solve for aj in terms of a l .... , aj_I' 

Let {a" a2 •...• ji' ...• a,,} denote the set {a II a2 .... , a,,} after removal 

of ai' 

Lemma 2 If {al> a 2 ..... aN} spans V, and a i is a linear combination of 

preceding vectOrs. then tal> . .. , j" . . . • all} still spans V. 

Our assumption is that a; == kia, + ... + ki _ 1al_ 1 for some scalars 
k" ... , k; _ l ' Since every vector b E V is a linear combination 

b = f 1a1 + ... + fia, + ... + I"a" 

it can also be written as a linear combination 

in which ai does not figure. 

A set of vectors {al> ... , alt} in V is ca lled a basis of V if it is linearly 
independent and spans V. 

For example, the vectors £\ = (I, 0, 0), &2 = (0, 1,0), and &3 = (0, 0, 1) 
form a basis of R3. They are linearly independent because. obviously, no 
vector in {el> &2, &J} is equal to a linear combination of preceding ones. 
[Any linear combination of &1 and e2 is of the form ae1 + be2 = (a, b, 0), 
whereas &) is not of Ihis form; similarly. any linear combination of 1::\ alone 
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is of the form at! = (a, 0, 0), and t2 is not of that form.] The vectors c ), t2, 

t3 span !R 3 because any vector (a , b, c) in R can be written as (a, b, c) = at) 

+ bt2 + eel' 

Actually, {Ill> t2, tl } is not the only basis of n:J
• Another basis of R3 

consists of the vectors (1 ,2,3), (I, tl, 2), and (3,2, I) ; in fact , there are 
infinitely many different bases ofR3. Nevertheless, all bases of R3 have one 
thing in common: they contain exactly three vectors! This is a consequence 
of our next theorem : 

Theorem 2 Any two bases oj a vector space V have the same number oj 
elements. 

Suppose, on the contrary, that V has a basis A = {al> . . . , a~} and a 
basis B == {bit ... , bm } where m *- n. To be specific, suppose n < m. From 
this assumption we will derive a contradiction. 

Put the vector bl in the set A, so A now contains {b l, ai' a2 , ... , a~} . 
This set is linearly dependent because b l is a linear combination of a" . .. • 
all ' But then, by Lemma I, some a, is a linear combination of preceding 
vectors. By Lemma 2 we may expel this a;, and the remaining set {bit a " 
.. ' . #i. "' , all} still spans V. 

Repeat this argument a second time by putting b2 in A, so A now 
contains {b2 , bIt a i' a 2 , .•• , # ...... all}' This set is linearly dependent 
because {bl, aI ' ... , #,' ...• all} spans V and therefore b2 is a linear combi­
nation of bIt 3" "', #;, ... , all' By Lemma I, some aj is a linear combi­
nation of preceding vectors in A, so by Lemma 2 we may remove aj, and 

{b2 .b"a l ,a 2 ""'#;""'#i, ... , a ll } still spans V. 
This argument is repeated n times. Each time, a vector from B is put 

into A and a vector at is removed. At the end of the nth repetition, A 

contains only bit .. " b", and {bit ... , b,,} still spans V. But this is impossible 
because it implies that b,, + I is a linear combination ofb " ... , b" , whereas in 
fact, B = {b l , ... , b", ... , b",} is linearly independent 1 

This contradiction proves that any two bases of V must contain the 
same number oj elements! 

If V has a basis {a" . . . , all} ' we call V afinite-dimensional vector space 
and say that V is of dimension n. In that case, by Theorem 2 every basis of 
V has exactly n elements. 

In the sequel we consider only finite-dimensional vector spaces. The 
next two lemmas are quite interesting. The first one states that if{a t> . .. , 
a",} spans V, there is a way of removing vectors from this set, one by one, 
until we are left with an independent set which still spans V. 
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Lemma 3 Ifche sec {a" ... , a",} spans V, it contains a basis of v. 

If {at> ... , am} is an independent set, it is a basis, and we are done. If 
not, some ai is a linear combination of preceding ones, so {at> ... , '" ..... , 
a",} still spans V. Repeating this process, we discard vectors one by one 
from {aj, "', am} and, each time, the remaining vectors still span V. We 
keep doing this until the remaining set is independent. (In the worst case, 
this will happen when only one vector is left.) 

The next lemma asserts that if {at> ... , as} is an independent set of 
vectors in V, there is a way of adding vectors to this set so as to get a basis 
of V. 

Lemma 4 If che set {aI, "', a,l is linearly independent, it can be extended to 

a ba.~is of v. 

If {bj, ... , b,,} is any basis of V, then {a" ... , a., bj, ...• bll } spans V. By 
the proof of Lemma 3, we may discard vectors from this set until we get a 
basis of V. Note that we never discard any aj, because, by hypothesis, ai is 
not a linear combination of preceding vectors. 

The next theorem is an immediate consequence of Lemmas 3 and 4. 

Theorem 3 Lee V have dimension n. If {aI' ... , all} is an independent set, it is 
already a basis of V. If {bJ, ... , bll} spans V, it is already a basis of V. 

If {al> ... , all } is a basis of V, then every vector c in V has a unique 
expressIOn c = klaJ + ... + k"a" as a linear combination of al> ... , all' 
Indeed, if 

then 

hence 

kl - II =· ··=k,, - I"=O 

so kJ = 1\> ... k" = I". If c = klal + ... + k"a", the coefficients kl' ... , k" are 
called the coordinares of c with respect to the basis {a l •••• , a,,}. It is then 
convenient to represent c as the n-tuple 

c ~(k" .. ., k.) 
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If U and V are vector spaces over a field F. a function h: U _ V is a 
homomorphism if it satisfies the following two conditions: 

and 

h(a + b) ~ h(a) + h(b) 

h(ka) ~ kh(a) 

A homomorphism of vector spaces is also called a linear transformation. 
If h: U _ V is a linear transformation, its kernel [that is, the set of all 

a E U such that lI(a) = 0] is a subspace of U, called the null space of h. 
Homomorphisms of vector spaces behave very much like homomorphisms 
of groups and rings. Their properties are presented in the exercises. 

EXERCISES 

A. Examples of Vector Spaces 

I Prove that R~, as defined on page 283, satisfi es all the conditions for being a 
vector space over R. 

2 Prove that §(R), as defined on page 284 is a vector space over R. 

3 Prove tha t fYt, as defined on page 284, is a vector space over R. 

4 Prove that jfz(R), the set of all 2 x 2 matrices of real numbers, with matrix 
addition and the scalar multiplication 

k(: ~) = (:: :!) 
is a vector space over R. 

B. Examples of Subspaces 

I Prove that {(a,h,c): 2a - 3h +c =o} is a subspaceof RJ. 

2 Prove that the set of alt (x, y, z) € RJ which satisfy the pa ir of equations 
ax + by + c = O, dx + ey +J= Ois a subspace of RJ. 

3 Prove that {f:J( I) = O} is a subspace of § (R). 

4 Prove th at {f:fis a constant on the interval [0, J]} is a subspace of §(IR). 

5 Prove that the set of a ll even functions [that is, functions J such that 
J(x ) = f( - x)] is a subspace of Y( R). Is the same true for the set of all the odd 
functions [t hat is, functionsJs uch that f( -x) "" - J(x)]? 

6 Prove that the sct of all polynomials of degree ::S: n is a subspace of 9't . 
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C. Examples of Linear Independence and Bases 

I Prove that {(O, O,O, 1), (0,0, 1, 1), (0, 1, I, 1),(1, 1, 1, In isa basis of R" . 

2 If a = (1, 2, 3, 4) and b = (4, 3, 2, 1), explain why {a, b} may be extended to a basis 
of !R4

, Then find a basis of R 4 which includes a and b. 

3 Let A be the set of eigh t vectors (x , y, z) where x, y, z = 1, 2. Prove that A spans 
RJ , and find a subset of A which is a basis of Rl. 
4 If !P{ n is the subspace of!Pt consisting of all polynomials of degree $n, prove 
that {I, x, xi, ... , xn} is a basis of /Pt n' Then find another basis of £Pt n. 

5 Find a basis for each of the following subspaces of [R3: 

(a) S I ;: {(x,y,z) : 3x - 2y + z "" O} (b) S2 = {(x,y,z) : x + y - z = ° and 
2x - y + z = OJ 
6 Find a basis for the subspace of RJ spanned by the set of vectors (x, y , z) such 
that x 2 + y 2 + Z2 = 1. 

7 Let V be the subspace of S"(R) spanned by {cos l x, si nl x, cos 2xJ. Find the 
dimension of V, and then find a basis of U. 
8 Find a basis for the subspace of :1ft spanned by 

{x 3 + x 2 + X + 1, x 2 + 1, Xl - x 2 + x-I, x 2 
- 1} 

D. Properties of Subspaces and Bases 

Let V be a finite-dimensional vector space Let dim V designate the dimension of V. 
Prove each 0/ the /ollowing: 

IF U is a subspace of V, then dim U $ dim V. 

2 H U is a subspace of V, and dim U = dim V, then U - V. 

3 Any set of vectors containing 0 is linearly dependent. 
4 The set {a}, containing only one nonzero vector s, i ~ linearly independent. 

5 Any subset of an independent set is independent. Any set of vectors containing a 
dependent set is dependent. 
6 If [a, b, c} is linearly independent, so is {a + b, b + c, a + c}. 

7 If {ai' . . . , an} is a basis of V, so is {k,a
" 

.. . , knan} for any nonzero scalars 
k

" 
. .. , kn • 

8 The space spanned by {a l, ... , an} is the same as the space spanned by {b l, ... , 
b",} itT each a; is a linear combination of b ... . . , b .. , and each b} is a linear combi­
nation ora]> . . . , an ' 

E. Properties of Linear Transformations 

Lct U and V be fi nite-dimensional vector spaces over a field F, and lei h : U -> V be 
a linear transformation. Prove each a/the/allowing: 

I The kernel of h is a subspace of U. (It is called the null space of h.) 
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2 The range of h is a subspace of V. (It is called the range space of h.) 

3 II is injective iff the null space of h is equal to {OJ. 

Let .¥ be the null space of II, and fJt the range space of II. Let {a I, . . . , at} be a basis 
of AI"". Extend it to a basis {a" ... , a., .. " a~ } of U. Prove: 

4 Every vector b E !if is a linear combination of lI(a, .. I)' .. . , lI(on)' 
5 {h(adl ), . .. , h(an)} is li nearly independent. 
6 The dimension of fJt is n - r. 
7 Conclude as follows: for any linear transformation h, dim (domain h) = dim (null 
space of h) + dim (range space of h). 

S Let U and V have the same dimension n. Use part 7 to prove that h is injective iff 
h is surjective. 

F. Isomorphism of Veelor Spaces 

Let U and V be vector spaces over the fie ld F, with dim U - n and dim V = m. Let 
h: U ...... V be a homomorphism. Prove the/ollowing: 

I Let h be injective. If {a" ... , a,} is a linearly independent subset of U, then 
{h(ad, .. " h(a,)} is a linearly independent subset of V. 

2 h is injective iff dim U - dim h(U). 

3 Suppose dim U = dim V; h is an isomorphism (that is, a bijective homomor­
phism) iff h is injective iff h is surjective. 
4 Any n-dimensional vector space V over F is isomorphic to the space P of all 
n-tuples of elements of F. 

t G. Sums of Veelor Spaces 

Let T and U be subspaces of V. The .~um of T and U, denoted by T + U, is the set 
of all vectors a + b, where a E T and b € U. Prove the fol/owing: 

T + U and T n U are subspaces of V. 

V is said to be the direct sum of T and U if V _ T + U and T ri U '"' {OJ. In 
that case, we write V = T ffi U. Prove thefol/owing: 

2 V = T ~ U iff every vector c € V can be written, in a unique manner, as a sum 
c = a + b where a € T and b € U. 

3 Let T be a k-dimensional subspace of an n-dimensional space V. Prove that an 
(n - k)-dimensional subspace U exists such that V = T ~ U. 
4 If T and V are arbitrary subspaces of V, prove that 

dim (T + VJ = dim T + dim U - dim (T n VJ 



CHAPTER 

TWENTY-NINE 
DEGREES OF FIELD EXTENSIONS 

In this chapter we will see how the machinery of vector spaces can be 
applied to the study of field extensions. 

Let F and K be fields. If K is an extension of F, we may regard K as 
being a vector space over F. We may treat the elements in K as .. vectors" 

K "vectors"' 

and the elements in F as "scalars." That is, when we add elements in K , we 
think of it as vector addition; when we add and multiply elements in F, we 
think of this as addition and multiplication of scalars; and finally, when we 
multiply an element of F by an element of K , we think of it as scalar 
multiplication. 

We will be especially interested in the case where the resulting vector 
space is of finite dimension. If K, as a vector space over F, is of finite 
dimension, we call K a finite extension of F. If the dimension of the vector 
space K is n, we say that K is an extension of degree n over F. This is 

292 
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symbolized by writing 

[K : F] ~ n 

which should be read, "the degree of Kover Fis equal to n." 
Let us recall that F(c) denotes the smallest field which contains F and c. 

This means that F(c) contains F and c, and that any other field K contain­
ing F and e must contain F(c). We saw in Chapter 27 that if e is algebraic 
over F, then F(c) consists of all the elements of the form a(e), for all a(x) in 
F[x]. Since F(c) is an extension of F, we may regard it as a vector space 
over F. Is F(e) a finite extension of F1 

Well, let e be algebraic over F, and let p(x) be the minimum polynomial 
of cover F. [That is, p(x) is the monic polynomial of lowest degree having 
e as a root.] Let the degree of the polynomial p(x) be equal to n. It turns 
out, then, that the n elements 

1, e, e2 , ••• , c"-l 

are linearly independent and span F(e). We will prove this fact in a moment, 
but meanwhile let us record what it means. It means that the set of n 
"vectors " {I, e, c2

, ••• , e" - I} is a basis of F(e), hence F(c) is a vector space 
of dimension n Qver the field F. This may be summed up concisely as 
follows: 

Theorem I The degree of F(e) over F is equal (0 (he degree of [he minimum 
pqlynomial of cover F. 

It remains only to show that the n elements 1, e, ... , e"- 1 span F(e) 
and are linearly independent. Well, if aCe) is any element of F(e), use the 
division algorithm to divide a(x) by p(x): 

Therefore, 

a(x) ~ p(x)q(x) + "x) where deg r(x) ~ n - I 

ate) ~ p(e)q(e) + ,(e) ~ 0 + , (e) ~ ,(e) -., 
This shows that every element of F(c) is of the form r(e) where rex) has 
degree n - I or less. Thus, every element of F(e) can be written in the form 

00 + ale + ... + an _ 1c" - 1 

which is a linear com bination of I, c, c2 , ••• , c"- I. 

Finally, to prove that I, e, e2
, ••• , c"- I are linearly independent, sup­

pose that ao + ale + ... + all _1c"- 1 = O. If the coefficients ao , aJ> . . . , 

0 ,, _ 1 were not all zero, e would be the root of a nonzero polynomial of 



294 CHAPHR TWENTY-NINE 

degree n - I or less, which is impossible because the minimum polynomial 
of cover F has degree n. Thus, ao = al = ... = a~ _ l = O. 

For example, let us look at O(J2): the number J2 is not a root of any 
monic polynomial of degree lover O. For such a polynomial would have 
to be x - Jj, and the latter is not in Q[x] because Jz. is irrational. 
However, jj is a root of x 2 - 2, which is therefore the minimum poly­
nomial of.j2 over O. and which has degree 2. Thus, 

[O(j2l , 0] ~ 2 

In particular, every element in O(Jz.) is therefore a linear combination of I 
and Jz., that is, a number of the form a + hJz. where a, hE O. 

As another example. i is a root of the irreducible polynomial x 2 + I in 
R[x]. Therefore x 2 + I is the minimum polynomial of i over R; x 2 + I has 
degree 2. so [R(i) : R] = 2. Thus, R(l) consists of all the linear combi­
nations of I and j with real coefficients, that is, all the a + bi where a, bE R. 
Clearly then, R(/) = C, so the degree of Cover R is equal to 2. 

In the sequel we will often encounter the following situation: E is a 
finite extension of K, where K is a finite extension of F. If we know the 

K 

degree of E over K and the degree of Kover F, can we determine the degree 
of E over F? This is a question of major importance! Fortunately, it has an 
easy answer, based on the following lemma: 

Lemma Let (11) a2, ...• a", be a basis of the vector space Kover F. and let b .. 
b2 , •.• , b~ be a basis of the vector space £ over K. Then the set of mn 
produces {{I, bj } is a basis of the vector space £ over rlreJiefd F. 

To prove that the set {a/hi} spans E, note that each element c in E can 
be written as a linear combination c = k,hl + ... + knb~ with coefficients 
k, in K. But each ki ' because it is in K, is a linear combination 

ki = Iila l +, .. + Ii'" a", 

with coefficients Ilj in F. Substituting, 

c = (Ilia. + ... + 1,,,,a,,,)b1 + ... + (I~la. + ... + 'n",a",)h,. 
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and this is a linear combination of the products aj bj with coefficient lij in F. 
To prove that {aibj} is linearly independent, suppose L lijaibj = O. 

This can be written as 

(/11al + ... + Ilmam)b1 + ... + (/"Ial + .. . + I"ma,")b" = 0 

and since bl>"" b" are independeOl, lilal + ... + I,m am = 0 for each i. But 
al> ... , am are also independent, so every lij = O. 

With this result we can now conclude the following: 

Theorem 2 Suppose F f;; K !;;;; E where E ;s a finile eXlension of K and K is a 
finite extension of F. Then E is afinile exlension of F, and 

[E: F] ~ [E: K] [K: F] 

This theorem is a powerful tool in our study of fie lds. It plays a role in 
field theory analogous to the role of Lagrange's theorem in group theory. 
See what it says about any two extensions, K and E, of a fixed" base field" 
F: If K is a subfield of E, then the degree of K (over F) divides the degree of 
E (over F). 

If c is algebraic over F, we say that F(c) is obtained by adjoining c to F. 
If c and d are algebraic ove r F, we may first adjoin c to F, thereby obtain­
ing R:c), and then adjoin d to F(c). The resulting field is denoted F(c, d), 
and is the smallest field conta ining F, c, and d. [Indeed, any field contain­
ing F, c, and d must contain F(c), hence also F(c, d).] It does not matter 
whether we first adjoin c and then d, or viee versa. 

If CI' ... , cn are algebraic over F, we let F(c" ... , c,,) be the smallest 
ficld containing F and c l , ... , c". We ca ll it the field obtained by adjoining 
c l •.•• ,c"toF. WemayformF(c l , •.• ,c,,) stepbystep,adjoiningoneci at 
a time, and the order of adjoini ng the C{ is irrelevant. 

An extension F(c) formed by adjoining a single element to F is called a 
simple extension of F. An extension F(CI, . .. , c"), formed by adjoining a 
finite number of elements Cl> ••• , cn' is called an iteraled extension. It is 
called" iterated" because it can be formed step by step, one simple exten­
sion at a time: 

F !;;;; F(c,)!;;;; F(CI> C2 )!;;;; F(CI> C2, cJ)!;;;; •• !;;;; F(CI> •.• , cll ) (*) 

If Cl> . .. , c" are algebraic over F, then by Theorem I, each extension in (*) 
is a finite extension. By Theorem 2, F(c 1 , Cl) is a finite extension of F; 

applying Theorem 2 again, F(c l> c2 , cJ ) is a finite extension of F; and so 
on. So finally, if Cl> .•• , cn are algebraic over F, then F(c l , .. . , cII ) is afinite 

extension of F. 
Actually , the converse is true too: every finite extension is all iterated 
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extension. This is obvious: for if K is a finite extension of F, sayan exten­
sion of degree n, then K has a basis {ai, ... , aft} over F. This means that 
every element in K is a linear combination of a" .. . , an with coefficients in 
F; but any field containing f and at. ... , aft obviously contains all the 
linear combinations of aI' ... , aft' hence K is the smallest field containing F 
and aJ, ... , an' That is, K = F(lll' ... , aft)' 

In fact, if K is a finite extension of F and K = F(a l , "', an), then 
ai' ... , aft have to be algebraic over F. This is a consequence of a simple 
but important little theorem : 

Theorem 3 If K is a finite exten.tion of F, every element of K is algebraic 
over F. 

Indeed, suppose K is of degree n over F, and let c be any element of K. 
Thcn the sct {I, C, c2

, •.. , cft} is linearly dependent , because it has n + I 
elements in a vector space K of dimension n. Consequently there are scalars 
ao, ... , aft EF, not all zero, such that ao + alc + ... + ancn == O. Therefore 
cis a root of the polynomial a(x) = ao + alx + ... + onxnin F[x]. 

Let us sum up: Every iterated extension F(CI' ... , cn), where ("I' ... , Cft 
are a/gebrtlic over F, is a finite extension of F. Conversely, every finite 
extension of F i.t an iterated extension F(c l , "', cft), where c ..... , cft are 
algebraic over F. 

Here is an example of the concepts presented in this chapter. We have 
already seen that Q(fi) is of degree 2 over Q, and therefore Q(j2) 
consists of all the numbers a + bj2 where a, bEO. Observe that -/3 
cannot be in O(fi); for if it were, we would have J3. == a + bfi for 
rational a and b; squaring both sides and solving for fi would give us 
fi == a rational number, which is impossible. 

Since .j3 is not in O(fi), .j3 cannot be a root of a polynomial of 
de,sree lover Q(fi) (such a polynomial would have to be x - j3). But 
..13 is a root of x 2 

- 3, which is therefore the minimum polynomial of .J3 
over O(v'0\ Thus, O(fi, J3) is of degree 2 over Q(j2), and therefore by 

Theorem 2, O(fi, .J3) is of degree 4 over Q. 

By the comments preceding Theorem t,j l , .J2} is a basis of 0(-/2) 
over 0, and {I, fi} is a basis of O(fi, -/3) over O(fi). Thus. by the 

lemma of this chapter, {I, fi, .)3, j6} is a basis ofQ(j2, .j3) over O. 

This means that Q(fi, .)3) consists of all the numbers a + bj2 + cJ3 
+ dj6, for all a, b, c, and d in O. 
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For later reference. The technical observation which follows will be needed 
later. 

By the comments immediately preceding Theorem 1, every element of 
F(c,) is a linear combination of powers of c" with coefficients in F. That is, 
every element of F(cd is of the form 

Iki~ ( •• ) 

where the ki are in F. For the same reason, every element of F(Cl' e l ) is of 
the form 

where the coefficients Ij are in F(cd. Thus, each coefficient Ij is equal to a 
sum of the form ("). But then, clearing brackets, it follows that every 
element of F(c" C2) is of the form 

where the coefficients kij are in F. 

L kijCildz 
i,j 

If we continue this process, it is easy to see that every element of 
F(c]o C2, ... , en) is a sum of terms of the form 

where the coefficient k of each term is in F. 

EXERCISES 

A. Examples of Finite Extensions 

I Find a basis for O(ij2) over 0, and describe the elements ofOOj2). (See the two 
examples immediately following Theorem I.) 

2 Show that every elemen t of 1R(2 + 3i) can be written as a + bi, where a, b E R. 
Conclude that R(2 + 3i) _ C. 

J If a = J I + .;j'1, show that {I, 2' 13, 2213, a, 2113a, 22/la} is a basis of O(a) over Q. 

Describe the elemen ts of 0 (0). 
4 Find a basis of O(j2 + .y4) over 0, and describe the elements of 0(j2 + fi). 
S Find a basis ofO(fi, fi) over 0, and describe the elements of 0(./5. fi). (See 
the example at the end of this chapter.) 
6 Find a basis of O(Ji ji, ./5) over O. and describe the elements ofO(.j2, ji, 
PI 
7 Name a finite extension of 0 over which n is algebraic of degree 3. 
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B. Further Examples of Finite Extensions 

l et F be a field ofeharacteristic #- 2. Let a#- b be in F. Prove thefol/owing: 

I Any field F containing Ja +.jb also contains Ja and .jb. [HINT: Compute 

(Ja + jb)2 and show that Jab E F. Then compute fl(Ja + jb), which is also 

in F.J Conclude that F(Ja + jb) = F(.Ia, jb). 
2 If b #- xZa for a~y x E F, then Jb ¢ F(Ja). Conclude that F(Ja, Jb) is of degree 
4 over F. 

3 Show that x = Ja + jb satisfies x" - 2(a + b)x2 + (a - b)2 = O. Show that 
x = Ja + b + 2,f{ifj also satisfies this equation. Conclude that 

F(J a + b + 2fol ; F(Ja, .fbI 
4 Using parts I to 3, find an uncomplicated basis for Q(d) over 0, where d is a root 

of x" - 14x2 + 9. Then find a basis for O(J7 + 2JTIh over Q . 

C. Finite Extensions of Finite Fields 

By the proof of the basic theorem of field extensions, if p(x) is an irreducible 
polynomial of degree n in F[x], then F[x]/ (p(x» ;;;;; F(c) where c is a root o f p(x). By 
Theorem I in this chapter, F(c) is of degree n over F. Use the paragraph preceding 
Theorem J to prove Ihefol/owing; 

I Every element of F(c) can be written uniquely as Uo + alc + ... + U~ _ Ic"-1, for 
some ao, ... , a"_1 E F. 

2 Construct a field of four elements. (It is to be an extension of Z2 ') Describe its 
elemenls, and supply its addition and multiplication tables. 

3 Const ruct a fi eld of eight elements. (It is to be an extension of Z 2') 

4 If F has q elements, and a is algebraic over F of degree n, then F(a) has if' 
elements. 
5 For every prime number p, there is an irreducible quadratic in Zp[x]. Conclude 
that for every prime p, there is a field with p2 elements. 

D. Degrees of Extensions (Applications of Theorem 2) 

Let F be a field , and K a finite extension of F. Prove the following: 

I [K: F] = 1 iff K - F, 
2 If [K : F] is a prime number. there is no field properly between F and K (that is, 
there is no field L such that F ~ L ~ K). 

3 If [K : F] is a prime, then K = F(a) for every a E K - F. 
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4 Suppose a, b E K are algebraic over F with degrees m and n, where m and n are 
relatively prime. Then: 

(i) F(a, b) is of degree mn over F. 
(ii) F(a) n F(b) = F. 

5 If the degree of F(a) over F is a prime, then F(a) = F(a") for any n (on the 
condition that d' ;. F). 

6 If an irreducible polynomial p(x) e F[x] has a root in K, then deg p(x)1 [K : fJ. 

E. Short Questions Relating to Degrees of Extensions 

Let F be a field. Prove theJollowing: 

I The degree of a over F is the same as the degree of I /a over F. It is also the same 
as the degrees of a + c and ac over F, for any c E F. 

2 a is of degree lover F iff a E F. 

3 If a real number c is a root of an irreducible polynomial of degree > I in O[x], 
then c is irra tional. 

4 Use part 3 and Eisenstein's irreducibility criterion to prove that ~ (where m, 
n E Z) is irrational if there is a prime number which divides m but not n, a nd whose 
sq uare does not divide m. 

5 Show that .part 4 remains true for~, where q > I. 

6 If a and b are algebraic over F, then F(a, b) is a finite extension of F. 

t F. Further Properties of Degrees of Extensions 

Let F be a fie ld, and K a finite extension of F. Prove each oJ the/ollowing.' 

I Any element algebraic over K is a lgebraic over F, and conversely. 

2 If b is algebraic over K, then [F(b): fJ I [K(b) : F]. 
3 If b is algebraic over K, then [K(b) : K] I [F(b) : fJ. (HINT: The minimum poly­
nomial of b over F may factor in K[x), and b will then be a root of one of its 
irreducible factors.) 
4 If b is algebraic over K , then [K(b): F(b)) I [K : F]. [H INT: NOle Ihat 
F !=: K !=: K (b) and F !=: F(b) !=: K(b). Relate the degrees of the four exte nsions in­
volved here, using part 3.] 
5 Let p(x) be irred ucible in F[x]. If [K : F) and deg p(x) are relati vely prime, Ihen 
p(x) is irreducible in K[x]. [HINT: Suppose p(x) is reducible in K[x]. Let a(x) be an 
irred ucible factor of p(x) in K [x), and let c be a root of p(x) in some extension of K. 
Relate [K : F] to [F(c) : F), [K(e) : K] , and [K(el : F].] 
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t G. Fields of Algebraic Elements: 
Algebraic Numbers 

Let F s;; K and a, b E K. We have seen on page 295 that if a and b are algebraic 
over F, then F(a , b) is a finite extension of F. Use this to prove the following : 

I If a and b are algebraic over F, then a + b, a - b, ab, and alb are algebraic over F. 

2 The set {x E K: x is algebraic over F} is a subfieid of K, containing F. 

Any complex number wh~ch is algebraic over Q is called an algebraic number. 
By part 2, the set of all the algebraic numbers is a field, which we shall designate by 
A. 

Let a(x) = ao + a1x + ... + a"xw be in A[x]. and let c be any root of a(x). We 
will prove that C E A. To begin with, all the coefficients of a(x) are in Q(a o, al> ... , 

a.'. Now prove rhe/ollowing: 

3 O(ao, a I> •.. , an) is a finite extension of Q . 

Let O(ao, . .. , aM) = 0 1, Since a(x) E OI[X), c is algebraic over 0 1, Prove: 

4 O.(e) is a finite extension orc. , hence a finite el>tension ofO, (Why?) 

5 C E A . 

6 Conclude : The roots of any polynomial whose coefficients are a lgebraic numbers 
are themselves algebraic numbers. 

A field F is called algebraically closed if the roots of every polynomial in F[x] 
are in F. We have thus proved that A is algebraically closed. 



CHAPTER 

THIRTY 
RULER AND COMPASS 

The ancient Greek geometers considered the circle and straight line to be 
the most basic of all geometric figures, other figures being merely variants 
and combinations of these basic ones. To understand this view we must 
remember that construction played a very important role in Greek geom­
etry: when a figure was defined, a method was also given for constructing it. 
Certainly the circle and the straight line are the easiest figures to construct, 
for they require only the most rudimentary of all geometric instruments: the 
ruler and the compass. Furthermore, the ruler, in this cas~, is a simple, 
unmarked straightedge. 

Rudimentary as these instruments may be, they can be used to carry 
out a surprising variety of geometric constructions. Lines can be divided 
into any number of equal segments, and any angle can be bisected. From 
any polygon it is possible to construct a square having the same area, or 
twice or three times the area. With amazing ingenuity, Greek geometers 
devised ways to cleverly use the ruler and compass, unaided by any other 
instrument, to perform all kinds of intricate and beautiful constructions. 
They were so successful that it was hard to believe they were unable to 
perform three little tasks which, at first sight, appear to be very simple: 
doubling the ('ube, trisecting any angle, and squaring the circle. The first task 
demands that a cube be constructed having twice the volume of a given 
cube. The second asks that any angle be divided into three equal parts. The 
third requires the construction of a square whose area is equal to that of a 
given circle. Remember, only a ruler and compass are to be used! 
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Mathematicians, in Greek antiquity and throughout the Renaissance, 
devoted a great deal of attention to these problems, and came up with 
many brilliant ideas. But they never found ways of performing the above 
three constructions. This is not su rprising, for these constructions are im­
possible! Of course, the Greeks had no way of knowing that fact, for the 
mathematical machinery needed to prove that these constructions are 
impossible-in fact, the very notion that one could prove a construction to 
be impossible-was still two millennia away. 

The final resolution of these problems, by proving that the required 
constructions are impossible, came from a most unlikely source: it was a 
by-product of the arcane study of field extensions, in the upper reaches of 
modern algebra. 

To understand how all this works, we will see how the process of 
ruler-and-compass constructions can be placed in the framework of field 
theory. Clearly, we will be making use of analytic geometry. 

If.91 is any set of points in the plane, consider operations of the follow­
ing two kinds : 

1. Ruler operation: Through any two points in.9l, draw a straight line. 
2. Compass operation: Given three points A, B, and C in .91, draw a circle 

with center C and radius equal in length to the segment AB. 

The points of intersection of any two of these figures (line-line, line­
circle, or circle-circle) are said to be constructible in one step from d. A 
point P is called constructible from d if there are points PI> P l , ... , P" = P 
such that PI is constructible in one step from d, P2 is constructible in one 
step from d v {Pd, and so on, so that Pi is constructible in one step from 
d U {P" .. . , P, _.j. 

As a sim ple example, let us see that the midpoint of a line segment AB 
is constructible from the two points A and B in the above sense. Well, given 
A and B, first draw the line AB. Then, draw the circle with center A and 

B 

A 
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radius AB and the circle with center B and radius AB; let C and D be the 
points of intersection of these circles. C and D are const ructible in one step 
from {A, B}. Finally, draw the line through C and D; the intersection of this 
line with AB is the required midpoint. It is constructible from {A, B}. 

As this example shows. the noti on of constructible points is the correct 
fo rmalization of the intuitive idea of ruler-and-compass constructions. 

We call a point in the plane constructible if it is const ructible from 
o x 0, that is, from the set of all points in the plane with rational coeffi­
cients. 

How does field theory fit into this scheme? Obviously by associating 
with every point its coordinates. More exactly, with every constructible 
point P we associate a certain field extension of O. obtained as follows: 

Suppose P has coordinates (a, b) and is constructed from 0 x Q in one 
step. We associate with P the field O(a. b). obtained by adjoining to 0 the 
coordinates of P. More generally, suppose P is constructible from Q x 0 in 
n steps: the(e are then n points PI> P2 , ...• p .. = P such that each P; is 
constructible in one step from Q x Q V {Ph' ..• P;_ d. Let the coordi­
nates of P i> ... , p .. be (at> btl, ... , (a .. , b.,), respectively. With the points 
P I> ...• Pit we associate fields K" . . .• Kit where Kl = O(a" bd, and for 
eachi> 1, 

Thus. Kl = O(a" bd. K 2 = K 1(a2, b2), and so on : beginning with 0, we 
adjoin first the coordinates of P I> then the coordinates of P 2 , and so on 
successively, yielding the sequence of extensions 

0£ K 1 £ K 2 £ ···!;;:K .. =K 

We call K the field extension associated with the point P. 
Everything we will have to say in the sequel follows easil y from the next 

lemma. 

Lemma If Kh "', Kit are as defined previously, then [K i: Ki _ 1] = I, 2, or 
4. 

Remember that K ; _ I already conta ins the coordinates of P h "', Pi - I> 
and K i is obtained by adjoining to K i _ 1 the coordinates Xi , YI of PI' But Pi 
is constructible in one step from 0 x if) V {Ph , . .• Pi-d. so we must 
consider three cases, corresponding to the three kinds of intersection which 

may produce Pi, namely : line intersects line, line intersects circle, and circle-: 
intersects circle. 
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Line intersects line: Suppose one line passes through the points (a I> a2 ) 
and (b l , b2 ), and the other line passes through (el> e2 ) and (dl> d2). We may 
write equations for these lines in terms of the constants ai' (J2, bl, b2 • e l , e2 

and d l , d2 (all of which are in K j _ I ) , and then solve these equations simul­
taneously to give the coordinates x. y of the point of intersection. Clearly, 
these values of x and yare expressed in terms of ai' (J2. b l • bz , e" e2 , dl> 
tl2' hence are still in K i_ I. Thus, K i = K i_ l . 

Line imerSeC'lS circle: Consider the line AB and the circle with cenler C 
and radius equal to the distance k = DE. Let A, B, C have coordinates 
(aI, a2), (b l> bl ), and (Cl> ell, respectively. By hypothesis, Ki _ 1 contains the 
num bers ai ' a 2 , b l • b2 • c I , C2, as well as k 2 = the square of the distance DE. 
(To understand the last assertion, remember that K1_ 1 contains the coordi­
nates of D and E; sec the figure and use the pythagorean theorem.) 

E 

s 
A 

• 
I 
I 
I c 
I 
I _____ -.l 

D 

Now, the line AB has equa ti on 

y - b2 b2 - lJ2 

and the circle has equation 

(x - cd 2 + (y - e2 )2 = e 
Solving for x in (1) and substituting into (2) gives: 

T 

2 bz - (J2 2 2 2 
(x - cd + (x - bd - b2 - C2 = k 

b l - a l 

B 

(I) 

(2) 

This is obviously a quadratic equation, and its roots are the x coordinates 
of Sand T. Thus, the x coordinates of both points of intersection are roots 
of a quadratic polynomial with coefficients in K i _ I. The same is true of the 
Y coordinates. Thus, if Ki == Kj _ t(Xi. yJ where (Xj, yJ is one of the points of 
intersectinn, then 

[Ki_ I(Xi, Yi): Ki _ IJ = [K i _ 1(X;, Yi): K i _ I (Xi)][K,·_ l(Xi): Ki_ l ] 

= 2x2=4 

(This assumes that Xi' Yi If: Ki _ I. If either Xi or Yi or both are already in 
Ki_ h then [K i_I(Xi , Yi): K i_ 1] = I or 2.) 
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and 

Circle incersects circle: Suppose the two circles have equations 

Xl + yl + ax + by + c = 0 

Xl+yl+dx+ey+J=O 

Then both points of intersection satisfy 

(a - d)x + (b - ely + (c - j) ~ 0 

(3) 

(4) 

(5) 

obtained simply by subtracting (4) from (3). Thus, x and y may be found by 
solving (4) and (5) simultaneously, which is exactly the preceding case. 

We are now in a p~sition to prove the main result of this chapter: 

Theorem t: Basic theorem on constructible points IJ the poim with coordi­
nllles (a, b) is constructible, then tile degree oj O(a ) over 0 is a power oj 2, 
and likewise Jor the degree oJO(b) over 0. 

Let P be a constructible point ; by definition. there are points PI' ... , P II 
wi th coord inates (ai' b l ), ... , (all, bll ) such that each Pi is constructible in 
one step from Q x Q U {PI> ... , Pi-d, and PI! = P. Let the fields associ­
ated with P I' ... , PI! be K], ... , K II • Then 

[K. : 0 ] ~ [K. : K. _.][K. _.: K. _,] . .. [K. : 0 ] 

and by the preceding lemma this is a power of 2, say 2"'. But 

[K.: 0] ~ [K. : O(a)] [O(a) : 0 ] 

hence [O(a) : OJ is a factor of 2"', hence also a power of 2. 
We will now use this theorem to prove that ruler-and-compass con­

structions cannot possibly exist for the three classical problems described in 
the opening to this chapter. 

Theorem 2 " Doubling the cube" is impossible by ruler and compass. 

Let us place the cube on a coordinate system so that one edge of the 
cube coincides with the unit interval on the x axis. That is, its endpoints are 

/1--- ---71 
/1 ,/' 

r ------= I -/,------ .of ! I 
r-+- - - --1'1 I 

I I I II I I 
I I I I I I 1 
1 I I II I I 
I I I I, I I 
lit ~ I v (c. 0) 

1/ (1 0) / . 
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(0,0) and (1,0). If we were able to double the cube by ruler and compass, 
this means we could construct a point (c, 0) such that c3 = 2. However, by 
Theorem I, [O(c) : OJ would have to be a power of 2, whereas in fact it is 
obviously 3. This contradiction proves that it is impossible to double the 
cube using only a ruler and compass. 

Theorem 3 "Trisecting the angle" by ruler and compass is impossible. That 
is, there exist angles which cannot be trisected using a ruler and compass. 

We will show specifically that an angle of 60" cannot be trisected. If we 
could trisect an angle of 600, we would be able to construct a point (c, 0) 
(see figure), where c = cos 20", hence certainly we could const ruct (b,O) 
where b = 2 cos 20". 

;// / 
#., /// ..- ~ -

/ ----~-20o 
(e, O) 

But from elementary trigonometry 

cos 38 = 4 cos3 8 - 3 cos 8 

hence cos 60" = 4 cos3 20" - 3 cos 20" 

1/2 

Thus, b := 2 cos 20" satisfies bJ 
- 3b - I = O. The polynomial 

p(x) = x3 
- 3x - I 

is irreducible over Q because p(x + I) = x 3 + 3x 2 
- 3 is irreducible by Eis­

enstein's criterion. It follows that O(b) has degree 3 over 0, contradicting 
the requirement (in Theorem I) that this degree has to be a power of 2. 

Theorem 4 " Squaring the circle" by ruler and compass is impossible. 
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If we were able to square {he circle by ruler and compass, it would be 

possible to construct the point (0, In), hence by Theorem I, [0(.Jn): 0 ] 
would be a power of 2. But it is well known that 1t is transcendental over 0. 
By Theorem 4 of Chapter 29, the square of an algebraic element is alge­
braic, hence.Jn is transcendental. It follows that O(,fn) is not even a finite 
extension of 0, much less an extension of some degree 2'" as required. 

EXERCISES 

t A. Constructible Numbers 

If 0 and J are any two points in the plane, consider a coordinate system such that 

o I , 

the interval OJ coincides with (he unit iDlcrval on the x axis. Let 0 be the set of real 
numbers such that a E 0 iff the point (a, 0) is constructible from {O, I}. 
Prove Ihe/ollowing: 

I If a, h E 0, then a + b E 0 and a - h E O. 
2 If a, b E 0, then ab E O. (HINT: Use similar triangles. See the accompanying 
figure.) 

b 

o ~ • 
3 If a, b E D. then alh E D. (Use the same figure as in part 2.) 
4 If u > 0 and a E 0, then Ja E O. (HINT: Use the p.ythagorean theorem.) 

It follows from parts I to 4 that 0 is a field, closed with respect to taking square 
roots. 0 is called the {teld 0/ constructihle number.~. 

5 O~D. 
6 If a is a root of any quadratic polynomial with coefficients in 0 , then a E D. 
(HINT : Complete the square and use part 4.) 
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t B. Constructible Points and Constructible Numbers 

Prove each oJtl1e/oUowing: 

1 Lel.r:l be any set of points in the plane; (a, b) is constructible from .91 iff (a, 0) and 
(0, b) are constructible from .91. 
2 If a point P is constructible from {O, I} [that is, from (0, 0) and (1, 0)], then P is 
constructible from Q x Q. 

3 Every point in 0 x 0 is constructible from to, I}. (Use A5 and the definition of 
D .) 

4 If a point P is constructible from Q x Q, it is constructible from fO, I}. 

By combining parIS 2 and 4, we gel the following important fact: Any point P is 
constructible from Q x Q iff P is constructible from fO, I}. Thus, we may define a 
point to be constructible iffi! is constructible from to, l}. 

5 A poin! P is constructible iff both its coordinates are constructible numbers. 

C. Constructible Angles 

An angle IX is called constructible iff there exist constructible points A, B, and C such 
that LABe = 0:. Prove theJollowing: 

I The angle 0: is constructible iff sin 0: and cos 0: are constructible numbers. 

2 coso: € 0 iff sin 0: € O. 

3 If cos ex, cos {J e D, then cos (ex + (J), cos (ex - (J) e O. 

4 cos (2ex) e D iff cos ex e O. 

5 If ex and {J arc constructible angles, so arc IX + {J, IX - /l,tIX, and niX for any positive 
integer n. 

6 The following angles are constructible: 30", 75", 22t". 

7 The following angles are not constructible: 20°, 40", 140". (HINT: Use Theorem 3.) 

D. Constructible Polygons 

A polygon is called cOllstructible iff its vertices are constructible points. Prove the 
Jollowing: 

I The regular n·gon is const ructible iff the angle hln is constructible. 

2 The regular hexagon is constructible. 

3 The regular polygon of nine sides is not construclible. 
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t E. A Constructible Polygon 

We will show that 2'lr/5 is a constructible angle, and it will follow that the regular 
pentagon is constructible. 

I If r = cos k + i sin k is a complex number, prove that I/r = cos k - i sin k. 
Conclude that r + l /r = 2 cos k. 

By de Moivre's theorem, 

2n .. 271: 
w=cos-+Ism-

5 5 

is a complex fifth root of unity. Since 

x' _ I = (x _ l )(x4 + xJ + x 2 + X + I) 

W is a root ofp(x) = X4 + x 3 + x 2 + X + I. 

2 Prove that 00 2 + 00 + I +00 - 1 + oo - ~ = 0. 
3 Prove that 

211" 21l 
4 cos2 5+ 2 cosS-1 = 0 

(HINT: Use parts I and 2.) Conclude that cos (21l/ S) is a root of the quadratic 
4x 2 _ 2x - I. 

4 Use part 3 and A6 to prove that cos (271"/5) is a constructible number. 

S Prove that 2n/ 5 is a consiructible angle. 
6 Prove that the regular pentagon is constructible. 

t F. A Nonconstructible Polygon 

By de Moivre's theorem, 

2'lr .. 2n 
w=cos-+Ism-

7 7 

is a complex seventh root of uni ty. Since 

x 7 
_ 1 = (x - l )(x6 + x' + X4 + Xl + x 2 + X + l) 

OJ is a root of X6 + x~ + X4 + Xl + x 2 + X + 1. 

I Prove thatwJ +w2 +w+ 1 +w- I +w- 2 +w- J =O. 

2 Prove that 
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211 211 211 
8 cos3 

- + 4 cosl 
- - 4 cos - - I = 0 

7 7 7 

(Use I and El.) Conclude that cos (211/1) is a root of 8x3 + 4x 2 
- 4x - I. 

3 Prove that 8x3 + 4x 1 
- 4x - I has no rational roots. Conclude that it is irreduc­

ible over O. 

4 Conclude from part 3 that cos (2n/1) is not a constructible number. 

S Prove that 2n/7 is not a constructible angle. 

6 Prove that the regular polygon of seven sides is not constructible. 

G. Further Properties of Constructible Numbers and Figures 

Prove each ofthe/ollowing: 

1 If the number a is a root of an irreducible polynomial p(x) e O[x] whose degree is 
not a power of 2, then a is not a const ructible number. 

2 Any constructible number can be obtained from rational numbers by repea ted 
addition. subtraction, multiplication, division, and taking square roots. 

3 Usc part 2 and Exercise A to prove: 0 is the smallest field extension of 0 closed 
with respect to square roots (that is. any fie ld extension of 0 closed with respect to 
square roots contains 0 ). 

4 All the roots of the polynomial X4 + 2X2 - 2 are constructible numbers. 

A line is called constructible if it passes through two constructible points. A 
circle is called constructible if its center and radius are constructible. 

S The li ne ax + by + c = 0 is constructible iff a. b, c e c . 
6 The circle x 2 + l + ax + by + c "'" 0 is constructible iff a, b, CEO. 
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THIRTY-ONE 
GALOIS THEORY: PREAMBLE 

Field extensions were used in Chapter 30 to settle some of the most puz­
zling questions of classical geometry. Now they will be used to solve a 
problem equally ancient and important; they will give us a definitive and 
elegant theory of solutions of polynomial equations. 

We will be concerned not so much with finding solutions (which is a 
problem of computation) as with the nature and properties of these solu­
tions. As we shall discover, these properties turn out to depend less on the 
polynomials themselves than on the fields which contain their solutions. 
This fact should be kept in mind if we want to clearly understand the 
discussions in this chapter and Chapter 32. We will be speaking of field 
extensions, but polynomials will always be lurking in the background. 
Every extension will be generated by roots of a polynomial, and every 
theorem about these extensions will actually be saying something about the 
polynomials. 

Let us quickly review what we already know of field extensions, filling 
in a gap or two as we go along. Let F be a field; an element a (in an 
extension of F) is algebraic over F if a is a root of some polynomial with its 
coefficients in F. The minimum polynomial of a over F is the polynomial of 
lowest degree in F[x] having a as a root; every other polynomial in F[x] 
having a as a root is a multiple of the minimum polynomial. 

The basic theorem of field extensions tells us that any polynomial of 
degree n in F[x] has exactly n roots in a suitable extension of F. However, 
this does not necessarily mean n distinct roots. For example. in R[x] the 
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polynomial (x - 2)5 has five roots all equal to 2. Such roots are called 
multiple roots. It is perfectly obvious that we can come up with polynomials 
such as (x - 2)5 having multiple roots; but are there any irreducible poly­
nomials with multiple roots? Certainly the answer is not obvious. Here it is: 

Theorem 1 If F hus characteristic 0, irreducible polynomials over F can never 
Imve multiple roots. 

To prove this, we must define the derivative of the polynomial a(x) = 

ao + a.x + ... + a" x". It is a'(x) = aJ + 2alX + ... + na"x" - l. As in el­
ementary calculus, it is easily checked that for any two polynomials fIx) 
and g(x), 

(f + g)' ~ F + g' and (fg)' ~fg' + Fg 

Now suppose a(x) is irreducible in F[x] and has a multiple root c: then in a 
suitable extension we can factor a(x) as a(x) = (x - C)lq(X), and therefore 
a'(x) = 2(x - c)q(x) + (x - C)lq'(X). So X - c is a factor of a'(x), and there­
fore c is a root of a'(x). Let p(x) be the minimum polynomial of cover F ; 

since both a(x) and a'(x) have c as a root, they are both multiples of p(x). 
But a(x) is irreducible: its only nonconstant divisor is itself; so p(x) 

must be a(x). However, a(x) cannot divide a'(x) unless a'(x) = 0 because d(x) 

is of lower degree than a(x). So a'(x) = 0 and therefore its coefficient na" is O. 
Here is where characteristic 0 comes in : if na" = 0 then a" = 0, and this is 
impossible because a" is the leading coefficient of a(x). 

In the remaining three chapters we will confine our attention to fields of 

characterislic O. Thus, by Theorem 1, any irreducible polynomial of degree n 
has n distinct roots. 

Let us move on with our review. Let E be an extension of F. We call E 
a finice extension of F if E, as a vector space with scalars in F, has finite 
dimension. Specifically, if E has dimension n, we say that the degree of E 
over F is equal to n, and we symbolize this by writing [E: F] = n. If c is 
algebraic over F, the degreee of F(c) over F turns out to be equal to the 
degree of p(x), the minimum polynomial of e over F. 

F(e), obtained by adjoining an algebraic element c to F. is called a 
simple extension of F. F(c» ... , c"), obtained by adjoining n algebra ic el­
ements in succession to F. is called an iterated extension of F. Any iterated 
extension of F is finite. and, conversely. any finite extension of F is an 
iterated extension F(e!> ... , c"). In fact. even more is true; let F be of 
characteristic O. 

Theorem 2 Every finite extension of F is a simple extension F(c). 
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We already know that every finite extension is an iterated extension. 
We will now show that any extension F(a, b) is equal to F(c) for some c. 
Using this result several times in succession yields our theorem. (At each 
stage, we reduce by 1 the number of elements that must be adjoined to F in 
order to get the desired extension.) 

Well, given F(a, b), let A(x) be the minimum polynomial of a over F, 

and let B(x) be the minimum polynomial of b over F. Let K denote any 
extension of F which contains all the roots a1> "', a" of A(x) as well as all 
the roots bl>" " bm of B(x). Let a 1 be a and let bl be b. 

Let t be any nonzero element of F such that 

aj - a ,"-­b - bj 

for every i '" I and j :1: I 

Cross multiplying and setting c = a + tb, it follows that c '" aj + tbj , that is, 

for all i oF 1 andj oF 1 

Define h(x) by letting hex) = A(e - tx); then 

lI(b) ~ Ale - tb) ~ 0 

whi le for every j :1: I, 
~ 

" 

lI(b,) ~ A(c - ,bj) " 0 
~ 

Thus, b is the only common root of h(x) and B(x). 

'We will prove that b E F(c), hence also a = c - tb E F(c), and therefore 
F(a. b) <; F(c). But c E F(a. b). so F(c) <; F(a. b). Thus F(a. b) ~ F(c). 

So, it remains only to prove that b E F(c). Let p(x) be the minimum 
polynomial of b over F(c). If the degree of p(x) is I, then p(x) is x - b, so 
b E F(c), and we are done. Let us suppose deg p(x) ;:: 2 and get a contradic­
tion: observe that hex) and B(x) must both be multiples of p(x) because both 
ha ve b as a root, and p(x) is the minimum polynomial of b. But if hex) and 
B(x) have a common factor of degree ~ 2, they must have two or more 
roots in common, contrary to the fact that b is their only common root. 
Our proof is complete. 

For example, we may appl~ this theorem directly to O(fi, .j3). 
Taking' ~ I. we get c ~ fi + -./3. hence Q(fi. fi) ~ Q(fi + )3). 

If a(x) is a polynomial of degree n in F[x]. let its roots be CI ••.•• c". 
Then F(c i • .•. , c,,) is clearly the smallest extension of F containing all the 
roots of a(x). F(c" ... • en) is called the root field of a(x) over F. We will have 
a great deal to say about root fields in this and subsequent chapters. 



314 CHAPTER THIRTY-QNE 

Isomorphisms were important when we were dealing with groups, and 
they are important also for fields. You will remember that if F 1 and F 2 are 
fie lds, an isomorphism from F I to F 2 is a bijective function h : F 1 -+ F 2 

satisfying 

h(a + b) = h(a) + h(b) and h(ab) = h(a)h(b) 

From these equations it follows that 11(0) = 0, 11(1) = 1, h( -a) = -h(a), and 
h(a - I)= (h(a)r 1

• 

Suppose F 1 and F 2 are fields, and II : F 1 - F 2 is an isomorphism. Let 
KI and K2 be extensions ofF. and F 2 , and let h: K1- K 2 also be an 
isomorphism. We call h an extension of h if ii{x) = hex) for every x in F 1> 

that is, if hand h are the same on F I' (Ii is an extension of 11 in the plain 
sense that it is formed by "adding on" to h.) 

As an example, given any isomorphism 11 : F 1 - F 2, we can extend 11 to 
an isomorphism ii : Fl[X] - F2[x]. (Note that F[x] is an extension of F 
when we think of the elements of F as constant polynomials; of cou rse, 
F[x] is not a field, simply an integral domain, but in the present example 
this fact is unimportant.) Now we ask: What is an obvious and natural way 
of extending II? The answer, quite clearly, is 10 let h send the polynomial 
with coefficients ao. ai, ... , a" to the polynomial with coefficients h(ao), 

h(ad • ... , h(a~): 

h(ao + alX + ... + a~x") = h(ao) + h(a1)x + .. . + h(a,,)x" 

It is child's play to verify formally that h is an isomorphism from F 1 [ x] to 
F2[X]. In the sequel, the polynomial h{a(x», obtained in this fashion , will be 
denoted simply by ha(x). Because Ii is an isomorphism, a(x) is irreducible iff 
lta(x) is irreducible. 

A very similar isomorphism extension is given in the next theorem. 

Theorem 3 Let II : F 1 -+ F 2 be an isomorphism, and let p(x) be irreducible in 

Fl[x]. Suppose a is a root of p(x), and b a root of hp(x). Then II can be 
extended co an isomorphism 



GALOIS THEORY : PREAMBLl: 315 

h: F,(a) _ F ,(b) 

Furtllermore, ij(a) = b. 

Remember that every element of FI(a) is of the form 

where Co, .. . , C~ are in F!> and every element of F 2(b) is of the form 
do + dlb + . .. + d~b~ where (/0, ... , d~ are in F2 • Imitating what we did 
successfully in the preceding example, we let II send the expression with 
coefficients Co' ... , c~ to the expression with coefficients lI(co), . .. , lI(cN): 

Again, it is routine to verify that II is an isomorphism. Details are laid out in 
Exercise H at the end of this chapter. 

Most often we use Theorem 3 in the special case where FI and F2 are 
the same field- let us call it F- and II is the identity function e : F _ F. 
[Remember that the identity function is e(x) = x.] When we apply Theorem 
3 to the identity function e: F _ F, we get: 

Theorem 4 Suppose a and b are roots of (lie same irreducible polynomial p(x) 
in F[x]. Then (here is an isomorphism g: F(a)_ F(b) such thac g(x) = x for 
every x in F, and g(a) = b. 

From Theorem 3 we can also deduce another fact about extending 
isomorphisms: 

Theorem 5 Suppose K is a finite extension of F. Any isomorphism 
" : F _ h(F) can be extended to an isomorphism Ii : K _1i(K). 

By Theorem 2, K is a simple ex tension of F, say K = F(a). Writing F' 
for h(F), we can use Theorem 3 to extend II : F _ F' to 

h: F(a) - r(b) 

K ii(K) 

Let K be an extension of F. If h is any isomorphism with domain K, 
and h(x) = x for every x in F, we say that h fixes F. Let c be an element of 
K ; if h fixes F. and c is a root of some polynomial a(x) = ao + ... + aN x" in 
F[x], h(c) also is a root of a(x). It is easy to see why: the coefficients of a(x) 
are in F and are therefore not changed by h. So if a(c) = 0, then 
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a(h(c» = ao + a,h(c) + ... + a~h(c)n 

= h(ao + a,c + ... + anc") = h(O) = 0 

What we have just shown may be expressed as follows: 

(*) Let a(x) be any polynomial in F[x]. Any isomorphism which fixes F 
sends roots of a(x) to roots of a(x). 

If K happens to be the root field of a(x) over F, the situation becomes 
even more interesting. Say K = F(cl> Cl,' .. , cn), where c" Cl' ...• c" are 
the roots of a(x). If h : K .......... h(K) is any isomorphism which fixes F, then by 
(*), h permuces c" Cl, ...• cn • Now, by the brief discussion headed" For later 
reference" on page 297. every element of F(CI' ...• en) is a sum of terms of 
the form 

where the coefficient k is in F. Because h fixes F, h(k) = k. Furthermore. c" 
C2. "', Cn are the roots of a(x). so by (*), the product Ci,IC~~ ... C~" is trans­
formed by h into another product of the same form. Thus, h sends every 

element ofF(cl, C2, •.• , c~)lOanotherelemenl ofF(cl, C2, ••• , Cit)' 

The above comments are summarized in the next theorem: 

Theorem 6 Let K be the root field of some polynomial over F. If h is any 
isomorphism with domain K which fixes F, then h(K) ~ K. 

For later reference. The following results, which are of a somewhat tech­
nical nature, will be needed later. The first presents a surprisingly strong 
property of root fields. 

Theorem 7 Lee K be the root field of some polynomial over F. For every 
irreducible polynomial p(x) in F[x] , if p(x) has one root in K , then p(x) must 
have all of its roots in K. 

Indeed. suppose p(x) has a root a in K. and let b be any other root of 
p(x). By Theorems 4 and 5 [apply Theorem 5 to F(a) instead of F], there is 
an isomorphism i: K .......... i(K) fixing F, with i(a) = b. By Theorem 6, 
i(K) £: K. Thus, b = ;(a) E K. 

Theorem 8 Suppose I ~ E c:;; K, where E is a finite extension of 1 and K is a 
finite extension of E. If K is the root field of some polynomial over E, chen K 
is also the rOOl field of some polynomial over I. 



GALOIS THEORY : PREAMBLE 317 

Suppose K is a root field of some polynomial over E, and let K = I(a). 
If p(x) is the minimum polynomial of a over I, its coefficients are certainly 
in E and it has a root Q in K. so by Theorem 7, all its roots are in K. 
Therefore, K is the root field of p(x) over I . 

EXERCISES 

A. Examples of Root Fields over Q 

Illustration Fil1d the roo/field of a(x ) = (x 2 - 3Xx3 - 1) over Q. 

A NSWER The complex roots of a(x) are ±J3, 1, t( - 1 ± J3i), so the root field 

is O( ± j3, I, t( - I ± J3i)). The same field ean be written more si mply as O(.j3, i). 

Show that Q(J i i) is the root field of (X l - 2x - 2 )(Xl + I) over Q. 

Comparing part 1 with the illustration, we note that di fferent polynomials may 
have the same root field. This is true even if the polynomials are irreducible: 

2 Prove thai Xl - 3 and Xl - 2x - 2 are both irreducible over Q. Then find their 
root fields over 0 and show they are the same. 
3 Find the root field of X4 - 2, first over 0 , then over R. 

4 Explain : O(i, j2) is the root field of X4 - 2X2 + 9 over 0, and is the root fie ld of 

Xl - 2j2x + 3 over O(j2). 
5 Find irred ucible polynomials a(x) over Ct and b(x) over ( 0), such thatQ(i, )3) is 
the root field of a(x) over 0, and is the root field of b(x) over O(/). Then do the same 

foc Q(j=2. P I. 
6 Which of the following extensions are root fields over O ? Justify you r answer: 

O(i); 0 (j2): 0 (.y2» where.y2 is the real cube root of 2; Q(2 + .j5); O(i + .j3); 
Q (i • ../2. -/ 31. 

B. Examples of Root Fields over lLp 

Illustration Find the root field of Xl + l over ZJ. 

ANSWER By the basic theorem of field extensions, 

Z J[x]/<x l + 1) == Z 3(U) 

where u is a root of Xl + 1. In Z3(U), Xl + 1 = (x + u)(x - u), because ul + 1 = o. 
Since ZJ(u) contai ns ±u, it is the root field of Xl + l over ZJ. Note that ZJ(u) has 
nine elements, and its addition and multiplication tables are easy to construct. (See 
Chapter 27, Exercise C.) 
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Show that, in any extension of l3 wh ich contains a root II of 

a(x) - Xl + 2x + I E Z 3[X] 

it happens that u + I and u + 2 are the remaining two roots of a(x). Use this fact to 
find the rool field of Xl + 2x + l over Z 3' Write its addilion and multiplication 
tables. 
2 Find the root field of Xl + x 2 + X + 2 over ll' and write ils addition and multi­
plication tables. 

3 Determine whether the fields in parts I and 2 are isomorphic. 
4 Find the root field of X3 + XZ + I E Z2[X] over l2' Write its addition and multi­
plication lables. 
5 Find the root field over Zz of Xl + X + I E Zz[x]. (CAUTION: This will prove to 
be a li tt le more difficult than part 4.) 

C. Short Questions Relating to Root Fields 

Prove each o/the/ollowing: 

I Every extension of degree 2 is a root fi eld. 

2 If F ~ I ~ K and K is a root field of a(x) over F, then K is a root fie ld of a(x) over 
I. 

3 The root field over R of any polynomial in R[x] is R or C. 
4 If e is a complex root of a cubic a(x) E O[x], then O(c) is the root field of a(x) over 
O. 
5 If p(x) = X4 + axl + b E F[x] , then F[x]/<p(x» is the root field of p(x) over F. 

6 If K = F(a) and K is the root field of some polynomial over F, then K is the root 
fi eld of the minimum polynomial of a over F. 

7 Every rool field over F is Ihe root field of some irreducible polynomial over F. 
(HINT: Use part 6 and Theorem 2.) 

8 Suppose [K : F] = n, where K is a root field over F. Then K is the root field over 
F of every irreducible polynomial of degree n in F[x] having a root in K. 

9 Let a(x) be a polynomial of degree n in F[x], and lei K be the root field of a(x) 
over F. Prove that [K : F] divides n! 

D. Reducing Iterated Extensions to Simple Extensions 

I Find e such that O(j2, J=3) = Ole). Do Ihe same fo r 0(../2, \12). 
2 Let a be a root of Xl - X + I, and b a root of x2 

- 2x - 1. Find e such that 
O(a, b) = Ole). (HINT: Use calculus to show that Xl - X + I has one real and two 
complex roots, and explain why no two of these may differ by a real number.) 

3 Find c such that 0(j2, j3, J'=5) = O(e). 
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4 Find an irreducible polynomial PIx) such that 0(.j2, .j3) is the root field of p(x) 
over O. (HINT: Use Exercise C6.) 
5 Do the same as in part 4 for 0(.j2, j3, j=5). 

t E. Roots of Unity and Radical Extensions 

De Moivre's theorem provides an explicit formula to write the n complex nth rOOIS 
of 1. (See Chapter 16, Exercise H.) By de Moivre's formula, the nth roots of unity 
consist of 00 = cos (2x/n) + i sin(2n:/n) and its first n powers, namely 1,00, w2

, ••• , 

wn
- I. We call w a primitive nth root of unity, because all the other nth roots of unity 

are powers of oo. Clearly, every nth root of unity (except I) is a root of 

x~ - I 
_ __ =xn- l +X" - 2+···+ X + I 
x - I 

By EisenSlein's crilerion, this polynomial is irreducible if n is a prime (see Chapter 
26, Exercise D). Prove each of the following, where w denotes a primitive nth root of 
unifY: 

O(w) is the rool field of x~ - lover O. 

2 If n is a prime, [ 0(00) : 0] = n - L 
3 If II is a prime, W" - l is equal to a linear combination of I, w, .. ,W~ - l with 
rational coefficients. 
4 Find [0(0) : 0], where w is a primitive nth root of unity, for n = 6, 7, and 8. 

5 For any r e ( I, 2, .. . ,n- I}, Jaw' isan nth root ora. Conclude thaIJa,Jaw, 
... , Jawn- l are the n complex nih rOOIS of a. 

6 G(ro, Ja) is the root field of x" - a over Q. 

7 Find the degree of O(w, fi) over 0, where w is a primitive cube root of I. Also 
show that O(ro, .:/2) = Q(.:/2, i.j3). (HINT: Compute ro.) 

8 If K is the root field of any polynomial over 0, and K contains an nih root of allY 

number a, it contains all ihe nth rOOIS of unity. 

t F. Separable and Inseparable Polynomials 

Let F be a lield. An irreducible polynomial PIx) in F[x] is said to be separable over 
F if it has no multiple rools in any extension of F. If p(x) does have a multiple root 
in some extension, it is inseparable over F. Prove Ihefol/owing: 

H F has characteristic 0, every irreducible polynomial in F[x] is separable. 

Thus, for characteristic O. there is no question whether an irreducible poly­
nomial is separable or not. However, for characteristic p t:- 0, it is different. This case 
is treated next. In the following problems, let F be a field of characteristic p 'I- O. 
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2 If a'(x) = 0, the only nonzero terms of a(x) are of the form a""x"'P for some m. [In 
other words, a(x) is a polynomial in powers of xP. ] 

3 If an irred ucible polynomial a(x) is inseparable over F, then a(x) is a polynomial 
in powers of xl'. (H INT: Use part 2, and reason as in the proof of Theorem 1.) 

4 Use Chapter 27, Exercise J (especially the conclusion following J6) to prove the 
converse of part 3. 

Thus, if F is a field of characteristic p t= 0, an irreducible polynomial a(x) E F[x] 
is inseparable iff a(x) is a polynomial in powers of xl'. For finite fields, we can say 
even more: 

5 If F is any fi eld of characteristic p :f:. 0, then in F[x] , 

(ao+ajx+ ... + a~x")P= as +a~xP + ... + a!xnp 

(HI NT: See Chapter 24, Exercise 04.) 

6 IF F is a finite field of characteristic p:f:. 0, then in F[x], every polynomial a(x") is 
equal to [b(x)] P for some b(x). [ HINT : Use part 5 and the fact that in a finite field of 
characteristic p, cvery element has a pth root (see Chapter 20, Exercise F).] 
7 Use parts 3 and 6 to prove : In any fini te field, every irreducible polynomial is 
separable. 

Thus, fields of characteristic 0 and finite fields share the property that irreducible 
po/}'I1{Jmia/s have no multiple roots. The only remaining case is that of infinite fie lds 
with finite characteristic. It is treated in the next exercise set. 

t G. Multiple Roots over Infinite Fields 
of Nonzero Characteristic 

If ZpLvJ is the domain of polynomials (in the leller y) over Zp' let E = Z p(Y) be the 
field of quotients of Z,,[y]. Let K denote the subfield Z,,(y") of Z,,(y). 

I Explain why Z,,(y) and Z p(YP) are infinite fields of characteristic p. 

2 Prove that a(x) = xl' - y" has the factorization x" - yp = (x - y)" in E[x] , but is 
irred ucible in K[x). Conclude that there is an irreducible polynomial a(x) in K[x] 
with a root whose multiplicity is p. 

Thus, over an infinite field of nonzero characteristic, an irreducible polynomial 
may havc multiple roots. Even these fields, however, have a remarkable property: al/ 
the roolS 0/ any irreducible polynomial have the same multiplicity. The details follow : 
Let F be any field, p(x) irreducible in F[x], a and b two distinct roots of p(x), and K 
the root field of p(x) over F. Let i: K -+ i(K) = K' be the isomorphism of Theorem 
4, and I: K[x] -+ K'[x] the isomorphism described immediately preceding Theorem 
1. 

3 Prove that 1 leaves p(x) fixed. 
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4 Prove that i(x - aIm) ,.. (x - b)"'. 

5 Prove that a and b have the same multiplicity. 

t H. An Isomorphism Extension Theorem (Proof of Theorem 3) 

Let F I, F 2 , h, p(x), a, b, and h be as in the statement of Theorem 3. To prove thath 
is an isomorphism, it must first be shown thai it is properly defined: that is, if 
c(a) = deal in F I(a), then h(c(a )) = h(d(a). 

I If c(a) = deal, prove that c(x) - d(x) is a multiple of p(x). Deduce from this Ihat 
hc(x) - hd(x) is a multiple of hp(x). 

:z Use part I to prove thath(c(a» = h(d(a), 

3 Reversing the steps of the preceding argument, show that jj is injective. 
4 Show thatli is surjective. 

5 Show that h is a homomorphism. 

t I. Uniqueness of the Root Field 

lei h: F L -+ F 2 be an isomorphism. If a(x) E F I [x], let K I be the root fi eld of a(x) 

over F l> and K2 the foot field of ha(x) over F 2' Prove the following " 

1 If p(x) is an irreducible factor of a(x), U E K L is a root of p(x), and v E K 2 is a root 
of hp(x), then F I(U) ;;;; F 2(~) ' 

2 FL(u)=K L iff F1(v) = K1 . 

3 If F ,(u) '* K , [hence Fl(V) '* K 2], write Fj = FI(u) and F; = F2(v). Let q(x) E 

F',[x] be an irreducible factor of a(x), of degree> I. (Explain why such a factor is 
certain to exist in F'L[X).) Let w E K, be a foot of q{x), and Z E Kl a root of hq(x). 
Prove that F',(w) ~ F2(z). 

4 Use parts I to 3 to form an inductive proof that K I ~ K 2 • 

5 Draw the following conclusion : The foot field of a polynomial a(x ) over a field F 
is un ique up to isomorphism. 

t J. Extending Isomorphisms 

In the following, let F be a subfield of C. An injective homomorphism h: F -+ C is 
called a: monomorphism; it is obviously an isomorphism F -+ h(F). 

I Let w be a complex pth root of unity (where p is a prime), and lei h: O(w) -+ C be 
a monomorphism fixing Q. Explain why h is completely determined by the value of 
hew). Then prove that there exist exactly p - I monomorphisms Q(w) -+ C which fix 
Q. 
2 Let p(x) be irreducible in F[x ] , and c a complex root of p(x). let h: F _ C be a 



322 C HAPTER THIRTY-QNE 

monomorphism. If deg p(x) = n, prove that there are exactly n monomorphisms 
F(c) -+ C which are extensions of h. 

3 Lei F s K, wilh [K : F] = n. If h: F -+ C is a monomorphism, prove that there 
are exactly n monomorphisms K -+ C which are extensions of h. 

4 Prove: The on ly possible monomorphism h: 0 -+ C is hex) = x . Thus, any mon­
omorph ism h: O(a) -+ C necessarily fixes O. 

5 Prove: There are exactly three monomorphisms Q(..y2) __ C, and they are deter­

mined by the condilions: ..y2 ...... ..y2; ..y2 ..... fiw; ..y2 ..... fiw2
, where w is a 

primitive cube root of unity. 

K. Normal Extensions 

If K is the root field of some polynomial a(x) over F, K is also called a normal 
extension of F. There are other possible ways of defining normal extension, which 
are equivalent to the above. We consider the two most common ones here: they a re 
precisely the properties expressed in Theorems 7 and 6. Let K be a finite extension 
of F. Prove thelollowing.' 

1 Suppose that for every irreducible polynomial p(x) in F[x) , if p(x) has one root in 
K, then p(x) must have a ll its roots in K. Prove that K is a normal extension of F. 

2 Suppose that , if h is any isomorphism with domain K which fixes F, then 
I~K) s;;: K. Prove that K is a normal extension of F. 



CHAPTER 

THIRTY-TWO 
GALOIS THEORY: THE HEART OF 

THE MATTER 

If K is a field and h is an isomorphism from K to K , we call h an auto­
morphism of K (automorphism = "self-isomorphism"). 

Several of the isomorphisms we looked at in Chapter 31 were, in fact, 
automorphisms. For example, suppose K is a finite extension of F and h is 
any isomorphism whose domain is K. If h(K) <;; K , then necessaril y 
h( K ) = K , and therefore h is an automorphism of K. The reason is quite 
simple : h(K) is isomorphic to K, hence K and h(K) are vector spaces of the 
same dimension over F. Therefore, if h(K) £: K, h(K) is a subspace of K 
having the same dimension as K , and so h(K) must be all of K. 

This observa tion leads us to restate a few results of Chapter 31 in a 
si mpler form. (First we restate Theorem 6, then Theorem 4 in a form which 
uses Theorem 6.) 

Let K be the root field of some polynomial over F: 

(*) Any isomorphism with domain K which fixes F is an (lUlomorpltism of K. 
( .... ) If a and b are roots of an irredrlcible polynomial p(x) in F[x], there is an 

automorphism of K fixing F and sending a co b. 

(*) is merely a restatement of Theorem 6 of Chapter 31, incorporating 
the observa tion that h(K) = K. 

(U) is a result of combining Theorem 4 of Chapter 31, Theorem 5 of 
Chapter 31 [applied to F(a) instead of to F), and (*), in that order. 

Let K be the root field of a polynomial a(x) in F[x] . If Ch C2 • • •• , c" are 

323 
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the roots of a(x), then K = F(cl> CZ , ••. , c~), and, by (*) of page 316. any 
automorphism h of K which fixes F permutes c" Cz, ...• C~. On the other 
hand. remember that every element a in F(c" C2 • .•.• c~) is a sum of terms 
of the form 

kCilCi 2 •.• c i• 

" " 
where the coefficient k of each term is in F. rr h is an automorphism which 
fixes F. h does not change the coefficien ts. so h(a) is completely determined 
once we know h(c l ), ..• , Ir(cn). Thus, every automorphism of K fix ing F is 

completely determined by a permutation of the roots of a(x). 
This is very important! 
What it means is that we may identify the automorphisms of K which 

fix F with permutations of the roots of a(x). 

It must be pointed out here that, j ust as the symmetries of geometric 
figures determine their geometric properties, so the symmetries of equations 
(that is, permutations of their roots) give us all the vital information needed 
to analyze their solutions. Thus, if K is the root field of our polynomial a(x) 
over F, we will now pay very close attention to the automorphisms of K 
which fix F. 

To begin with, how many such automorphisms are there? The answer 
is a classic example of ma~hematica l elegance and simplicity: 

Theorem 1 Let K be the root field of some polynomial over F. The number of 
aucomorphisms of K fixing F is equal to the degree of Kover F. 

Let [K ; F) = n, and let us show that K has exactly n automorphisms 
fi xing F. By Theorem 2 of Chapter 31, K = F(a) for some a E K . Let p(x) be 
the minimum polynomial of a over F ; if b is any root of p(x), then by ( .. ), 
there is an automorphism of K fixing F and sending a to b. Since p(x) has n 
roots, there are exactly n choices of b, and therefore n automorphisms of K 
fixing F. . 

[Remember that every automorphism h which fixes F permutes the 
roots of p(x) therefore sends a to some root of p(x); and h is com pletely 
determined once we have chosen h(a). ] 

For example. we have already seen that Q(J2) is of degree 2 over O. 
Q(J2) is the root field of X Z 

- 2 over Q because Q(J2) contains both roots 
of x 2 

- 2, namely ±J2. By Theorem I, there are exactly two auto­
morphisms of Q(J2) fixing Q: one sends .fi. to fi.; it is the identity 
function. The other sends .fi. to - fi., and is therefore the function 
a + bj2~ a - bj2. 
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Similarly, we saw that C = lR(i), and C is of degree 2 over R. The two 
automorphisms of C which fix R are the identity function, and the function 
a + bi ..... a - bi which sends every complex number to its complex conju­
gate. 

As a final example, we have seen that O(fi, .)3) is an ex tension of 
de,sree 4 over 10, so by Theorem I, there are four automorphisms oflQ(fi, 
.)3) which fix 10: Now, IQ(fi,.)3) is the root field of (Xl - 2)(x l - 3) over 
0, for it contains the roots of this polynomial, and any extension of 0 
containing the roots of (X2 - 2)(x l 

- 3) certainly contains fi and .)3. 
Thus, by (*) on page 316, each of the four automorphisms which fix <Q sends 
roots of x 2 

- 2 to roots of x 2 
- 2, and roots of Xl - 3 to roots of Xl - 3. 

But there are only four possible ways of doing this, namely 

Since every element of 10(./2, .)3) is of the form a + b./2 + cJ3 + dJ6, 
these four automorphisms (we shall call them e, lX, p, and y) are the follow­
ing 

If K is an extension of F, the automorphisms of K which fix F form a 
group. (The operation, of course, is composition.) This is perfectly obvious: 
for if g and h fix F, then for every x in F, 

• x-x and • x _ x 

that is, g 0 h fixes F. Furthermore, if 

• x-x 

that is, if h fixes F so does h - '. 

then 

• • so x ..... x ..... x 



326 CHAPTER THIRTY-TWO 

This fact is perfectly obvious, but nonetheless of great importance, for it 
means that we can now use a ll of our accumulated knowledge about groups 
to help us analyze the solutions of' polynomial equations. And'that is pre­
cisely what Galois theory is all about. 

If K is the root fie ld of a polynomial a(x) in F[x], the group of all the 
aUlomorphisms oj K which fix F is called the Galois group oj a(x). We also 
call it the Galois group oj Kover F, and designate it by the symbol 

Gal(K: F) 

In our last example we saw that there are four automorphisms of 
O(j2, )3) which fix O. We called them c, a, p, and y. Thus, the Galois 
group of O(j2, fi ) over 0 is Gal(O(j2, fi): OJ ~ {',', p, y); the oper­
ation is composition, giving us the table 

, , • p y 

, , • p y 

• • , y p 
p p , , • , , p • , 

As one can see, this is an abelian group in which every element is its own 
inverse; almost at a glance one can verify that it is isomorphic to 7..2 X 7..2 , 

Let K be the root field of a(x), where a(x) is in F[x ]. In our earlier 
discussion we saw that every automorphism of K fixing F [that is, every 
member of the Galois group of a(x)] may be identified with a permutation 
of the roots of a(x). However, it is important to note that not every permu­
tation of the roalS oj a(x) need be in the Galois gr0}9J oj a(x), even when a(x) 
is irreducible. For example, we saw that O(j2, v'3) = 0(.)2 + j3), where 
.)2 + j3 is a root of the irreducible polynomial X4 - IOx2 + l over Q. 

Since X4 - IOx2 + I has four roots, there are 41 = 24 IX'!'mutations of its 
roots, only four of which are in its Galois group. This is because only four 
of the permutations are genuine symmetries of X4 - tOxl + 1, in the sense 
that they determine automorphisms of the root field. 

In the discussion throughout the remainder of this chapter, let F and K 
remain fixed. F is an arbitrary field and K is the root field of some poly­
nomial a(x) in F[x]. The thread of our reasoning will lead us to speak 
about fields I where F.:::::;: I.:::::;: K, that is; fields " between" F and K . We will 
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K 

refer to them as inlermedialefields. Since K is the root field of a(x) over F, it 
is also the root field of a(x) over I for every intermediate field I. 

The letter G will denote the Galois group of Kover F. With each 
intermediate field I , we associate the group 

/' ~ Gal(K : I) 

that is, the group of all the automorphisms of K which fix I. It is obviously 
a subgroup of G. We will call 1* the fixer of I. 

Conversely, with each subgroup H of G we associate the subfield of K 
containing all the a in K which are not changed by any n: E H. That is, 

{a E K : n(a) = a for every n E H} 

One verifies in a trice that this is a subfield of K. It obviously contains F, 
and is therefore one of the intermediate fields. It is called the fixed field of 
H. For brevity and euphony we call it the fix field of H. 

Let us recapitulate: Every subgroup H of G fixes an intermediate field 
I , called the fix field of H. Every intermediate field I is fixed by a subgroup 
H of G, called the fixer of I. This suggests very strongl y that there is a 
one-to-one correspondence between the subgroups of G and the fields inter­
mediate between F and K. Indeed, this is correct. This one-to-one corre­
spondence is at the very heart of Galois theory, because it provides the 
tie-in between properties of field extensions and properties of subgroups. 

Just as, in Chapter 29, we were able to use vector algebra to prove new 
things about field extensions, now we will be able to use group theory to 
explore field extensions. The vector-space connection was a relative light­
weight. The connection with group theory, on the other hand, gives us a 
tool of tremendous power to study field extensions. 

We have not yet proved that the connection between subgroups of G 
and intermediate fields is a one-to-one correspondence. The next two theor­
ems will do that. 

Theorem 2 If His fhefixer of I , then I is the fix field of H. 
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Let H be the fixer of I, and let I' be the fix field of H. It follows from the 
definitions offixer andfixfield that I £;; 1', so we must now show that I' £;; I. 
We will do this by proving that a ¢. I implies a ¢ 1'. Well, if a is an element 
of K which is not in J, the minimum polynomial p(x) of a over J must have 
degree ;;::-: 2 (for otherwise, a E I). Thus, p(x) has another root h. By ( •• ), 
there is an automorphism of K fixing I and sending a to b. This auto­
morphism moves a, so a ¢ 1'. 

Lemma Let H be a subgroup of G, and I the fix field of H. The number of 
elements in H is equal to [K : I]. 

Let H have r elements, namely hI> ... , h,. Let K = I(a). Much of our 
proof will revolve around the following pOlynomial: 

b(x) ~ (x - h,(a»)(x - h,(a)) ... (x - h,{a)) 

Since one of the hi is the identity function. one factor of b(x) is (x - a). and 
therefore a is a root oj b(x). In the next paragraph we will see that all the 
coefficients of b(x) are in / , so h(x) E I[x]. It follows that b(x) is a multiple of 
the minimum polynomial of a over I, whose degree is exactly [K : 1]. Since 
b(x) is of degree r, this means that r ;;::-: [K : 1], which is half our theorem. 

Well. let us show that all the coemcients of b(x) are in l. We saw on 
page 314 that every isomorphism hi : K _ K can' be extended to an iso­
morphism iii: K[x] _ K[x]. Because hi is an isomorphism of polynomials, 
we get 

ii,{b(x» = ii,(x - h,(a))ii,(x - h,(a» ... h,(x - h,{a)) 

= (x - hi ., h,(a)) ... (x - hi ., h,(a» 

But hi c hI> hi c h2' .. .• hi c II, are r distinct elements of H.,and H has exact­
ly r elements, so they are all the elements of H (that is, they areh" ... , hn 
possibly in a different order). So the factors of iii(b(x)) are the same as the 
factors of b(x), merely in a different order. and therefore Ii,{h(x» = h(x). 
Since equal polynomials have equal coefficients. hi leaves the c~mcients of 
b(x) invariant . Thus. every coemcient of b(x) is in the fixfield of H, that is, in 
I. 

We have just shown that [K: I] .:-:; r. For the opposite inequality. re­
member that by Theorem 1, [K: I] is equal to the number of I-fixing 
automorphisms of K. But there are at least r such automorphisms, namely 
h" ... , h,. Thus,[K :/];::: r,and we are done. 

Theorem 3 IJ 1 is thejixjield of H, then H is the fixer oj I. 
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Let I be the fixfield of H, and 1* the fixer of I. It follows from the 
definitions of fixer and fixfield that H ~ 1* . We will prove equality by 
showing that there are as many elements in H as in 1*. By the lemma, the 
order of H is equal to [K : I] . By Theorem 2, I is the fix field of 1*, so by the 
lemma again, the order of 1* is also equal to [K : I]. 

It follows immediately from Theorems 2 and 3 that there is a one-co-one 
correspondence between the subgroups of Gal(K : F) and the intermediate 
.fields between K and F. This correspondence, which matches every sub­
group with its fixfield (or, equ ivalently, matches every intermediate field 
with its fi xer) is called a Galois correspondence. It is worth observing that 
larger subfields correspond to smaller subgroups; that is, 

II Sl2 iff I! S /i 

As an example, we have seen that the Galois group of 0(.)2, j 3) over 
Q is G = {e, r:x., p, y} with the table given on page 326. This group has 
exactly five subgroups, namely {e }, fe, r:x.}, {t, p}, {t, y}, and the whole group 
G. They may be represented in the " inclusion diagram " 

On the other hand, there are exactly five fields intermediate between Q 

and 0 (.)2, j3), which may be represented in the inclusion diagram 

Q! Y2. 0)"-....) 

Y lu ~ 
Q(.j2j Q(v'J) Q(V6) 

~I~ 
Q 

If H is a subgroup of any Galois group, let He) designate the fixfield of 
H. The subgroups ofG in our example have the following fixfields: 

(" .}O ~ Q(.j3) 

(s, ,}O ~ Q(J6) 

(This is obvious by inspection of the way t, r:x., p, and y were defined on page 
325.) The Galois correspondence, for this example, may therefore be 
represented as follows: 
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In order to effectively tie in subgroups of G with extensions of the field 
F, we need one more fact, to be presented next. 

Suppose E £; I £; K , where K is a root field over I and I is a root field 
over E. (Hence by Theorem 8 on page 316, K is a root field over E.) If 
IJ E Gal(K : E), IJ is an automorphism of K fixing E. Consider the restriction 
of h to I, that is, IJ restricted to the smaller domain I. It is an isomorphism 
with domain I fixing E. so by (*) on page 323, it is an automorphism of I , 

still fixing E. We have just shown that if h E Gal(K : E), then the restriction 
of h to I is in Gal(I: E). This permits us to define a function 
J1 : Gal(K : E) - Gal(I : E) by the rule 

Jl.(h) = the restriction of h to I 

It is very easy to check that J1 is a homomorphism. J1 is surjective, because 
every F-fixing automorphism of I can be extended to an F-fixing auto­
morphism of K , by Theorem 5 in Chapter 31. 

Finally, if hE Gal(K : E), the restriction of h to I is the identity function 
iff h(x) = x for every x E I , that is, iff h fixes T. This proves that the kernel of 
~ is Gal(K : f). 

To rocapitulate: J1 is a homomorphism from Gal(K : E) onto Gal(l: E) 
with kernel Gal(K :/ ). By the FHT, we immediately conclude as foll ows: 

Theorem 4 Suppose E £ I £; K , where I is a root field over E and K is a root 
field over l. Then 

Gal(K: E) 
Gal(J : E) '" ":;=;~:c 

Gal(K : f ) 

Itfollows, in particular, thal Gal(K: l) is a normal subgroup o/Gal(K : E). 

EXERCISES 

t A. Computing a Galois Group 

I Show that O(i, fi ) is the root fie ld Of(X2 + 1)(x2 
- 2) over Q. 

2 Find the degree ofO(i, fi ) over O. 
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3 List the elements of Gal(Q(i, j2) : 0) and exhibit its table. 
4 Write the inclusion diagram for the subgroups of Gal(Q(i, JU: 0 ), and the 
inclusion diagram for the fields intermed iate between 0 and O(i, .j2). Indicate the 
Galois correspondence. 

t B. Computing a Galois Group of Eight Elements 

1 Show that O(j2, fi,../5) is the root field of (Xl - 2XXl - 3)(x1 - 5) over C. 

2 Show that the degree of O(j2, j3, ../5) over Q is 8. 
3 List the eight elements of G = Gal(Q(j2, j3, .j5) : C) and write its table. 
4 List the subgroups of G. (By Lagrange's theorem, any proper subgroup of G has 
either two or four elements.) 
S For each subgroup of G, find its fixfield. 

6 Indicate the Galois correspondence by means of a diagram like the one on page 
330. 

t C. A Galois Group Equal to S3 . 

I Show that O(J2, ij3) is the root field of x3 - 2 over C , where J2 designates the 
real cube root of 2. (HINT: Compute the complex cube roots of unity.) 
2 Show that [01,;/2), OJ ~ 3. 

3 Exglain why x2 + 3 is irreducible over O(J2), then show that [O(.y2, ij3): 
Q(~2)J ... 2. Conclude that [O(.y2, ij3) : OJ = 6. 

4 Use part 3 to explain why Gal(Q(.y2, iJ"j) : 0) has six clements. Then use the 
~ discussion following (.>!o) on page 323 10 explain why every element of Gal(O(.y2. 

i j3) : 0) may be identified with a permutation of the three cube roots of 2. 
5 Use part 4 to prove that Gal(O(~h, iJ3) : 0 ) ~ Sj. 

t D. A Galois Group Equal to D4 

If 3: = .:Ii is a real fourth root of 2, then the four fourth roots of 2 are ± IX and ± i3:. 
Explain each ofthefollowing, briefly but carefully: 

I Q (3:, /) is the root field of X4 - 2 over O. 

2 [01.)' OJ - 4. 
3 i ¢ Q(~), hence [(H~, i) : Q(.x)] ... 2. 

4 [QI', i) , OJ ~ 8. 
S { I ,~, 3: 2, IXl, i, ilX, jlXl , io:l} is a basis for 0(0:, i) over O. 

6 Any O-fixing automorphism h of O(IX, I) is determined by its effect on the elements 
in the basis. These, in turn, are determined by h(ll:) and h(i). 

7 h('%) must be a fourth root of 2 and h(i) must be eq ual to ±i. Combinin g the four 
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possibilities for h(1l) with the two 
morphisms. List them in the format 

possibilities for h(i) gives eight possible auto-

8 Compute the table of the group Gal(O(o:, i): 0) and show that it is isomorphic to 
D4 , the group of symmetries of the square. 

t K A Cyclic Galois Group 

I Describe the root field K of x 1 
- l over O. Explain ~hy [K : 0] - 6. 

2 Explain: If :l is a primitive seventh root of un ity, any h e Ga/(K : Q) must send Il 

to a seventh root of unity. In fact, h is determined by h(o:). 

3 Use part 2 to list explicitly the six elemen ts of Ga/(K : 0). Then write the table of 
Ga/(K : 0) and show that it is cyclic. 
4 List all the subgroups of Ga/(K : 0), with their fixfields. Exhibit the Galois corre­
spondence. 
5 Describe the root fi eld L of Xl; - l over 0, and show that [L: 0] - 3. Explain 
why it follows that there are no intermediate fields between Q and L (except for Q 

and L themselves). 
6 List the three elements of Gal(L: 0) and write its table. (It will be useful to 
remember that the sixth roots of unity form a multiplicative cyclic group. An auto­
morphism must send any element of order k, in this group, to another element of the 
same order k.) 

t F. A Galois Group Isomorphic to Ss 

Leta(x) = x5 _4X4 +2x + 2 e Q[x],and letr1, . •• ,rs be the roots ofa(x) in C. Let 
K _ Q(r 1, • .. , rs) be the root field of a(x) over O. Prove thefoffowil19: 

I a(x) is irreducible in Orxl 
2 a(x) has three real and two complex roots. [HINT: Use calculus to sketch the 
graph of y = a(x), and show that it crosses the x axis three times.] 
3 If r1 denotes a real root of a(x), [O(rd: 0 ] = 5. Use this to prove that [K: 0] is 
a multiple of 5. 
4 Use part 3 and Cauchy's theorem (Chapter 13, Exercise E) to prove that there is 
an element 0: of order 5 in Gal(K : Q ). Since IX may be ident ified with a permutation 
of {ru ... , rs}, explain why it must be a cycle of length 5. (HINT: Any product of 
disjoint cycles on {rlo ... , r5} has order of. 5.) 
5 Explain why there is a transposition in Ga/(K : 0). [It permutes the conjugate 
pair of complex roots of a(x).] 

6 Any subgroup of S5 which contains a cycle of length 5 and a transposition must 
contain all possible transpositions in S" hence all of S5. Thus, Gal(K : 0) - S,. 
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G. Shorter Questions Relating to Automorphisms and Galois Groups 

Let F be a field. and K a finite extension of F. Prove the following .-

1 If an automorphism h of K fixes F and a, then h fixes F(a). 

2 F(a, b)'" = F(a)· n F(b)·. 

3 Aside from Ihe identity function, there are no O-fixing automorphisms ofO(J2). 
[HINT: Note that Q(J2) contains only real numbers.] 

4 Explain why the conclusion of part 3 does not conuadict Theorem l. 

In the next three parts, let w be a primitive pth root of unity, where p is a prime. 

5 If h E Gal(O(w) : 0), then h(w) = w t for some k where I ~ k ~ p - I. 

6 Use part 5 to prove thai Gal(O(w): 0 ) is an abelian group. 
7 Usc part 5 to prove thai Ga/(Q(w): Q) is a cyclic group. 

t H. The Group of Automorphisms of C 

Prove thefollowing: 

I The only automorph ism of 0 is the identity funct ion. [HINT: If h is an auto­
morphism, h( l ) - I, hence h(2) - 2, and so on.] 
2 Any automorphism of R sends squares of numbers to squares of numbers, hence 
positive numbers to positive numbers. 
3 Using part 2, prove that if h is any automorphism of R, a < b implies h(a) < I(b) . 

4 Usc parts I and 3 to prove that the only automorphism of R is the identity 
function. 
S List the elements of Gal(C : R). 

6 Prove that the identity function and the function a + bi -+ a - bi are the only 
automorphisms of C. 

I. Further Questions Relating to Galois Groups 

Throughout this set of questions, let K be a root field over F, let G = Gal(K : F), 
and let I be any intermediate field. Prove lhefollowing.-

1 I · - Gal(K : I ) is a subgroup of G. 
2 If H is a subgroup of G and HO = {a E K : n(a) = a for every n E H }, then HO is a 
subfield of K, and F s;; HO. 

3 Let H be the fixer of I , and l' the fixfield of H. Then / s;; 1'. Let / be the fixfield of 
H, and /. the fixer of / . Then H s;; / • . 

4 Let 1 be a normal extension of F (that is, a root field of some polynomial over F). 
If G is abelian, then Ga/(K : I) and Gal(J : F) are abelian. (HINT: Use Theorem 4.) 
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5 Let J be a normal extension of F. If G is a cyclic group, then Gal(K: I) and 
Gal(J : F) are cyclic groups. 
6 If G is a cyclic group, there exists exactly one intermediate field I of degree k, for 
each integer k dividing [K : F]. 

t J . Normal Extensions and Normal Subgroups 

Suppose F £;; K, where K is a normal extension of F. (This means simply that K is 
the root field of some polynomial in F[ x]: see Chapter 31, Exercise K.) Let I I S;; I2 
be intermediate fields. 

1 Deduce from Theorem 4 that, if I 2 is a normal extension of II, then It is a normal 
subgroup of If. 

2 Prove the following for any intermediate field J: Let h E Gal(K: F), 9 E J. , a E I, 
and b "" h(a). Then [h 0 9 0 h- I](b) = b. Conclude that 

hI.h - I £;; h(l)'" 

3 Use part 2 to prove that hI·h - 1 - h(1) •. 

Two intermediate fields 1\ and 12 are called conjugau iff there is an auto· 
morphism [ i.e., an element i E Gal(K : F)] such thai i(J tl - 12 , 

4 Use pari 3 to prove: J 1 and 12 are conjugate iff I f and It are conjugate subgroups 
in the Galois group. 
5 Use part 4 to prove thai for any intermediate fields I I and 12 : if I t is a normal 
subgroup of If , then 12 is a normal extensio n of 1\ . 

Combining parts I and 5 we have: 12 is a normal extension of I I iff I t is a 
normal subgroup of If. (Historically, this result is the origin of the word "normal" 
in the term "normal subgroup.") 



CHAPTER 

THIRTY-THREE 
SOLVING EQUATIONS BY RADICALS 

In this fina l chapter, Galois theory will be used explicitly to answer practi­
cal questions about solving equations. 

In the introduction to this book we saw that classical algebra was 
devoted-largely to finding methods for solving polynomial equations. The 
quadratic formula yields the solutions of every equation of degree 2, and 
similar formulas have been found for polynomials of degrees 3 and 4. But 
every attempt to find explicit formulas, of the same kind as the quadratic 
formu la, which would solve a general equation of degree 5 or higher ended 
in failure. The reason for this was finally discovered by the young Galois, 
who showed that an equation is solvable by the kind of explicit formula we 
have in mind if and only if its group of symmetries has certain properties. 
The group of symmetries is, of course, the Galois group which we have 
already defined, and the required group properties will be formulated in the 
next few pages. 

Galois showed that the groups of symmetries of all equations of degree 
:..::::: 4 have the properties needed for solvability, whereas equations of degree 
5 or more do not always have them. Thus, not only is the classical quest for 
radical formulas to solve all equations of degree > 4 shown to be futi le, but 
a criterion is made available to test any equation and determine if it has 
solutions given by a radical formula. All this will be made clear in the 
foll owing pages. 

Every quadratic equation ax 2 + bx + c = 0 has its roots given by the 
formula 

335 
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-b+Jb2 - 4ac 

2a 

Equations of degree 3 and 4 can be solved by similar formulas. For exam­
ple, the cubic equation Xl + ax + b = 0 has a solution given by 

a l b2 

whereD=:-+-
27 4 

(.) 

Such expressions are built up from the coefficients of the given polynomials 
by repeated addition. subtraction, multiplication, division. and raking rOOlS. 

Because of their use of radicals, they are called radical expressions or radical 
formulas. A polynomial a(x) is solvable by radicals if there is a radical 
expression giving its roots in terms of its coefficients. 

Let us return to the example of Xl + ax + b = 0, where a and bare 
rational, and look again at Formula (*). We may interpret this formula to 
assert that if we start with the field of coefficients 0, adjoin the square root 
.)D, then adjoin the cube roots .y - b/2 ± ..j1J. we reach a field in which 
Xl + ax + b = 0 has its roots. 

In general, to say that the roots of a(x) are given by a radical expression 
is the same as saying that we can extend the field of coefficients of a(x) by 
successively adjoining nth roots (for various n), and in this way obtain a 
field which contains the roots of a(x). We will express this notion formally 
now. in the language of field theory. 

F(cl>"" c~) is called a radical extension of F if. for each i, some power 
of CI is in F(c" ... , Ci _ I). In other words, F(c l , .. . . c~) is an iterated exten­
sion of F obtained by successively adjoining nth roots, for various n. We say 
that a polynomial a(x) in F[x] is solvable by radicals if there is a radical 
extension of F containing all the roots of a(x), that is, containing the root 
field of a(x). 

To deal effectively with nth roots we must know a little about them. To 
begin with, the nth roots of I. called nth rOOlS of unicy. are. of course. the 
solutions of x" - I = O. Thus, for each n, there are exactly n nth roots of 
unity. As we shall see. everything we need to know about roots will follow 
from properties of the roots of unity. 

In C the nth roots of unity are obtained by de Moivre's theorem. They 
consist of a number ro and its first n powers: 1 = roo, ro. ro2 .... , ro,, - I. We 
will not review de Moivre's theorem here because. remarkably. the main 
facts about roots of unity are true in every field of characteristic zero. 
Everything we need to know emerges from the following theorem: 
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Theorem 1 Any finite group of nonzero elements in a field is a cyclic group. 
(The operation in the group is thefield's multiplication.) 

If F* denotes the set of nonzero elements of F. suppose that Go;:: F*, 
and that G, with the field's " multiply" operation, is a group of n elements. 
We will compare G with Z~ and show that G, like Zn, has an element of 
order n and is therefore cyclic. 

For every positive integer k which divides n, the equation Xk = 1 has Qt 

most k solutions in F; thus, G contains k or fewer elements of order k. On 
the other hand, in Zn there are exactly k elements of order k, namely 

Now, every element of G (as well as every element of Zn) has a well­
defined order, which is a divisor of n. Imagine the elements of both groups 
to be partitioned into classes according to their order, and compare the 
classes in G with the corresponding classes in Zn. For each k, G has as 
many or fewer elements of order k than Zn does. So if G had no elements of 
order n (while Zn does have one), this would mean that G has fewer elements 
than Zn, which is false. Thus, G must have an element of order n, and 
therefore G is cyclic. 

The nth roots of unity (which are contained in F or a suitable extension 
of F) obviously form a group with respect to multiplication. By Theorem 1, 
it is a cyclic group. Any generator of this group is called a primitive nth root 
of unity. Thus, if OJ is a primitive nth root of unity, the set of all the nth 
roots of unity is 

If £0 is a primitive nth root of unity, F(£O) is an abelian extension of Fin 
the sense that 9 0 h = II 0 9 for any two F-fixing automorphisms 9 and h of 
F(£O). Indeed, any automorphism must obviously send nth roots of unity to 
nth roots of unity. So if g(£O) = £0' and h(£O) = £0$, then 9 0 h(£O) = 

g{£O~) = £0", and analogously, II 0 g(£O) = £0". Thus, 9 0 h(£O) = h 0 g(w). Since 
9 and" fix F, and every element of F(w) is a linear combination of powers 
of w with coefficients in F, g o " = h o g. 

Now, let F contain a primitive nth root of unity, and therefore all the 
nth roots of unity. Suppose a E F, and a has an nth root b in F. It follows, 
then, that all the nth roots of a are in F,lor they are b, bw, bw2

, •••• b£On
- !. 

Indeed. if c is any other nth root of a, then clearly c/b is an nth root of 1. say 



338 CHAPTER THIRTY-THREE 

ro', hence c :; bro'. We may infer from the above that if F contains a primi· 

tive nth root of unity, and b is an nth root of a, then F(b) is the root field of 

x" - a over F. 
In particular, F(b) is an abelian extension of F. Indeed, any F -fixing 

automorphism of F(b) must send nth roots of a to nth roots of a: for if c is 
any nth root of a and 9 is an F-fixing automorphism, then 
g(et :; g(e"} :; g(a) :; a, hence g(c) is an nth root of a. So if g(b) = bro' and 

h(b) ~ bw', then 

and 

g o h(b) = g(bmS) = bro'ros = bof+ s 

h 0 g(b} = h(bro') = bafro' = bm'+1 

hence 9 0 h(b) = h 0 g(b). Since 9 and II fix F, and every element in F(b) is a 
linear combination of po wers of b with coefficients in F, it follows that 
g o lt=h o g. 

If a(x) is in F[x], remember that a(x) is solvable by radicals just as long 
as there exists some radical extension of F containing the roots of a(x). [Any 
radical extension of F containing the roots of a(x) will do.] Thus, we may as 

well assume that any radical extension used here begins by adjoining to F 
the appropriate roots of unity; henceforth we will make this assumption. 

Thus, if K = F(clt ... , cn) is a radical extension of F. then 

F ~ F(cd £; F(clt Cl) £; ..• ~ F(cl .... , cll) 

-........-- ~ \ V ' 

10 II 12 I",=K 

is a sequence of simple abelian extensions. (The extensions are all abelian by 
the commen ts in the preceding three paragraphs.) If G denotes the Galois 

group of Kover F, each of these fields I t has a fixer which is a subgroup of 
G. These fixers form a sequence 

K* c 1:_1 £; ••. £; It £; F* 

For each k. by Theorem 4 o n page 330, I: is a normal subgroup of 1: +1 , 

and 1:+t!J: ~ Gaf(lk+I: I t} which is abelian because I H I is an abelian 
extension of I •. The following definition was invented precisely to account 

for this sit uation : 

A group G is called solvable if il has a sequence of subgroups {e} = 

Ho c:; HI£; ... £; H", = G such that Jor each k. G. is a normal subgroup 

ofGk + 1 and G~ + I/Gk is abelian. 
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We have shown that if K is a radical extension of F, then Gal(K : F) is a 
sO/V{lble group. We wish to go further and prove that if a(x) is any poly­
nomial which is solvable by radicals, its Galois group is solvable. To do so, 
we must first prove that any homomorphic image of a solvable group is 
solvable. A key ingredient of our proof is the following simple fact, which 
was explained on page 148: GIH is abelian iff H contains all the products 
xyx - 1y - l, for all x and y in G. (The products xyx-1y - 1 are called "com­
mutators" of G.) 

Theorem 2 Any homomorphic image of a solvable group is a .~olvable group. 

Let G be a solvable group, with a sequence of subgroups 

{e}£;H1£;"·£;Hm=G 

as specified in the definition. Let f : G _ X be a homomorphism from G 
onto a group X. Thenf(Ho),f(Hd, .... f(H"') are subgroups of X, and 
clearly {e} £; f(Ho) £;f(H d£;' " £; f(H",) = X. For each i we have the 
following : if f(a) E f(H 1) and f(x) E f(H j + I ), then a E Hi and x E Hi+J, 
hence xax- I E Hi and therefore f(x)f(a)f(x) - I E f(H/). So f(R I) is a 
normal subgroup of f(H i + I)' Finally, since H ;+ d H I is abelian, every 
commutator xyx-1y-l (for all x and y in Hi+ d is in Hi, hence every 
J(x)J(y)J(x) - 'J(y)-' is inJ(H,). Thus,f(H,,,)/J(H,) is abelian. 

Now we can prove the main result of this chapter: 

Theorem 3 Let a(x) be a polynomial over a field F. If a(x) is solvable by 

radicals, ils Galois group is a solvable group. 

By definition, if K is the root field of a(x), there is an extension by 
radicals F(cJ, ... , c,,) such that F £; K £; F(c., ... ,c,,). It follows by Theorem 
4 on page 330 that Gul(F(e" ... , c.) : F)jGal(F(e" ... , c.): K )" Gal(K : F), 
hence by Theorem 4 on page 330, Gal(K : F) is a homomorphic image of 
Gal(F(ch ... , c,,): F) which we know to be solvable. Thus, by Theorem 2 
Gal(K : F) is solvable. 

Actually, the converse of Theorem 3 is true also. All we need to show is 
that, if K is an extension of F whose Galois group over F is solvable, then 
K may be further extended to a radical extension of F. The details are not 
too difficult and are assigned as Exercise E at the end of this chapter. 

Theorem 3 together with its converse say that a polynomial a(x) is 

solvable by radicals iff its Galois group is solvable. 
We bring this chapter to a close by showing that there exist groups 
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which are not solvable, and there exist polynomials having such groups as 
their Galois group. In other words, there are unsolvable polynomials. First, 
here is an unsolvable group: 

Theorem 4 The symmetric group S5 is not a solvable group. 

Suppose S5 has a sequence of subgroups 

{e} = Ho S;; HI s;; ... ~ H", = Ss 

as in the definition of solvable group. Consider the subset of Ss containing 
all the cycles (ijk) of length 3. We will show that if Hi contains all the cycles 
of length 3, so does the next smaller group HI _ I. It would follow in m steps 
that Ho = {e} contains all the cycles of length 3, which is absurd. 

So let Hi contain all the cycles of length 3 rn S5. Remember that if a 
and p are in Hi , then their commutator apa- i p- 1 is in H1_ I • But any cycle 
(ijk) is equal to the commutator 

(iljXjkm){ilj) - I (jkm) - I = (ilj){jkm){jIiXmkJ) = (ijk) 

hence every (ijk) is in Hi _I, as claimed. 
Before drawing our argument towaTd a close, we need to know one 

more fact about groups; it is contained in the following classical result of 
group theory: 

Cauchy's Iheorem Let G be a finite group oj n elements. IJ p is any prime 
number which divides n, then G has an element oj order p. 

For example, if G is a group of 30 elements, it has elements of orders 2, 
3, and 5. To give our proof a trimmer appearance, we will prove Cauchy's 
theorem specifically for p = 5 (the only case we will use here, anyway). 
However, the same argument works for any value ofp. 

Consider all possible 5-tuples (a, b, c, d, k) of elements of G whose 
product abcdk = e. How.many distinct 5-tuples of this kind are there? Well, 
if we select a, b, c, and d at random, there is a unique k = d- IC - Ib - la - 1 in 
G making abcdk = e. Thus, there are n4 such 5-tuples. 

Call two 5-tuples equivalent if one is merely a cyclic permutation of the 
other. Thus, (a, b, c, d, k) is equivalent to exactly five distinct 5-tuples, 
namely (a, b, c, d, k), (b, c, d, k. a), (c, d, k, a, b), (d, k, a, b, c) and 
(k, a, b, c, d). The only exception occurs when a 5-tuple is of the form 
(a, a, a, a, a) with all its components equal; it is equivalent only to itself. 
Thus, the equivalence class of any 5.tuple of the fonn (a, a, a, a. a) has a 
single member, while all the other equivalence classes have five members. 
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Are there any equivalence classes, other than {(e, e, e, e, e)}, wit h a 
single member? If nOl then SI(n4 - 1) (for there are n4 S-tuples under 
consideration, less (e, e, e, e, e», hence n4 == 1 (mod 5). But we are assuming 
that 5 I n, hence n4 == 0 (mod 5), which is a contradiction. 

This contradiction shows that there must be a 5-tuple (a, a, a, a, a) #= 
(e, e, e, e, e) such that aaaaa = a5 = e. Thus, there is an element a E G of 
order 5. 

We wi ll now exhibit a polynomial in Q[x] having S~ as its Galois 
group (remember that S~ is nOl a solvable group). 

Let a(x) = x 5 - Sx - 2. By Eisenstein's criterion, a(x + 2) is irreducible 
over 0, hence a(x) also is irreducible over O. By elementary calcu lus, a(x) 
has a single maximum at ( - 1,2), a single minimum at (I, - 6), and a single 
point of inflection at (0, - 2). Thus (see figure), its graph intersects the x axis 
exactly three times. This means that a(x) has three real roots, '1, '2, and,), 
and therefore two complex roots,'4 and ' 5, which must be complex conju­
gates of each other. 

Let K denote the root field of a(x) over Q, and G the Galois group of 
a(x). As we have already noted, every element of G may be identified with a 

3 y=x' -5x_2 

(- 1, 2) 
2 

~2 ~I 2 3 

~I 

~2 (0, _2) 

~3 

~4 

~S 

~6 
(I, -6) 
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permutation of the roots'l> '2, '3, '4, r5 of a(x), so G may be viewed as a 
subgroup of S5. We will show that G is all of S5. 

Now, [O(rd: 0] = 5 because'l is a root of an irreducible polynomial 
of degree 5 over O. Since [K : 0 ] = [K : O(rl)][Q('I): 0 ] , it follows that 5 
is a factor of [K : OJ. Then, by Cauchy's theorem, G contains an element of 
order 5. This element must be a cycle of length 5: for by Chapter 8, every 
other element of 55 is a product of two or more disjoint cycles of length 
< 5. and such products cannot have order 5. (Try the typical cases.) Thus, G 
contains a cycle of length 5. 

Furthermore. G contains a transposition because complex conjugation 
a + hi -4 a - hi is obviously a O -fixing automorphism of K; it interchanges 
the complex rootS'4 and'5 while leaving '1.'2. and,) fixed. 

Any subgroup G <;; S5 which contains a transposition"t" and a cycle u of 
length 5 necessarily contains all the transpositions. (They are u"t"u - I, 
U

2
tU -

2
, U

3
"t"U -

3
, u

4
tu -

4
, and their products; check this by direct com­

putation 1) Finally. if G contains all the transpositions. it contains everything 
else: for every member of S5 is a product of transpositions. Thus, G = S5. 

We have just given an example of a polynomial a(x) of degree 5 over 0 
whose Galois group S5 is not solvable. Thus, a(x) is an example of a 
polynomial of degree 5 which cannot be solved by radicals. In particular, 
there cannot be a radical formula (on the model of the quadratic formula) 
to solve all polynomial equations of degree 5, since this would imply that 
every polynomial equation of degree 5 has a radical solution, and we have 
just ex hibited one which does not have such a solution. 

In Exercise B it is shown that S3, S4, and all their subgroups are 
solvable, hence every polynomial of degree s:4 is solvable by radicals. 

EXERCISES 

A. Finding Radical Extensions 

Find radical extensions of Q containing the following complex numbers: 

('I (fi - fil/(iJ + ftl (bl ) 0 - ;fijl.:!l -.JS 
('I .j(,jl- 211'/(i -.JTII 

2 Show that the following polynomials in Q[x] are not solvable by radicals: 
(a) 2x5 _ 5x4 + 5 (b) x 5 _ 4x 2 + 2 (e) x 5 _ 4X4 + 2x + 2 

3 Show that a(x) = x' - IOx 4 + 4OX' - 80x 2 + 79x - 30 is solvable by radicals 
over Q, and give its root field. [HINT: Compute (x - 2)5 - (x - 2).] 
4 Show thai axe + bx6 + ex4 + dx 2 + e is solvable by radicals over any field . 
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(HINT: Let y = x 2
; use the fact thai every fourt h-degree polynomial is solvable by 

radicals.) 

5 Explain why parts 3 and 4 do not contradict the principal findi ng of this chapter: 
Ihat polynomial equations of degree n :?: 5 do not have a general solulion by rad­
icals. 

t B. Solvable Groups 

Lei G be a group. The symbol H <I G is commonly used as an abbreviation of" His 
a normal subgroup of G." A normal series of G is a fini te sequence Ho, H I,' ., H. of 
subgroups of G such that 

{e} - Ho<l HI <:I "'<:1 H. = G 

Such a series is called a solvable series if each quolient groupH i + LI Hi is abelian. G is 
called a solvable group if it has a solvable series. 

I Explain why every abelian group is, tr ivially, a solvable group. 

2 Let G be a solvable group, with a solvable series Ho, ... , H •. Let K be a sub­
group of G. Show that Jo = K n Ho, ... , J. = K n H. is a normal series of K. 

J Use the remark immedialely preceding Theorem 2 10 prove thai Jo , . . . ,J. is a 
solvable series of K. 

4 Use parts 2 and 3 to prove : Every subgroup of a solvable group is solvable. 

5 Verify Ihat ft.} !:= {t., p, 5} S;; S 3 is a solvable series for S3' Conclude thai S3 , and 
all of its subgroups, a re solva ble. 

6 In S4' let A4 be the group of a ll the even permutations, and let 

B ~ (" (I2X14), (llK'4, (14X2J)} 

Show that {t.} s: B S A4 !:= Sol. is a solvable series for Sol. ' Conclude that Sol. and all its 
subgroups are solvable. 

The /lext three sets of exercises are devoted to proving the COtwer.~e of Theorem 
3: If the Galois !}fOUp of a(x) is solvable, then a(x) i .~ solvable by radicll/.~. 

t c. pth Roots of Elements in a Field 

Lei p be a prime number, and w a primitive pth rool of unity in the field F. 

If d is any root of xP - a E F(x], show thai F(w, d) is a roOI field of x P - a. 

Suppose xP - a is not irreducible in F[x). 

2 Explain why x P - a fac tors as x P - a = p(x)f(x) where both factors have degree 
~2. 
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3 If deg p(x) = m, explain why the constant term of p(x) (lei us call il b) is equal to 
the product of m pth roolS of a. Conclude that b ... old'" for some k. 

4 Use part 3 to prove that bP = a"'. 

S Explain why m and p are relatively prime. Explain why it follows that there are 
integers s and I such that sm + lp = 1. 

6 Explain why b'P = a,m. Use this 10 show Ihat (b' a'jP = a. 

7 Conclude: If xP 
- a is not irreducible in F[x), il has a root (namely b'a') in F. 

We have proved: x P 
- a either ha.~ a root in F or is irreducible over F. 

t D. Another Way of Defining Solvable Groups 

Let G be a group. The symbol H<J G should be read, "H is a normal subgroup of 
G." A maximal normal subgroup of G is an H <I G such that, if H <I J <l G, then 
necessari ly J = H or J = G. Prove thefollowing: 

I If G is a finite group, every normal subgroup of G is contained in a maximal 
normal subgroup. 
2 Letf: G_ H be a homomorphism. If J <:J H , thenf - l(J)<:J G. 

3 Lei K <:J G. If .f is a subgroup of G/ K, let} denote the union of all the cosets 
which are members of f. If J <l G/ K, then J <:J G. (Use part 2.) 
4 If K is a maximal normal subgroup of G, then G/ K has no nontrivial normal 
subgroups. (Use part 3.) 

S If an abelian group G has no nontrivial subgroups. G must be a cyclic group of 
prime order. (Otherwise, choose some a E G such that <a) is a proper subgroup of 
G.) 

6 If H <:J K <l G, then GIK is a homomorphic image of G/ H. 

7 Let H <:J G, where G/ H is abelian. Then G has subgroups Ho, ... , H~ such that 
H = H 0 <:J HI <:J ••• <:J Hq = G, where each quotient group H i+ d H f is cyclic of 
prime order. 

It follows from part 7 that if G is a solvable group, then, by "fi lling in gaps," G 
has a normal series in which all the quotient groups are cyclic of prime order. 
Solvable groups are often defined in this fashion. 

E. If Ga/(K: F) Is Solvable, K Is a Ra~ical Extension of F 

Let K be a finite extension of F, with G = Gal(K : F) a solvable group. As remarked 
in the text, we will assume that F contains the required roots of unity. By Exercise 
D, let Ho , ... , H~ be a solvable series for G in which every quotient H,+ d H ] is cyclic 
of prime order. For anyi = I, ... , n, letF, and Fi + 1 be the fix fields of H; and Hi+I ' 
Prove thefollowing: 
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I F; is a normal extension of F/+ I> and [F;: F;+I ] is a prime p. 

2 Let n be a generator of Ga/(F; : F;+ I), w a pth root of unity in F; + I> and b E F;. 
Set 

c "'" b + wn-I(b) + w~n - ~(b) + ... + w ,, - ln - trl)(b) 

Show that n(c) = wc. 

3 Use part 2 to prove that n~(c") - c" for every k, and deduce from this that 
c" EFl+l· 

4 Use Exercise C to prove that x" - c" is irreducible in F;+ I [ x]. 
5 Prove that F j is the root field of x" - c" over Fi+!O 
6 Conclude that K is a radical extension of F. 
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